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Abstract

This thesis extends the development of a nonlinear inductively coupled magnetomechani-
cal system, where a magnetically modified mechanical cantilever interacts with a microwave
SQUID-cavity. Based upon the experimental setup realized in previous works demonstrating
high coupling strength and efficient backaction cooling [1–4], this work aims to increase the
reproducibility in sample preparation, experimental stability; and to extend the regimes the
system is operated at. With a newly designed mounting stage, we increased the control and
reproducibility of our flip-chip design. By implementing a passive vibration isolation stage
based on an elastic pendulum, an effective decoupling from vibrational noise is achieved.
With this, continuous operation of the system with the cryostat pulse tube active and mea-
surements at high coupling strengths became possible. Using this improved setup, detailed
backaction cooling measurements were performed across a wide range of coupling strengths,
reaching a 500 fold compression from the thermal occupation. The results extend the ob-
servation made on the enhanced cooling capability arising from the nonlinear cavity in the
unresolved sideband regime. Furthermore, we deliberately drive the nonlinear cavity beyond
its bifurcation to observe backaction cooling in this regime, in excellent agreement with the-
ory predictions [5]. Despite these advances, ground-state cooling remains inaccessible due to
the fundamental sideband-unresolved limitation. To overcome this, the thesis follows up on
a theoretical proposal [6] and experimentally explores a hybridization scheme of the mag-
netomechanical system with a high-quality auxiliary cavity. Presenting two experimental
approaches, first proof-of-principle measurements are presented. This scheme may be par-
ticularly relevant for achieving ground-state cooling in systems with large and low-frequency
mechanical resonators.

Kurzfassung

Diese Arbeit erweitert die Entwicklung eines nichtlinearen, induktiv gekoppelten magneto-
mechanischen Systems, bei dem ein magnetisch modifizierter mechanischer Cantilever mit
einer mikrowellenbasierten SQUID-Kavität wechselwirkt. Aufbauend auf der in früheren
Arbeiten realisierten experimentellen Plattform, in der bereits hohe Kopplungsstärken und
effizientes „Backaction-Cooling“ demonstriert wurden [1–4], zielt diese Arbeit darauf ab, die
Reproduzierbarkeit der Probenpräparation, die experimentelle Stabilität sowie den Betriebs-
bereich des Systems zu erweitern. Mit einer neu entwickelten Montagevorrichtung konnte die
Kontrolle und Reproduzierbarkeit des Flip-Chip-Designs verbessert werden. Durch die Im-
plementierung einer passiven Vibrationsisolierung auf Basis eines elastischen Pendels wurde
eine effektive Entkopplung von (externen) Vibrationen erreicht. Dadurch ist ein kontinuier-
licher Betrieb des Systems bei aktivem Pulsröhrenkühler sowie Messungen bei hohen Kopp-
lungsstärken möglich. Mit diesem verbesserten Aufbau konnten detaillierte „Backaction-
Cooling“-Messungen über einen weiten Bereich von Kopplungsstärken durchgeführt werden,
wobei eine etwa 500-fache Reduktion der thermischen Besetzungszahl erreicht wurde. Die
Ergebnisse erweitern die Beobachtung der verbesserten Kühlleistung, die aus der Nichtlinea-
rität der Mikrowellen-Kavität im Seitband-unaufgelösten Regime resultiert. Darüber hinaus
wurde „Backaction-Cooling“ jenseits der Bifurkation der Kavität in guter Übereinstimmung
mit theoretischen Vorhersagen beobachtet, wodurch das zuvor untersuchte nichtlineare Re-
gime erweitert wird [5]. Trotz dieser Fortschritte bleibt ein Kühlen bis in den Grundzustand
aufgrund der fundamentalen Einschränkung im unaufgelösten Seitband-Regime unerreichbar.
Um dieses Limit zu überwinden, wird in dieser Arbeit ein in [6] vorgeschlagenes Hybridisie-
rungskonzept experimentell untersucht, bei dem das magnetomechanische System mit einem
zusätzlichen Mikrowellenresonator hoher Güte gekoppelt wird. Zwei experimentelle Ansätze
werden vorgestellt, mit denen erste grundlegende Messungen demonstriert werden konnten.
Dieses Konzept könnte insbesondere für die Realisierung von Grundzustandskühlung in Sys-
temen mit großen und niederfrequenten mechanischen Resonatoren von besonderer Relevanz
sein.
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1
Introduction

Our perception of reality, and the intuition we build from it in our everyday experience, follows
the laws of classical physics formulated by Isaac Newton. When we examine a diving board, for
example, we understand how it behaves under various external conditions. We know that we
can simultaneously assign a well-defined momentum and precise position to the center of mass
of the board in space at any time. This means the board can be bent upward, downward, or
remain at rest, and its trajectory in space and time can be predicted deterministically knowing
external/internal forces. Furthermore, in the absence of an external force and initialized at rest,
the board remains at rest, with no deflection or movement. When an external force is applied,
such as by jumping on it, the board can bend by an arbitrary amplitude corresponding to a
continuous range of energies we can impart to the system.

However, in the early 20th century, physicists discovered that the behavior of electrons and
atoms contradicted our classical intuition and could not be explained within the classical frame-
work. This realization led to the formulation of a radical new theory – quantum mechanics
– describing processes in terms of probabilities rather than deterministic trajectories governed
by its wavefunction introduced by Erwin Schrödinger [7]. For the center of mass of our diving
board example, if we imagine it behaves in a quantum manner, this theory implies fundamental
changes in its behavior. Without looking at it (a measurement of its position), we can only give
a probability distribution of where to find it. A peculiar consequence of this is a phenomenon
called superposition, which allows the board to be physically in two places at the same time,
for instance, being deflected simultaneously upwards and downwards. Only upon looking, thus
conducting a measurement, does the board acquire a definite position in space, a process referred
to as the collapse of its wavefunction. Moreover, even if we measured the precise position of
the board, we cannot simultaneously know its momentum with arbitrary precision, according
to the Heisenberg uncertainty principle [8]. This directly implies that the board can never be
truly at rest. Even in its ground state (the quantum equivalence of the board being at rest), the
uncertainty principle has to be satisfied, resulting in a motion of the board referred to as the
zero-point motion. An external force can still deflect the board by an arbitrary amplitude, but
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contrary to energy continuity of the classical case, the board can only occupy discrete/quantized
energy levels or superpositions thereof – the higher the energy level, the larger the deflection
amplitude.

Despite this counter-intuitive behavior – sparking remarks from renowned scientists such as
Richard Feynman’s "I think that I can safely say that nobody understands quantum mechanics"
or Roger Penrose’s "quantum mechanics makes absolutely no sense" – quantum mechanics is
the most precise and best tested physical theory we have. Until today it holds itself up in
experimental test spanning a large range of scales: from the interference of electrons [9], atoms
[10], and larger molecules such as fullerenes [11] and 2000-atom complexes [12], to macroscopic
currents in superconducting devices [13–16]; this last was even awarded the Nobel Prize in
Physics in 2025.

This naturally raises the question of why we do not observe such quantum effects in our
everyday experience. Theoretically, there is no size or mass limit on quantum systems. However,
quantum states are fragile, and macroscopic systems are never perfectly isolated. Their constant
interaction with the environment – collisions with air molecules, radiation, and other sources
of noise – rapidly destroys any quantum state, resulting in the collapse of its wavefunction
into a classical state – a process known as decoherence [17]. Furthermore, the thermal energy
at ambient temperatures vastly exceeds the quantum energy scales and thus renders quantum
signatures effectively unobservable. This becomes especially challenging for massive objects, as
the amplitude of the zero-point motion decreases with mass, making the observation of quantum
effects progressively more difficult to detect experimentally. As a result, the behavior of everyday
objects appears smooth and deterministic, giving rise to the classical world we experience.

Despite these challenges, experiments exploring quantum mechanics with increasingly mas-
sive objects enable us to tackle some of the most fundamental questions in physics. For instance,
they allow for testing deviations from standard quantum theory predicted in so-called collapse
models [18–20]. Including stochastic and nonlinear modifications to the Schrödinger equation,
these models predict the collapse of the wavefunction into a distinct state at rates scaling with
the size and mass of the quantum object. Furthermore, possessing non-negligible mass, macro-
scopic objects allow us to investigate the interplay between quantum mechanics and gravity [21,
22]. This would pave the way to a theory unifying quantum mechanics and general relativity,
which are the widely accepted models in the microscopic and macroscopic regimes, respectively.

To extend quantum experiments to systems containing billions of atoms requires a macro-
scopic object sufficiently isolated from its environment, that can be controlled to exceptional
precision. The field of optomechanics and the more recent field of electromechanics offer a ver-
satile platform to address these challenges. Here, the interaction between the electromagnetic
mode of a cavity and the mechanical mode of a resonator can be studied by coupling the electro-
magnetic field of the cavity to the displacement of a mechanical resonator via radiation pressure.
If the strength of the coupling quantified by the single-photon coupling strength exceeds both
the cavity and resonator loss rates, we enter the so-called single-photon strong-coupling regime.
This enables controllable swaps of quantum states between the two modes and generating non-
classical mechanical states due to the intrinsic nonlinear nature of the interaction [23]. However,
this quantum state transfer only works under the premise that the electromagnetic and me-
chanical modes are initilized in a known state – which mostly means their respective ground
states.

In recent years, technical advances – particularly in electromechanical platforms based on
superconducting circuits – have greatly reduced the requirements to reach the strong single-
photon coupling regime. On the one hand, mechanical resonators now routinely achieve sublime
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quality factors up to Q ∼ 109 corresponding to loss rates in the sub-Hertz regime and lifetimes
close to or even exceeding 1ms [24–28]. On the other hand, planar microwave cavities demon-
strate quality factors in the range of Q ∼ 106 and loss rates on the order of 10 − 100kHz [29–
31]. As sources of non-classical quantum states, superconducting qubits have reached lifetimes
progressively approaching the millisecond regime [32, 33].

Additionally to its ability to answer fundamental physics questions by creating macroscopic
quantum states, the field of optomechancis and electromechanics offer a variaty of technical ap-
plications. With quantum controll over mechanical systems and high mechanical quality factors
corresponding to long coherence times, optomechanical systems could harness the mechanical
resonator as a quantum memory within the field of quantum information science [34]. Further-
more, as the mechanical elements can be effectively coupled to photons of different wavelengths
– e.g., optical and microwave photons – they provide a well suited platform to realize coherent
quantum transducers that bridge optical and superconducting quantum technologies [34–37].
Lastly, as optomechanical systems rely on their ability to detect the mechanical mode down to
its zero-point motion, they inherently function as exceptionally precise force and acceleration
sensors, making them highly attractive for applications in metrology [38, 39]. Furthermore, by
preparing the mechanical mode in a nonclassical quantum state – such as a superposition or an
entangled state – their sensitivity can be further enhanced [40].

To realize the coupling between the mechanical resonator and the superconducting circuit,
one typically exploits a mechanically compliant element that modulates either the circuit’s ca-
pacitance or its inductance. With the former and most common approach today, the position
dependent capacitance is implemented by relying on either a drum, membrane or bulk acoustic
wave resonantor representing one side of the capacitor electrode [25, 28, 41]. With this approach
significant milestones could be achieved by many groups: ground state cooling of the mechanical
mode [28, 42], reaching the photon-enhanced ultra-strong coupling regime [43], entanglement
of two mechanical resonators [44] and the stabilization of nonclassical states in the mechanical
mode [45, 46]. Despite these achievements, the coupling strength achievable using the capacitive
approach is fundamentally limited. This is because the coupling strength scales inversely with
the electrode separation, but there is an engineering limit for the distance of the capacitive plates
given by Casimir/van der Waals-induced forces which cause the plates to collapse. With values
around ∼ 100Hz the single-photon coupling strength achievable is typically several orders of
magnitude smaller than the cavity loss rates. This has made the single-photon strong-coupling
regime inaccessible until now [47].

This limitation led to the rise in popularity of the inductive coupling approach. These typi-
cally rely on a Superconducting Quantum Interference Device (SQUID) – an extremely magnetic-
flux-sensitive inductor – incorporated into the microwave circuit to mediate the coupling to a
mechanical element. For these systems, the coupling can be realized in two ways: either the me-
chanically compliant element modulates the SQUID area threaded by a magnetic field [48, 49] or
the mechanical mode actively changes the magnetic field [3, 50]. By reaching coupling strengths
exceeding 10kHz [3, 51], these inductively coupled systems began to outperform the capacitive
approach with respect to the achievable coupling strengths. However, the single-photon strong-
coupling regime remains experimentally out of reach to date, as inductive coupling introduces
additional challenges that must first be overcome.

Building on a theoretical proposal [52], an inductively coupled electromechanical system was
developed in our group prior to the start of my PhD. The device consists of a micrometer-scale,
commercial atomic-force-microscopy cantilever (essentially a miniature diving board) induc-
tively coupled via an attached magnetic particle to a superconducting microwave SQUID-cavity.
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Within this platform, my colleagues demonstrated photon-enhanced strong coupling between
the mechanical and electromagnetic modes, as well as cooling of the mechanical resonator [3, 4].
Even though large coupling strength up to 8kHz have been demonstrated, it remains 3 orders of
magnitude lower than the cavity linewidth preventing to reach the single photon-strong coupling
regime. Nevertheless, the achieved coupling when enhanced by a pump is sufficient to transfer a
quantum state into the mechancis using a quantum source (e.g. a qubit). However, the necessity
to initialize the mechanics in a known state (ground state) remains, where backaction cooling
provides an efficient way to achieve this. My thesis aimed towards these goals by further charac-
terizing and deepening our understanding of the system by exploring new operational regimes.
Additionally, efforts were made to mechanically isolate the mechanical mode from its vibration-
rich environment and to improve the reproducibility of the sample preparation process. Towards
the end of my PhD, we began augmenting the existing setup with an auxiliary high-Q cavity
with the goal to achieve ground state cooling of the mechanics, following a theoretical proposal
by Liu et al. [6]. Over the course of my PhD, I contributed to three journal articles [4, 5, 53].

1.1 Overview of the thesis
The thesis starts with a theoretical description of our system developed in collaboration with
Nicolás Díaz Naufal and Prof. Anja Metelmann (KIT). By using the general theoretical frame-
work of optomechanics [23] and extending it by allowing for an intrinsically nonlinear cavity [53],
we derive the behavior of the cavity and mechanical mode under the optomechanical coupling
and cover the necessary processes to discuss our experimental results.

In the next chapter, we focus on the theoretical background of superconducting circuit theory
to explain the working principle of a SQUID in our system. Starting with the description of
LC-circuits, the basic equations of superconductivity are worked out, which finally allows us to
describe the working principle of a SQUID. The chapter is concluded by presenting simulation
results on the behavior of a SQUID-cavity with and without a magnetic cantilever, and upon
changing internal and external parameters.

Next, the experimental setup is presented. The chapter starts with a general description
of a dilution cryostat used to reach the millikelvin temperatures at which superconducting
circuits are operated. We further describe our implementation of a vibration isolation setup
by suspending the experiment by an elastic pendulum setup. There, we assess the degree
of isolation achieved and discuss thermalization challenges that arise from this approach. We
continue with the microwave platform, covering the cavity fabrication process, the 3D-waveguide
used for measurements, and the characterization methods used. Next, the microwave wiring of
the experiment is presented. The chapter ends with an introduction to the mechanical cantilever.
We explain how to experimentally detect its fundamental motional mode and discuss the sample
preparation process, presenting several samples. For a complete description of the mechanical
platform, we include the magnetic characterization of the magnetic particles used, which was
performed by Prof. A. Ney (University of Linz).

The main experimental results are discussed in Chapter 5. First, we cover the behavior of
the SQUID-cavity and changes which occur upon mounting the magnetic cantilever, focusing
on the flux tunability and intrinsic cavity nonlinearity. Subsequently, to demonstrate the im-
provement in system stability using the suspension setup, we determine the coupling strength
by detecting the mechanical mode while avoiding backaction. Lastly, we present measurements
of backaction on the mechanical mode, which show good overall agreement with the theoretical
model developed. We first investigate how varying the coupling strength affects the mechanical
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cooling achieved, and then demonstrate controlled backaction as the system enters the bistable
regime of the cavity.

With the outstanding challenge to reach the ground state despite our system residing in the
unresolved sideband regime, we provide an outlook on our existing platform in the final chapter.
Here, we present an approach to increase the cooling capability of our system by hybridizing it
with an auxiliary cavity. We begin with a basic theoretical description of the augmented system
and present a proof-of-principle measurement. This is followed by a discussion of design choices
based on simulation results and by the presentation of first experimental results. The chapter
concludes with an outlook on possible future directions for this approach.

1.2 Work not covered
During my PhD, I had the privilege to be part of the doctoral program Atom, Lights and
Molecules (DK-Alm), allowing me to conduct three research stays in different experimental
groups. These projects are beyond the scope of this thesis, but I would still like to mention
them.

For two months, I visited the group of Prof. Witlef Wieczorek at the University of Chalmers
(Göteborg, Sweden) on their project of magnetic levitation of superconducting microparticles
[54]. There, I learned about the experimental and fabricational challenges of the setup, used my
knowledge to help with the implementation of a new suspension setup, and contributed to the
evaluation of their first set of flux-tunable microwave cavities.

For the next stay, I joined the group of Prof. Yiwen Chu at the ETH (Zürich, Switzerland) for
four months, working on their experimental platform that couples high-overtone bulk acoustic
wave resonators to transmon superconducting circuits [55, 56]. By providing a superconducting
fluxhose built in our own group [57], we replaced the single-frequency transmon previously used
in the experiment with a flux-tunable version. This modification enabled access to a larger
number of mechanical modes. During my stay, I integrated this new setup and developed an
automated evaluation routine to characterize the lifetime and dephasing rates of more than 100
modes in a single acoustic resonator.

My last stay was in the group of Prof. Hans Hübl at the WMI (München, Germany) for
a month. They realized an inductive coupling by suspending the arms of a SQUID integrated
into a microwave cavity, which leads to an effective SQUID area modulated by a mechanical
motion [48, 58]. During my stay, we developed a new chip design aimed at higher microwave
quality factors, implemented magnetic shielding of their experiment, and provided an additional
method to characterize the nonlinearity of their microwave mode.
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2
Cavity Optomechanics

The goal of this chapter is to introduce optomechanics - the interaction between a photonic
cavity and a mechanical resonator. In contrast to common literature assuming a linear cavity,
we will focus throughout this chapter on the effects of an intrinsic Kerr nonlinear cavity on the
dynamics of the optomechanical system by comparing it to the linear case.

We begin by presenting the canonical description of optomechanics and derive its Hamil-
tonian formulation. Building on this, we analyze the system dynamics within a linearized de-
scription, focusing on the behavior of the cavity mode. The resulting cavity response provides
insight into the system’s dynamics, particularly the emergence of backaction effects. We focus
on how this backaction interaction is used to cool the mechanical mode, discussing the relevant
limits and emphasizing the beneficial effects introduced by the presence of cavity nonlinearity.

The theory developed in this chapter is based on our collaborative work with Nicolás Díaz
Naufal and Prof. Anja Metelmann. Therefore, all derivations and equations are drawn from
our work [53], unless otherwise noted. For a broader overview on linear optomechanics and
optomechanics in general, the reader is referred to [23].

2.1 Hamiltonian Formulation

The textbook realization of an optomechanical system - the optical Fabry–Pérot cavity - is
depicted in Fig. 2.1. The two mirrors define an optical cavity that supports a confined photonic
mode with its resonance frequency ωc depending on the cavity length. For completeness, a
nonlinear Kerr-medium is added to the cavity, as we will focus on effects arising from such an
element within an optomechanical system. Furthermore, one mirror is attached to a mechanical
spring with frequency ωm, allowing it to modify the cavity length. Photons inside the cavity,
introduced by an external driving field (e.g. a laser), exert a radiation pressure force on the
mirror, displacing the spring. This gives rise to a parametric interaction between the modes, as
the mechanical displacement modifies the cavity frequency.
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Laser

optical cavity mechanical
oscillator

mechanical
oscillator

optical cavity

a) b)

Fig. 2.1 a) Schematic of the optomechanical setup with an intrinsic nonlinearity. An
optical cavity incorporating a nonlinear Kerr-medium with one movable mirror
is connected to a mechanical resonator, allowing the oscillation of the mechanical
element to change the optical resonance frequency. b) Schematic representation
of the Hamiltonian in this optomechanical setup.

The uncoupled optical and mechanical system is described by the Hamiltonian (see Fig. 2.1)

Ĥ0/ℏ = ωcâ
†â − K

2 â†â†ââ + ωmb̂†b̂, (2.1)

with the reduced Planck constant ℏ, the cavity frequency ωc, the mechanical resonance frequency
ωm and the annihilation and creation operators of the cavity (mechanics) â(b̂) and â† (b̂†),
respectively. The Kerr-constant given by K represents the lowest order nonlinearity of the
cavity and is considered to be K > 0. As we will see later in this work, this leads to a photon-
number-dependent frequency shift.1
The interaction between the two systems is given by the change in cavity length and thus
frequency ωc upon displacing the mechanical element by x̂. This coupling can therefore be
derived by expressing the cavity frequency as a function of the mechanical displacement as

ωc(x̂) = ωc + x̂
∂ωc

∂x̂
+ ... ≈ ωc + x̂

xzpm
g0. (2.2)

Here we define g0 = xzpm
∂ωc
∂x̂ as the optomechanical single-photon coupling strength and intro-

duce the zero-point motion xzpm of the mechanical mode as

xzpm =
√

ℏ
2meffωm

, (2.3)

with the effective mass of the mechanical resonator meff. The zero-point motion of a resonator
is the amplitude of residual quantum fluctuation of its position in the ground state. As xzpm

1The complete term corresponding to the nonlinearity in the Hamiltonian reads as

K
12(â† + â)4 = K

12(â†4 + â4) + K
3 (â†3â + â†â3) + K

2 (â†2 + â2) + K
2 â†â†ââ + Kâ†â + K

4 ,

where we used the commutator [â, â†] = 1. We neglect all the unbalanced terms in â† and â in the rotating wave
approximation [53]. The quartic term â†â†ââ represents the photon-number-dependent frequency shift, whereas
the â†â term, representing a small constant frequency offset, and the third term, being a constant, is usually
omitted.
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decreases for heavier mechanical objects, one has to increase the frequency sensitivity ∂ωc/∂x̂
to maintain a strong g0. The ability to exceed state-of-the-art values for g0 [23], is one of the
benefits of the system discussed within the frame of this work (see chapter 3.4.1). Replacing the
position operator by x̂ = xzpm(b̂† + b̂) the cavity frequency becomes

ωc(x̂)â†â ≈ (ωc + x̂

xzpm
g0)â†â = ωcâ

†â + g0â†â(b̂† + b̂). (2.4)

The last term in Eq. (2.4) represents the interaction Hamiltonian Ĥint between the optical and
mechanical modes. A displacement of the mechanical resonator - whose mode amplitude scales
as xamp = 2xzpm

√
n̄m with mechanical occupation n̄m - modulates the cavity frequency ωc via the

coupling strength g0. Therefore, detecting the optomechanically induced cavity frequency shift
provides a direct means to deduce the amplitude of the mechanical motion and thus occupation
of the mode through the cavity’s response. Furthermore, this interaction enacts an additional
force on the mechanical resonator, allowing for the control of the mechanical motion by cavity
photons. This radiation pressure force can be written as

F̂ /ℏ = ∂Ĥint/ℏ
∂x̂

= g0
xzpm

â†â. (2.5)

To enhance the force acting on the mechanics, either a larger coupling strength g0 or an increased
intracavity â†â field is necessary.

To obtain the complete system Hamiltonian, we introduce an external drive with frequency
ωd and amplitude αd. The corresponding drive Hamiltonian is given by Ĥd(t)/ℏ = αde−iωdt+h.c.
(with h.c. being the Hermitian conjugate). We derive the time-independent Hamiltonian by
moving to a frame rotating with the drive frequency.1 This results in

Ĥ/ℏ = −∆â†â − K
2 â†â†ââ + ωmb̂†b̂ + g0â†â(b̂ + b̂†) + Ĥd, (2.6)

with ∆ = ωd−ωc the drive (ωd) - cavity (ωc) detuning and Ĥd = αdâ†+h.c. the time independent
external drive.

2.1.1 Linearized Hamiltonian
To study the implications of the radiation pressure effects derived in chapter 2.1 on the cavity
and mechanical mode in the presence of a cavity drive, it is useful to switch to the linearized
approximation of cavity optomechanics. For this approximation to hold, we need a strong,
coherent drive of the cavity. Since the single photon coupling strength g0 in optomechanical
systems is typically smaller than the cavity decay rate, such that a strong coherent drive is used
to enhance the phonon-photon interaction. In the presence of such a strong drive (leading to a
high intracavity photon number), the intracavity field can be described as a combination of an
average coherent amplitude ⟨â⟩ = ᾱ and a fluctuation term δâ

â → ᾱ + δâ. (2.7)
1The change to this framework is typically valid as the optical frequency ωc is large compared to other system

parameters. The Hamiltonian is then derived by the unitary transformation

Ĥ′ = ÛĤÛ − Â

with Â = ωdâ†â, the unitary matrix Û = e−iÂt and the Hamiltonian Ĥ = Ĥ0 + Ĥint.
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By applying this displacement transformation, the equations of motion become linear (hence
the term linearized approximation), where we find the Hamiltonian in Eq. (2.6) to be

Ĥlin/ℏ ≈ −(∆+ 2n̄cK)δâ†δâ − 1
2 n̄cK(δâ†δâ† + δâδâ) + ωmb̂†b̂ + Ĥlin

int/ℏ. (2.8)

Here we correlate the mean cavity amplitude to the mean intracavity photon number |ᾱ| =
√

n̄c

by assuming ᾱ ∈ R. The second term corresponds to single-mode squeezing, whose effects will
be further discussed in section 2.3. The interaction Hamiltonian can be written as

Ĥlin
int/ℏ = g0n̄c(b̂† + b̂) + g0

√
n̄c(δâ + δâ†)(b̂† + b̂) + g0δâ†δâ(b̂† + b̂). (2.9)

The first term in Eq. (2.9) represents the effect of an average radiation pressure force F̄ /ℏ =
n̄cg0/xzpm enacting a static displacement on the mechanics δx̄ = F̄ /meffω2

m and leading to a
frequency shift δωc = g0δx̄/xzpm. This term can be omitted after a proper transformation of the
mechanical origin and cavity frequency. The second term represents the quadrature-quadrature
coupling between the two modes, which is amplified by the coherent cavity amplitude

√
n̄c.

Since the last term is small in comparison, we can neglect it. Thus, the interaction Hamiltonian
reads as

Ĥlin
int/ℏ ≈ g0

√
n̄c(δâ† + δâ)(b̂† + b̂). (2.10)

From the linearized Hamiltonian, the enhancement of the coupling strength with cavity photons
becomes evident, and we introduce the photon-enhanced coupling as

g = g0
√

n̄c. (2.11)

2.2 Semiclassical Cavity Dynamics
The dynamics of the cavity in an optomechanical system can be obtained by utilizing standard
input-output theory [59] and is described by the equation

d

dt
â = −i[â,Ĥ] − κl

2 â −
√

κcâin. (2.12)

Here, the loaded or total linewidth κl = κc +κi is introduced as the sum of an intrinsic loss rate
κi and a coupling rate κc to an input photon field âin resulting in an input photon number rate
n̄in. The system dynamics are derived by introducing the mechanical position and momentum
quadratures

q̂ = b̂† + b̂√
2

, p̂ = i
b̂† − b̂√

2
, (2.13)

and analyzing the system in the semiclassical limit α(t) := ⟨â(t)⟩ and q(t) := ⟨q̂(t)⟩ for sufficiently
large photon and phonon numbers. With that Eq. 2.12 results in

d

dt
α =

(
i∆− κl

2

)
α − i

√
2g0qα + iK|α|2α −

√
κcαin (2.14)

for the cavity dynamics. Using the same formalism for the mechanical quadratures, the dynamics
of the mechanical mode results in
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d

dt
q = ωmp − Γm

2 q

d

dt
p = −ωmq − Γm

2 p −
√

2g0|α|2,

(2.15)

where we introduced the mechanical decay rate Γm. For now, the noise operator b̂in is neglected
in Eq. (2.15), which represents the coupling to a bath at temperature T leading to a thermal
phonon occupation n̄T

m given by the Bose-Einstein distribution n̄T
m = [exp{−ℏωm/kBT} − 1]−1.

From Eq. (2.14) we can identify the term −
√

2g0q as the mechanically induced cavity frequency
shift and the radiation pressure force on the mechanics as −

√
2g0|α|2 in Eq. (2.15).

For weak coupling strengths, the mechanical displacement weakly modifies the optical mode,
and thus the mechanical position Eq. (2.15) can be solved in the long time limit, leading to the
steady state position

qst = −
√

2g0ωm|α|2

ω2
m + Γ 2

m/4 . (2.16)

Inserting this solution into the Eq. (2.14) we derive the classical cavity amplitude

d

dt
α =

(
i∆− κl

2

)
α + i(K + Km)|α|2α −

√
κcαin, (2.17)

with the optomechanical induced nonlinearity - mechanical Kerr - Km given by

Km = 2g2
0ωm

ω2
m + Γ 2

m/4 , (2.18)

Multiplying the steady state solution ( d
dtα = 0) of Eq. (2.17) with its complex conjugate, we

obtain the cubic equation describing the circulating intracavity photon number

n̄c

[
(∆+ Keffn̄c)2 +

κ2
l

4

]
= κcn̄in, (2.19)

with n̄c = |α|2, n̄in = |αin|2 and Keff = K+Km. In Fig. 2.2a), the intracavity photon number for
different drive strengths is depicted. With increasing n̄in and therefore larger n̄c, the nonlinear
cavity starts to deviate from the typical Lorentzian lineshape of a linear cavity by shifting its
resonance to lower frequencies for K > 0. The effective resonance frequency corresponding to
the maximum intracavity photon number of Eq. (2.19) with respect to ∆ shifts as

ωc(n̄c) = ωc(0) − Kn̄c. (2.20)

For sweeping the drive from negative to positive detunings, this results in an increasingly steep
response towards the highest intracavity photon number, followed by a shallow decrease. The
solution of Eq. (2.17) remains single-valued until a critical drive strength n̄in,bi. Upon exceeding
n̄in,bi, the cavity response becomes bistable with two stable solutions - a low and high photon
number branch - and an unstable one. The frequency range over which bistability is observed
broadens upon further increasing the input power.

To derive the drive strength at which bistability occurs, we evaluate Eq. (2.17) at the point
where the slope of the intracavity photon number with respect input power diverge. This is
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Fig. 2.2 a) Intracavity photon number for different drive strengths as a function of the
drive detuning. For drive strength n̄in/n̄in,bi > 1 a bistable regime occurs with
two stable solutions (red, green) and an unstable one (dashed). The gray curve
corresponds to n̄in/n̄in,bi = 0.9 for a linear (K = 0), but otherwise identical cavity.
b) Comparison of the mechanical Kerr to intrinsic Kerr typically observed in the
course of this thesis. Parameters used are κl/2π = κc/2π = 1.5MHz, ωm/2π =
300kHz, Γm/2π = 0.5Hz and K/2π = 12kHz.

equivalent to the point where dn̄in/dn̄c = 0. Assuming additionally that the cavity response
remains continuous (d2n̄in/dn̄2

c = 0) at the bifurcation one can derive

∆bi = −
√

3κl

2 , n̄bi = κl√
3Keff

. (2.21)

Here, we obtained first the detuning ∆bi at which bistability arises along with the corresponding
intracavity photon number n̄bi. Substituting Eq. (2.21) into Eq. (2.17) yields the critical input
photon number rate at the onset of bistability

n̄in,bi = κl

κc

κ2
l

3
√

3Keff
. (2.22)

In contrast to the theoretical work [53], we distinguish between the total loss rate and the cou-
pling rate to allow for intrinsic losses taking into account experimental imperfections. Thus, the
critical input power differs from their derivation by a factor κl/κc.

Notably, even an intrinsically linear cavity exhibits nonlinear behavior due to the optome-
chanical interaction with increasing g0 (Eq. (2.18)). Up to typical coupling strengths of g0 <
5 kHz [3], this added nonlinearity is generally small compared to intrinsic nonlinearities ob-
served throughout this thesis, as shown in Fig. 2.2b). Therefore, in the following chapters, we
approximate Keff ≈ K.

2.3 Cavity Backaction
For optomechanical systems with mechanical frequencies from ∼ Hz to ∼ MHz, the mechanical
mode remains in a thermally highly excited state due to the coupling to a thermal bath even at
low temperatures down to ∼ 100 mK. Following the Bose-Einstein distribution, the mechanical
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occupation can be given as

n̄th
m = 1

eℏωm/kBT − 1
≈ kBT

ℏωm
, (2.23)

with the Boltzmann constant kB and the bath temperature T . This results in an approximately
linear temperature dependence for sufficiently low temperatures. To observe quantum phenom-
ena, additional cooling is required to bring the mechanical mode to its motional ground state.
Over the last decade, this goal was achieved through various approaches. For example, the
mechanical mode was actively cooled by detecting its motion via the optomechanical interaction
and applying a feedback scheme [60–62]. This is especially effective in systems where the cavity
reacts much faster than the mechanical frequency (κl ≫ ωm), making it a useful tool in highly
unresolved systems. For more resolved systems (κl ≤ ωm), this approach is not feasible. There,
sideband or backaction cooling can be used, which utilizes radiation-pressure force from the
cavity discussed in section 2.1.1. With this approach, the ground state was reached in several
systems operating in the resolved regime [42, 63–65]. However, it remains challenging to use side-
band cooling in systems with increasingly larger mechanical objects, which places them within
the unresolved regime. In the following sections, we will discuss the effects of this scheme on
the mechanics for systems in the unresolved regime and how an intrinsic Kerr-nonlinear cavity
benefits the cooling capability. The changes occurring for the resolved regime are later discussed
in section 2.3.4

2.3.1 Optomechanical damping and spring effect

To study the effects of the optomechanical interaction on the mechanical oscillator, we use the
linearized Hamiltonian in Eq. (2.8), which allows an analytical description of the dynamics. We
derive the dissipative dynamics of the fluctuations via the quantum Langevin equation as

d

dt
⃗̂
A = M ⃗̂

A − K ⃗̂
Ain, (2.24)

with the mode operators ⃗̂
A = [δâ,δâ†, b̂, b̂†]T , the system input noise vector ⃗̂

Ain = [δâin, δâ†
in, b̂in, b̂†

in]T
combined with the decay rate matrix K = diag(√κc,

√
κc,

√
Γm,

√
Γm) and the dynamical matrix

as

M =


i∆̃− κl

2 iKn̄c −ig −ig

−iKn̄c −i∆̃− κl
2 ig ig

−ig −ig −iωm − Γm
2 0

ig ig 0 iωm − Γm
2

 , (2.25)

where we introduce the effective detuning ∆̃ = ∆ + 2n̄cK and g = g0
√

n̄c. The off-diagonal
terms ±iKn̄c are a result of the single mode squeezing term in Eq. (2.8). Using the Fourier
transformation defined by F̂ [ω] =

∫∞
−∞ dteiωtF̂ [t] this set of equations can be solved for the

mechanical mode b̂, b̂† by moving to the frequency domain

[
χ−1

m [ω] − iΣc[ω] −iΣc[ω]
iΣc[ω] χ∗−1

m [−ω] + iΣc[ω]

][
b̂[ω]
b̂†[ω]

]
= −

√
Γm

[
b̂′

in[ω]
b̂′†

in[ω]

]
, (2.26)
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with the modified noise operator b̂′
in

1 and the mechanical susceptibility χ−1
m [ω] = −i(ω − ωm) +

Γm/2 which characterizes the response of the mechanics to external forces. From Eq. (2.26) it
follows that the optomechanical interaction influences the coherent dynamics of the mechanical
mode by altering its susceptibility with the cavity self-energy

Σc[ω] =2n̄cg
2
0

n̄cK − ∆̃

∆̃2 − (n̄cK)2 + (κc/2 − iω)2 , (2.27)

acting as an additional force on the mechanics. Within the weak coupling limit κl ≫ g0 this
additional force has the form of

Σc[ω] = −δωm[ω] + i

2ΓOM[ω], (2.28)

where the first term corresponds to a mechanical frequency shift and the second term to op-
tomechanical damping. Within the high-Q approximation (Γm ≪ ωm), it is sufficient to evaluate
the self-energy at the mechanical frequency as Σc[ω] ≈ Σc[ωm].

Optomechanical damping: In the weak coupling regime and high-Q approximation, one can
evaluate Eq. (2.28) at ω = ωm to get the optomechanical induced damping

ΓOM = 2Im{Σc[ωm]} = 4g2
0n̄cκl

(n̄cK − ∆̃)ωm[
∆̃2 − ω2

m + κ2
l

4 − (n̄cK)2
]2

+ κ2
l ω2

m

, (2.29)

for an intrinsic nonlinear cavity. Assuming a linear cavity by K = 0 this reduces to the commonly
known equation from [23]

ΓOM|K=0 = g2
0n̄c

(
κl

(∆+ ωm)2 + κ2
l /4

− κl

(∆− ωm)2 + κ2
l /4

)
, (2.30)

for the optomechanical damping. Together with its natural linewidth, the effective mechanical
damping is given by

Γm,eff = Γm + ΓOM. (2.31)

As we see from Eq. (2.30) and also depicted in Fig. 2.3 for the linear case, a red-detuned drive
∆ < 0 results in ΓOM > 0, inducing extra damping and therefore cooling the mechanical mode.
On the contrary, for a blue-detuned drive ∆ > 0, the mechanical mode is amplified (heated) due
to an effective reduction of the damping rate ΓOM < 0. Regardless of the input power considered,
the detuning corresponding to the maximum cooling/heating is constant and found at ∆ = ∓κl/4
(see Fig. 2.3) for the unresolved sideband regime. In literature the optimal detuning is usually

1The modification of the noise operator is due to the radiation pressure force and can be explicitly written as

b̂′
in[ω] = b̂in[ω] − i

√
1
Γm

F̂ [ω],

with the radiation pressure given by

F̂ [ω] = −g
√

κl

(
χc[ω]δâin[ω] + χ∗

c [−ω]δâ
†
in[ω]

)
,

where we introduce the cavity susceptibilty χ−1
c [ω] = −i(ω − ωc) + κl/2.
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Fig. 2.3 Optical damping and optical spring effect against detuning for a linear cav-
ity a)-b) and for a nonlinear cavity c)-d) for different pump strengths. Insets
show the intracavity photon number for both cases. The solid red/green line
and dashed blue line represent the solutions of the low/high photon number
branch in the bistable regime of the nonlinear cavity. Parameters used are
κl/2π = κc/2π = 1.5MHz, ωm/2π = 300kHz, Γm/2π = 0.5Hz, g0/2π = 100Hz
and K/2π = 12kHz.

given as ∆ = ∓κl/2, which is the case for a constant intracavity photon number instead of a
constant drive strength.

The effects of the nonlinearity on ΓOM at the same input powers are visualized in Fig. 2.3
in comparison to the linear case. Due to K an increase in damping is observed further red-
detuned from the bare cavity and over a narrower frequency range. In contrast, the anti-damping
already occurs at red-detunings and extends over a larger frequency range. Furthermore, the
overall induced optical damping is significantly enhanced for the nonlinear case, whereas the
anti-damping is reduced, following the corresponding slopes in n̄c. These effects increase with
drive power until close to bifurcation - orange trace in Fig. 2.3. After bifurcation two different
regimes can be observed depending on the photon number branch. In comparison to the high
photon number branch (green curve), the low photon number branch (red curve) features a
larger additional damping. Both show an abrupt change right at the detuning, where the
photon number jumps from one to the other branch. However, the range of detunings with
optical damping subsequently narrows upon increasing the input power further, which makes it
experimentally challenging to access.
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Optical spring effect: In the weak coupling regime, the mechanical frequency shift, also called
the optical spring effect, is derived as:

δωm = −Re{Σc[ωm]} = −2g2
0n̄c

(n̄cK − ∆̃)
[
∆̃2 − ω2

m + κ2
l

4 − (n̄cK)2
]

[
∆̃2 − ω2

m + κ2
l

4 − (n̄cK)2
]2

+ κ2
l ω2

m

(2.32)

Putting K = 0 one retrieves the equation for the linear spring effect as

δωm|K=0 = g2
0n̄c

(
∆+ ωm

(∆+ ωm)2 + κ2
l /4

+ ∆− ωm

(∆− ωm)2 + κ2
l /4

)
. (2.33)

In a linear system for a red detuned drive ∆ < 0, this results in a spring-softening, meaning
the mechanical frequency will decrease δωm < 0. Whereas for a blue detuned drive ∆ > 0, the
interaction leads to a spring-hardening, causing the mechanical frequency to increase δωm > 0.
Here in the unresolved regime, the largest obtained spring softening/hardening aligns with the
highest damping/anti-damping.
The influence of the nonlinearity on the spring effect is qualitatively similar to the one discussed
for the optomechanical damping and is visualized in Fig. 2.3. However, the increasingly steep
slope in n̄c close to bifurcation (orange curve) leads to a distinct feature not observed in the
optical damping. Aligning with the largest damping rate the frequency shift drops towards zero,
such that maximum damping does not correspond to the highest spring hardening anymore.
This resembles qualitatively the backaction behavior observed in the resolved regime (see section
2.3.4).

2.3.2 Average mechanical occupation
We consider the conventional scattering framework to gain an intuitive understanding of the
occupation of the mechanical mode in the presence of backaction. Within this picture, we
assume that photons from an input drive can be scattered to lower/higher frequencies by creat-
ing/absorbing a mechanical phonon, causing it to heat up or cool down. Frequency up-scattering
is called anti-Stokes process at a rate Γ−, whereas its counterpart —frequency down-scattering
—is referred to as Stokes process at rate Γ+. To obtain a qualitative insight into the rates at
which these processes occur, it is helpful to examine three distinct cases for the drive detuning.
We start from the linearized interaction Hamiltonian in Eq. (2.10) and move to the interaction
frame for both cavity and mechanics, which results in

Ĥ′lin
int = eiĤlin

0 Ĥlin
inte

−iĤlin
0

= ℏg
(
δâb̂eid−t + δâ†b̂†e−id−t

)
+
(
δâb̂†eid+t + δâ†b̂e−id+t

)
, (2.34)

with d± = ∆ ± ωm. In what follows, we neglect fast-rotating components within the rotating
wave approximation and assume for simplicity K = 0.

• ∆ ≈ −ωm: This is called the beamsplitter interaction.

Ĥ′lin
int /ℏ ≈ g(δâ†b̂ + δâb̂†) (2.35)

Being red-detuned, only the exchange between excitations of the two modes is resonant.
However, due to the cavity mode shape the anti-Stokes process is resonant with the cavity,
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Fig. 2.4 Qualitative illustration of the three driving schemes discussed for the linearized
Hamiltonian Ĥ′lin

int . To emphasize the difference between the resolved and un-
resolved sideband regime, the cavity mode is shown via the photon number
spectrum for both cases as the solid and dashed green lines, respectively. The
influence of the cavity mode shape on the anti-Stokes (rate Γ− (red)) and Stokes
(rate Γ+ (blue)) processes is visualized by their respective amplitudes. a) beam-
splitter interaction with the drive red-detuned, allowing the cooling of the me-
chanical mode. b) two-mode-squeezing interaction with the drive blue detuned,
creating correlated phonon-photon pairs, effectively exciting the mechanics. c)
On resonance driving allows for the detection of the mechanical mode while
avoiding backaction.

whereas its counterpart - the Stokes process - is suppressed due to the cavity mode shape
in Fig. 2.4a). By continuously driving, this interaction can be effectively used to cool the
mechanical mode.

• ∆ ≈ 0:
Ĥ′lin

int /ℏ ≈ g(δâ† + δâ)(b̂† + b̂) (2.36)

Probed on resonance in Fig. 2.4c), the mechanical motion (b̂† + b̂) is imprinted on the
phase quadrature, allowing us to detect the mechanical mode. Simultaneously, we avoid
any backaction as Stokes and anti-Stokes processes cancel each other.

• ∆ ≈ +ωm: Being blue detuned results in the so called two-mode-squeezing interaction:

Ĥ′lin
int /ℏ ≈ g(δâ†b̂† + δâb̂) (2.37)
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Here, only the creation/annihilation of a phonon-photon pair with high correlations is
resonant. Contrary to the beamsplitter interaction, being blue-detuned, the cavity mode
shape leads to a suppression of Γ− in comparison to Γ+. This leads to an accumulation of
excitation in both modes, effectively causing the mechanical mode to heat.

Fig. 2.4 illustrates the effect of the three different driving schemes. For both detuned cases
in Fig. 2.4a) and 2.4b), it is evident that the cavity mode shape creates an imbalance between
the Stokes and anti-Stokes processes. In the resolved case due to κl ≪ ωm, this leads to very
efficient control of the mechanical mode since the off-resonant process is completely suppressed.
However, for the sideband unresolved regime κl ≫ ωm the imbalance is reduced, resulting in less
efficient control. Nevertheless, cooling and heating of the mechanics remains possible in this
regime. However, the cooling is limited due to the presence of the unwanted heating process. In
the case of resonant driving illustrated in Fig. 2.4c), for both regimes Γ− and Γ+ are in balance,
allowing backaction evading detection of the mechanical mode.

To quantify the cooling possible, we calculate the resulting mechanical mode occupation
from the rates at which the Stokes and anti-Stokes processes occur. By applying Fermi’s golden
rule to the radiation pressure force Ĥint = F̂ x̂ the Stokes and anti-Stokes rates in the regime of
weak coupling κl ≫ g0 are given by

Γ± =
x2

zpf

ℏ2 SF F (ω = ∓ωm) = g2
0Snn(ω = ∓ωm), (2.38)

with the force spectral density defined as SF F (ω) =
∫+∞

−∞ dteiωt⟨F̂ (t)F̂ (0)⟩. Due to the OM
interaction, the force spectral density is directly related to the photon number spectrum Snn,
which can be written as

Snn[ω] =
∫ ∞

−∞
dteiωt ⟨(â†â)(t)(â†â)(0)⟩

= n̄cκl

(
−∆̃+ ω + n̄cK

)2
+ κ2

l
4[

∆̃2 − ω2 + κ2
l

4 − (n̄cK)2
]2

+ κ2ω2
. (2.39)

The optically induced linewidth takes the form

ΓOM = Γ− − Γ+ ⇒ Γm,eff = Γm + ΓOM. (2.40)

Evaluating Eq. (2.39) for a single detuning at ω = ∓ωm to get Γ±, respectively, results in the
same expression for ΓOM as derived in Eq. (2.29).

Within the constraints of Γm ≪ g ≪ κl,ωm, the steady-state phonon occupation under back-
action can be expressed as 1

n̄m = n̄th
m

Γm

Γ− − Γ+ + Γm
+ Γ+

Γ− − Γ+ + Γm
. (2.41)

1If these constraints do not hold, the mechanical occupation is given by

n̄m =
∫

Sbb[ω]dω

2π
=
∫

⟨b†[ω]b[ω]⟩dω

2π
,

where the correlator can be obtained by the dynamics in Eq. (2.26).
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Fig. 2.5 Photon number spectrum for best cooling and phonon occupation for a linear
a)-b) and for a nonlinear cavity c)-d) against drive detuning for different drive
strengths. Insets show the intracavity photon number for both cases. For de-
tuning associated with the best cooling (vertical lines) the corresponding anti-
Stokes and Stokes rates are marked as dots in the photon number spectra at
±ωm from the drive. Parameters used are κl/2π = κc/2π = 1.5MHz, ωm/2π =
300kHz, Γm/2π = 0.5Hz, g0/2π = 100Hz and K/2π = 12kHz.

The first term represents the modified coupling rate to the bath resulting from the optome-
chanical interaction, which causes a change in the mechanical occupation. The second term
corresponds to unwanted backaction heating, setting an overall limit to the achievable cooling,
further discussed in section 2.3.3.

In Fig. 2.5, a cooling traces (phonon occupation numbers as a function of drive detuning) for
a linear and a nonlinear system are depicted for various powers. We calculate the imbalance in
Γ−/Γ+ from Snn[ω] for each drive detuning and track the resulting phonon occupation. For each
input power, the photon number spectrum Snn[ω] corresponding to the drive detuning (vertical
lines) associated with the minimal obtained phonon number is shown. The Stokes processes are
indicated by the dots detuned by ±ωm from the drive.
In the linear case, Snn[ω] has a Lorentzian shape and is symmetric around the resonance of
the undriven system. This shape leads to an imbalance in Γ−/Γ+ such that for red detunings
(∆ < 0), cooling, and for blue detunings (∆ > 0), heating, is observed. Since Snn[ω] is sym-
metric around the resonance frequency, the imbalance and the corresponding backaction on the
mechanics remain symmetric. As the shape of Snn[ω] is independent of the drive strength, best
cooling consistently occurs at ∆opt = −κl/2 for a given input power, with the phonon number
decreasing as the power increases.
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On the contrary, for a nonlinear system (K > 0) in the presence of a strong drive, Snn[ω] develops
an asymmetric shape accompanied by a shift of its resonance frequency. Both the asymmetry
and frequency shift become more pronounced with increasing drive power (blue to orange trace
in Fig. 2.5), causing the detuning for best cooling to move further to lower frequencies. Si-
multaneously, the range of detunings correlated to cooling subsequently narrows with increasing
power. However, the increasing asymmetric shape of Snn[ω] enhances the imbalance in the
Stokes processes, which leads to a more efficient cooling with overall lower phonon occupation
compared to the linear case.
Upon exceeding the bistable input power n̄in,bi given in Eq. (2.22), n̄c and thus Snn[ω] splits
into the low and high photon number branch within a certain frequency range corresponding to
the red and green curves in Fig. 2.5. Within the bistable regime, an abrupt change in the rates
can be observed right at the detuning where the photon number jumps from one to the other
branch. A drive close to these detunings leads to a suppression of Γ+ compared to Γ−. Thus,
a rapid increase in the cooling capability within the proximity of the switching is obtained in
Fig. 2.5. However, to observe backaction in the bistable regime, it is crucial to be sufficiently
close to these detunings. This makes cooling beyond bifurcation of the cavity susceptible to
resonance frequency fluctuations, which can cause the cavity to switch branches, nullifying the
observed backaction. Therefore, it is important to establish an experimental setup well isolated
from external noise sources, like flux or vibrational noise, to avoid those switching events.

To emphasize the enhanced cooling capability due to the Kerr-nonlinearity Fig. 2.6 com-
pares the minimal obtained phonon number n̄m at optimal detuning ∆opt by increasing the
input power, along with the corresponding intracavity photon number n̄c, mechanical linewidth
Γm and frequency shift δωm for a linear and nonlinear cavity.
For a linear cavity, the shape of Snn[ω] is unaffected by the input power and thus the optimal
detuning for cooling remains at ∆opt = −κl/2 (see inset Fig. 2.6a). This leads to a linear increase
of n̄c with power at ∆opt, resulting in a steadily decreasing phonon occupation. Due to the linear
dependence on n̄c (Eq. (2.30)/(2.33)), Γm and δωm follow a linear power dependence.
Comparing this to the nonlinear case, due to the power dependence of Snn[ω] the optimal detun-
ing ∆opt shifts following the steepest slope in n̄c, which results in a nontrivial power dependence
of the depicted parameters. Nevertheless, the higher cooling capability is evident as for the
nonlinear cavity lower phonon occupations (e.g. a factor of ∼ 3 at n̄in,bi = 1) and corresponding
higher Γm are observed for the same input power compared to the linear case. As discussed in
section 2.3.1, an inflection point occurs for δωm such that the highest spring softening occurs at
a different detuning from that for best cooling. At n̄in,bi = 1 we observe δωm = 0, which resem-
bles cooling in the sideband-resolved regime. Even though increasing power beyond bistability
leads to a further decrease in n̄m in the low photon number branch, the cooling feature becomes
experimentally harder to access as it occurs in a narrow range of detunings.
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Fig. 2.6 Evaluated at optimal detuning ∆opt (inset): a) Intracavity photon number n̄c,
b) minimal phonon occupation n̄m and mechanical c) linewidth Γm and d) fre-
quency shift δωm against input power for a linear cavity (grey) and a non-
linear cavity before (blue-orange) and after bistability for the low and high
photon number branch (red and green). The input power for both cases
is set normalized to n̄in/n̄in,bi of the nonlinear cavity. Parameters used are
κl/2π = κc/2π = 1.5MHz, ωm/2π = 300kHz, Γm/2π = 0.5Hz, g0/2π = 100Hz
and K/2π = 12kHz.

2.3.3 Lowest phonon number

Within the scheme of backaction cooling, the lowest achievable phonon occupation is funda-
mentally limited by residual backaction heating originating from the cavity due to the coherent
drive combined with Stokes processes. This backaction limit directly follows from Eq. 2.41 by
assuming the mechanical mode is perfectly decoupled from the bath Γm = 0 resulting in:

n̄min
m = Γ+

Γ− − Γ+
= 1

4

(
−∆̃− ωm + n̄cK

)
+ κ2

l
4

(−∆̃+ n̄cK)ωm
(2.42)

This expression reveals that the cooling limit is independent of the optomechanical coupling
strength g0, and instead is governed by the so-called resolved sideband parameter ωm/κl. In the
unresolved limit ωm/κl ≪ 1 the unwanted backaction prevents ground state cooling:

n̄min
m = κl

4ωm
> 1 (2.43)
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Fig. 2.7 Minimal phonon occupation versus resolved sideband parameter ωm/κl and sin-
gle photon coupling strength g0 for a) a nonlinear and b) linear cavity. Col-
ored lines correspond to linecuts with respect to ωm/κl and g0 displayed in c)
and d). Solid lines for K , 0 and dashed lines for K = 0. Backaction limit in
c) shown as the colored area and in d) as dotted lines. Parameters used are
ωm/2π = 300kHz, Γm/2π = 0.5Hz, K/2π = 12kHz and n̄in/n̄in,bi = 0.99.

On the contrary, for the resolved regime ωm/κl ≫ 1, the backaction heating process is suppressed
such that ground state cooling is possible:

n̄min
m =

(
κl

4ωm

)2
< 1 (2.44)

Fig. 2.7 depicts the dependence of the minimal phonon occupation on the coupling strength g0
and the resolved sideband parameter ωm/κl for a nonlinear and linear cavity. For each set of pa-
rameters, both systems are driven with the same input power corresponding to n̄in/n̄in,bi = 0.99
right before bistability to harness the increased cooling capability for the K , 0 case. Compar-
ing the colormaps depicted in Fig. 2.7a) and b) shows that in the nonlinear case, the cooling
capability is improved, which is evident by the increased dark blue area indicating good cooling.
This improvement is further illustrated by the linecuts along the ωm/κl-axis (Fig. 2.7c). For
ωm/κl < 1, the nonlinear cavity enhances cooling, where the enhancement is most pronounced
at weaker coupling rates, whereas for higher coupling rates the effect diminishes as the system
approaches the backaction limit. As the system becomes resolved ωm/κl > 1 the cooling remains
unaffected by K, as the optimal detuning ∆opt = −ωm for cooling does not directly populate
the cavity anymore. The linecuts along the g0-axis (Fig. 2.7d) emphasize the improvement in
cooling capability due to the K in the unresolved regime. For systems deeply in the unresolved
regime, the backaction limit is reached for significantly smaller g0 compared to a linear system.
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However, the system is still backaction limited Eq. (2.42) and the improvement in cooling due
to K decreases towards the resolved regime.

It is important to note that the input power is set to n̄in/n̄in,bi = 0.99. On the one hand, in
Fig. 2.7c) this results in an effective increase in cooling at low ωm/κl and weak coupling strength
g0 since the applied input power is larger (n̄in,bi ∝ κ2

l ). The resulting larger input powers lead
to higher n̄c and therefore lead to better cooling as the photon-enhanced coupling strengths g
is increased. On the other hand, we observe a less efficient cooling for ωm/κl > 1 as the input
power is not optimized but fixed. In the resolved regime, better cooling would be achievable by
increasing n̄in,bi, which also holds for the resolved trace in Fig. 2.7d).

2.3.4 Resolved sideband regime
As illustrated in Fig. 2.7, a nonlinearity does not influence the lowest attainable phonon number
when in the resolved sideband regime. Therefore, this section considers an optomechanical
system in the resolved regime with K = 0 for simplicity.

As qualitatively shown in Fig. 2.4 a system residing in the resolved regime allows for effective
cooling as the heating process is suppressed for red-detunings by the cavity mode shape. Best
cooling is observed at ∆opt = −ωm > κl, where the anti-Stokes process is resonant with the
cavity. However, to maintain a high g = g0

√
n̄c with the now off-resonant drive, high input

powers are necessary to reach the ground state.
The changes in the backaction for a system advancing towards the resolved regime are depicted in
Fig. 2.8 for a constant input drive (corresponding to n̄c|∆=0 = 40) and for a constant intracavity
photon number of n̄c = 40. For both cases a shift of the optimal detuning from ∆opt = −κl/2
to ∆opt = −ωm is observed. However, regarding the first case, the constant input power leads to
a varying intracavity photon number with detuning. Thus, the best cooling is not observed for
the highest ωm/κl, but for the semi-resolved regime around ωm/κl ≈ 0.5, optimizing intracavity
photon number and suppression of the backaction heating. Whereas for constant intracavity
photon number, the best cooling is obtained for the highest ωm/κl at ∆opt = −ωm. For both
cases, the linewidth Γm aligns with respective cooling and heating features. However, the largest
spring softening δωm starts to deviate from the detuning corresponding to the best cooling as
the resolved sideband parameter ωm/κl increases. For the semi-resolved regime the spring effect
vanishes around ∆ = 0, further evolving for larger ωm/κl until the detuning at which δωm = 0
coincides with that for best cooling. For the plots in which the photon number is held constant,
this feature is accompanied by a steep spring softening for ∆ < −ωm and hardening for ∆ > −ωm.
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Fig. 2.8 Backaction on the mechanical mode as a function of the resolved sideband
parameter ωm/κl for a constant drive set to n̄c|∆=0 = 40 (a,c,e) and for a
constant intracavity photon number of n̄c = 40 (b,d,f ). Parameters used are
ωm/2π = 300kHz, Γm/2π = 0.5Hz and g0/2π = 100Hz.
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3
Superconducting microwave cavities

Since we use the toolbox of superconducting circuits in this work to realize an inductive coupling
between a magnetically modified mechanical resonator and a microwave cavity, this chapter
introduces the field of superconducting circuitry. First, we introduce LC -circuits as the building
blocks of superconducting circuits. We cover the fundamentals of superconductivity and explain
the working principle of the Josephson Junction (JJ), a key nonlinear element in these circuits.
Subsequently, we introduce the Superconducting Quantum Interference Device (SQUID), which
is based on the JJ and functions as a magnetic field-sensitive element. With these building
blocks, we develop the concept of a flux-tunable resonator by introducing a SQUID into an
LC -circuit and finally review the inductive coupling mechanism used in this thesis between the
mechanical cantilever and such a SQUID-microwave cavity.

3.1 LC-circuits

LC -circuits form the basis of a wide range of electronic components, including filters, detectors,
and information processing in quantum technologies. Their key properties, such as resonance
frequency and spectral response, can be precisely engineered. In this thesis, the electromagnetic
mode in the optical cavity introduced in section 2.1 is replace by that of such an LC -circuit
with a resonance frequency in the microwave regime. This microwave cavity can be described
by the circuit illustrated in 3.1a), consisting of an inductor L in parallel with a capacitor C.
Furthermore, intrinsic loss mechanisms can be modeled as an additional resistive element R,
which does not influence the resonance frequency of the cavity in case of weak damping but
leads to a finite linewidth κi.

Hamiltonian Derivation: In the following, we will cover the key points in the derivation of
the Hamiltonian for an LC -circuit, assuming no internal losses R = 0. For a full description, we
recommend the following manuscript by U. Vool and M. Devoret [66].
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Fig. 3.1 a) Circuit representation of an LC -circuit, consisting of an inductor L and a
capacitor C, connected in parallel. Intrinsic losses, occurring at a rate κi, are
modeled by an additional resistor R. b) Two realizations - straight and U-shaped
for a more compact design - of λ/2-microstrip resonators functioning as an LC -
resonator. The electrical field |E⃗| is maximal at the ends with a node at the
center, whereas the current |I| exhibits an antinode at the center.

We start by introducing the branch fluxes and charges

Φb(t) =
∫ t

−∞
ub(t′)dt′

Qb(t) =
∫ t

−∞
ib(t′)dt′,

(3.1)

by using the individual branch current ib and voltage ub. The energies of the respective compo-
nents are given by

EL = 1
2L

δΦ2 (3.2)

EC = 1
2C

δQ2, (3.3)

with δΦ (δQ) the node flux (charge) difference over the inductor (capacitor). With this, we
derive the full Hamiltonian for Φ0,Q0 = 0 at the ground node as

H = Q2

2C
+ Φ2

2L
, (3.4)

with the magnetic flux Φ in the inductor and charge Q on the capacitor. Quantization of this
Hamiltonian is achieved by introducing the corresponding quantum operators Φ̂, Q̂, which have
to fulfill the commutator relation [Φ̂, Q̂] = iℏ. Further, we write these operators in terms of the
creation and annihilation operators â† and â as

Φ̂ =
√

ℏZ0
2 (â + â†)

Q̂ =
√

ℏ
2Z0

i(â − â†),
(3.5)
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with the characteristic circuit impedance Z0 =
√

L/C. Using the commutator relation [â, â†] = 1
and plugging Eq. (3.5) into Eq. (3.4), the quantized Hamiltonian reads

Ĥ/ℏ = ωc(â†a + 1
2) (3.6)

where the resonance frequency is given by ωc =
√

1/LC.
As we assumed a lossless circuit, the resulting eigenstates lead to infinitely sharp energy levels
spaced by ℏωc.

Microstrip λ/2-cavities: One of the simplest distributed element realization of a LC -circuit is
a half-wave (λ/2) cavity as illustrated in Fig. 3.1b). A strip of conducting material is patterned
onto a dielectric substrate, such as silicon or sapphire. Even though the theoretical description
of such a cavity is more complex, we can describe it by modeling each infinitesimal segment of
the strip as an inductance and capacitance (transmission line model [67]). Each of its modes
can be effectively described by an LC -circuit with a corresponding value for the inductance
and capacitor. Due to open boundary conditions at both ends, the fundamental mode is the
λ/2-mode with length l = λ/2. Also considering higher-order modes that fulfill the boundary
conditions, the resonance frequency ωc for the k-th mode is given by

ωc,k = (k + 1)2π
v0
2l

, (3.7)

with the speed of light v0 in the transmission line. For the fundamental mode k = 0, the result-
ing electrical field |E⃗| and current |I| distributions are color-encoded in Fig. 3.1b). Whereas
|E⃗| exhibits a node at the center of the strip, the current shows an antinode at this location.
Deviations from the straight stripline geometry — such as adopting a meandered or U-shaped
design — can be exploited to achieve a more compact structure. Such modifications typically
result in shifts in the resonance frequency ωc, caused by changes in the effective capacitance.

Loss mechanisms: For actual circuits such as microstrip λ/2-cavities, the assumption of
R = 0 does not hold anymore. Any external coupling to an environment κc and various internal
loss channels κi result in a finite total or loaded linewidth κl = κc + κi of the energy levels. A
common way to compare losses for different samples is by the quality factor Ql defined as

Ql = ωc
energy stored

energy lossrate
= ωcRC = ωc

κl
. (3.8)

The external coupling κc is typically a design parameter and can be varied over a few orders
of magnitude as required. However, the internal loss rate κi arises from a variety of mechanisms.
One main mechanism is conductive loss within the cavity material, which can be mitigated by
using superconducting materials such as niobium or aluminum below their critical temperature
(see section 3.2). Besides reducing conductive loss for superconductors, another benefit of the
low temperatures necessary – typically below 1K – is that the microwave-cavities are brought
to or close to their ground state. However, even at these temperatures, high magnetic fields can
lead to conductive losses due to a reduction of the Cooper pair density and the creation of flux
vortices [68, 69]. To diminish conductive losses in the substrate, high resistive silicon or sapphire
wafers are used in the fabrication to ensure high quality factors. Any conductive material in
close vicinity to areas of high |E⃗| (e.g. copper from the surroundings) leads to the induction of
eddy currents, adding to the total loss of the cavity [70].
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Another common loss channel are two-level-systems (TLS). These TLSs reside at the substrate
surface, within fabrication residues such as photoresist or any other amorphous oxide layer
formed on the stripline material [71–74]. By coupling to the cavity mode, they add to the
intrinsic loss rate.
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3.2 Superconductivity and Josephson Junctions
This section covers only the elements of superconductivity necessary to describe processes dis-
played in the experiment and is mainly based on the references [75] and [76]. For a broader and
complete overview, the reader is referred to these manuscripts.

3.2.1 Superconductivity
Superconductivity is a material property exhibited by materials that have no electrical resistance
and expel magnetic fields from their volume (the Meißner-Ochsenfeld effect) below a specific
critical temperature Tc. The origin of these effects is explained by an atomic lattice mediate
attractive force between two electrons, causing them to form Cooper pairs. Forming a bosonic
ensemble of spin 1 particles, these pairs condense into a coherent state across the superconductor
with an energy gap of G = 1.76kBTc. This prevents the pairs from scattering with the atomic
lattice, which is the primary cause of electrical resistance in normal conducting materials. Within
the BCS-theory (named after J. Bardeen, L. Cooper, and J. R. Schrieffer), the collective ground
state of the condensate is described by a single macroscopic matter wavefunction

Ψ (r⃗, t) =
√

n̄s(r⃗, t)eiθ(r⃗,t), (3.9)

with the phase θ(r, t) and the Cooper pair density n̄s(r, t) as a function of position r⃗ and time t.
Being an inherently quantum effect, the Cooper pairs obey the Schrödinger equation for charged
particles in an electromagnetic field. By plugging Eq. (3.9) into the Schrödinger equation, we
derive the supercurrent density J⃗s

ΛJ⃗s(r, t) = −A⃗(r, t) + ℏ
2e

∇θ(r⃗, t), (3.10)

with the London parameter Λ = me/2n̄se
2 and the vector potential A⃗(r⃗, t)1. This shows that a

supercurrent can be created by either an electric field or a phase gradient across the supercon-
ductor.

Meißner-Ochsenfeld effect: Taking the curl of Eq. (3.10) and utilizing the Maxwell equation
∇ × B = µ0J⃗s in combination with vector identities yields

∇2B⃗ = 1
λ2

L
B⃗. (3.11)

This implies that inside a superconductor, a magnetic field decays exponentially over a charac-
teristic decay length given by the London penetration depth λL =

√
me/2µ0n̄se2. For common

superconductors such as niobium and aluminum, values around λNb
L ≈ 85nm and λAl

L ≈ 50nm
are found for the bulk material [76]. For thin films, these values vary with the thickness. Reap-
plying Maxwell’s equations, we obtain that the supercurrent also decays exponentially towards
its center. E.g. for a superconductor in the xy-plane and an external field B⃗ = Be⃗x it follows
that B⃗x(z) = B0e−zλL and Js,y = Jy,0e−z/λL .

1The Vector potential A⃗(r⃗, t) is related to the magnetic field by ∇ × A⃗ = B⃗ and the electric field by E⃗ =
− ∂A⃗

∂t − ∇ϕ with ϕ being the scalar electric potential.
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Types of superconductors: To expel the magnetic field, screening currents are formed on the
surface. Above a critical field Bc, the energy required to create sufficiently high screening cur-
rents would exceed the gap energy of the condensate G. At this point, we differentiate between
two types of superconductors:

• Type 1 superconductors expel magnetic fields until the critical field Bc is reached. Beyond
Bc they transition to their normal (nonsuperconducting) state and magnetic fields can
penetrate them again. For bulk aluminum, a type 1 superconductor, the critical magnetic
field is around 10.5mT.

• Type 2 superconductors behave similiar to type 1 until a first critical field Bc,1, upon
which it becomes energetically favorable to form vortices. These vortices exhibit a normal
conducting core, allowing the magnetic field to pass through the superconductor. Further
increasing the field, the number of vortices continues to rise until a second critical field is
reached at which superconductivity breaks down. For Niobium, a type 2 superconductor,
the first and second critical fields are typically 150mT and 300mT, respectively [76].

In the case of superconducting LC -circuits, the presence of magnetic fields even below Bc is
associated with a reduction of the quality factor [68, 69]. Breaking of Cooper pairs, interaction
of vortices with the microwave field [77], or trapped flux at defects create additional dissipative
channels due to the presence of normal conducting electrons.

Flux-Quantization: Integrating Eq. (3.10) around a closed contour C within the supercon-
ductor enclosing a surface S, we find

ℏ
2e

∮
C

∇θ(r⃗, t)d⃗l =
∮

C
(ΛJ⃗s)d⃗l +

∫
S

B⃗ds⃗ =
∮

C
(ΛJ⃗s)d⃗l +Φ = nΦ0. (3.12)

Here we used the requirement that the macroscopic wavefunction is well defined up to an integer
of 2π in the phase θ(r⃗, t) = θ0(r⃗, t) + 2nπ. This implies, that the flux Φ enclosed within C is an
integer multiple of the flux quantum

Φ0 = h/2e, (3.13)

as we can take the contour integral within the bulk, where we find J⃗s = 0. Within a simply
connected region, all the magnetic field is expelled, leading to n = 0, whereas for a contour
including nonsuperconducting regions like vortices or rings, we find that the flux threading a
loop is quantized by Φ = nΦ0.
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a) b) c)

CJ
RJ LJ

Fig. 3.2 a) Schematic representation of the Josephson Junction with the overlap of the
macroscopic wavefunction Ψ . b) Sketch of a Josephson Junction, two supercon-
ducting layers are separated by an insulator. c) Circuit representation of the
ideal Josephson junction and complete depiction within the RCSJ model includ-
ing junction resistance RJ, capacitance CJ, and inductance LJ.

3.2.2 Josephson junctions
Josephson junctions, first postulated by B. D. Josephson in 1962 [78], consist of two super-
conductors separated by a thin insulating barrier, as illustrated in Fig. 3.2. The macroscopic
wavefunctions describing the Cooper pairs in each superconductor extend slightly into the in-
sulating region, which acts as a potential barrier. This spatial overlap enables the quantum
mechanical tunneling of Cooper pairs across the junction, leading to a supercurrent whose am-
plitude depends on both the geometry of the junction – the barrier thickness and effective area
– and on the materials used.

Josephson-equations: The current I and voltage V across the JJ are given by the first and
second Josephson equations

I = Ic sin(δ) (3.14a)

δ̇ = 2π

Φ0
V. (3.14b)

Here, δ = θ2 −θ1 is the phase difference of the superconducting wavefunction across the junction
and Ic the critical current. Ic corresponds to the current at which superconductivity breaks
down and the junction becomes normal conducting.

Josephson-inductance: Furthermore, the JJ behaves as a nonlinear inductive element; this
becomes evident by taking the time derivative of Eq. (3.14a) and substituting δ̇ in Eq. (3.14b).
After which, we derive

V = LJ(δ)İ = LJ,0

cos(δ) İ (3.15)

where we introduce the Josephson inductance as

LJ0 = Φ0
2πIc

. (3.16)
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As the total junction inductance LJ depends on the current I, the characteristic inductance
of the JJ is nonlinear. To get an explicit form of the inductance, we use the branch flux
Φb(t) =

∫ t
−∞ V (t′)dt′ across the JJ. This allows us to rewrite the current relation as

I(t) = Ic sin
(2π

Φ0
Φb(t)

)
. (3.17)

Using the general definition that current is related to the branch flux via the inductance, we
derive the explicit equation for the Josephson inductance to be

LJ = Φb(t)
I(t) = Φ0

2π

arcsin(I/Ic)
I

≈ LJ0

[
1 + 1

6

(
I

Ic

)2
]

. (3.18)

To lowest order, LJ increases quadratically with current, until the applied current exceeds Ic.

RCSJ-model: To describe the dynamics of the JJ in the presence of a transport current I, we
work within the Resistively and Capacitively Shunted Junction (RCSJ) model. Here, we assume
that a resistive element RJ and a capacitance CJ are in parallel to the ideal junction, as shown
in 3.2b). RJ corresponds to a normal conductive channel across the junction, and CJ arises due
to the proximity of the junction electrode representing a classical conductor. The total current
across is then given by

Ic sin(δ) + V

RJ
+ CJV̇ = I. (3.19)

As long as the applied current does not exceed the critical current I < Ic and T ≪ Tc, the
JJ remains superconducting and the quasiparticle density small. Therefore, we can completely
neglect the normal conducting channel assigned to the resistive element RJ as it is shorted by
the JJ. With that, we rewrite the current using the Josephson equations and obtain

δ̈

ω2
pl

= j − sin(δ) = −EJ
∂Epot

∂δ
, (3.20)

where we introduce the plasma frequency ωpl =
√

2πIc/Φ0CJ = 1/
√

LJCJ, the Josephson energy
EJ = Φ0

2π Ic and the normalized current j = I/Ic. This resembles the equation of a phase particle
of mass meff = Φ0/2πCJ in the potential landscape of Epot [79]. For a more intuitive insight into
its dynamics, we solve Eq. (3.20) and derive

Epot(δ)/EJ = (1 − cos(δ)) − jδ, (3.21)

resembling a tilted washboard potential. The first term corresponds to the periodic junction
energy, and the second term is a generalized force on the particle due to the applied current.
For j = 0, the particle remains within one of the minima of Epot. Applying a current tilts the
potential, allowing the particle to roll down the potential landscape as soon as |I| > Ic. Any
resistance within the system corresponds to the particle’s friction.

Josephson Junctions in a magnetic field: As we couple our mechanical resonator inductively
to the LC -cavity by utilizing a strong permanent magnet (as presented in section 3.4), it is
important to discuss the behavior of a JJ in presence of an inplane magnetic field B⃗ = By as
illustrated in Fig. 3.3a). As the magnetic field decays exponentially with λL in the supercon-
ducting electrodes, the effective barrier thickness is given by tB = d+2λL for a junction electrode
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a) b)

Fig. 3.3 a) Schematic illustration of a JJ (blue barrier, grey electrodes) with an applied
magnetic field along the y-axis and current I along the x-axis. Dimension of
the electrodes are given by the length L, width W and thicknesses t1 and t2.
The axis on the left visualizes the surface penetration of the magnetic field by
λL, adding to the effective barrier thickness d (Picture modified from [76]). b)
Fraunhofer pattern for the effective critical current of the JJ caused by an in-
plane magnetic field with Φ being the flux enclosed by the junction cross section.

separation of d. Using Eq. (3.10) and the fact that the phase change along a closed contour
C is given by

∮
C ∇θ = 2πn (due to the wavefunction being well defined and single valued), the

supercurrent density across the JJ can be expressed as

Js(z) = Jc sin(kz + ϕ0), (3.22)

with k = 2π
Φ0

tBBy and a homogenous distribution of the critical Josphson current density Jc.
To take a phase differenz at z = 0 into account we add the integration constant ϕ0. Applying
an in-plane magnetic field leads to a sinusoidally varying Js along the z-direction, with period
∆z = 2π/k = Φ0/tBBy. With the periodicity and the magnetic thickness, we see that the total
flux within a period is given by Φ = tB∆zBy = Φ0.
The overall current through the junction can be calculated by the integral

∫ ∫
Js(z)dydz over the

junction area. Inserting Eq. (3.22) and the boundary condition that Jc is homogeneous within
and zero outside the junction boundaries, one finds that the effective critical Josephson current
is given by the Fraunhofer diffraction pattern

I ′
c = Ic

∣∣∣∣sin(πΦ/Φ0)
(πΦ/Φ0)

∣∣∣∣, (3.23)

where Φ = BytBL is the total flux through the junction barrier as depicted in Fig. 3.3b).
As a final note, we have to take into account that each electrode will expel magnetic fields from
its interior. Using symmetry arguments, half of the expelled field from each electrode should
be focused towards the junction, increasing the effective junction area Aeff = L(t1 + t2)/2 over
which the junction picks up the magnetic flux. This flux can be given to the first order by

Φ = ByAeff. (3.24)

3.2.3 DC-SQUID
Two JJs combined in parallel within a loop form a device known as a Direct Current Supercon-
ducting QUantum Interference Device (DC-SQUID, or SQUID) as depicted in Fig. 3.4. As we
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Fig. 3.4 a) Illustration of DC-SQUID consisting of two JJs in parallel. A magnetic field
B⃗ penetrating the loop area A creates a periodically tunable critical current
due to flux quantization. b) Circuit of the squid loop showing the individual
junctions and linear inductances of each SQUID arm with a transport current
Itr and loop current Iloop.

demonstrate in this chapter, a SQUID exhibits a high magnetic sensitivity, making it ideal to
mediate the inductive coupling between our magnetic cantilever and our microwave cavity.

SQUID-currents: Using Kirchhoff’s law, we obtain the normalized transport current through
the SQUID as

jtr = Itr

Ic
= 1

Ic
(I1 + I2)

= (1 − α)sin(δ1) + (1 + α)sin(δ2)
= 2sin(δ+)cos(δ−) + 2αcos(δ+)sin(δ−), (3.25)

with the new phases 2δ+ = δ2 + δ1 and 2δ− = δ2 − δ1 and the asymmetry in critical current α
such that Ic,i = (1 ∓ α)Ic. This can be further simplified to

jtr = isq sin
(
δ+ + tan−1(αtan(δ−))

)
,

isq =
Isq

Ic
= 2|cos(δ−)|

√
1 + α2 tan2(δ−),

(3.26)

by introducing the normalized squid critical current isq. Comparing this to Eq. (3.14a), we see
that the SQUID can be viewed as a single JJ with a tunable critical current that depends on
δ−.

We now use the fact that the SQUID encloses a nonsuperconducting area A, hence the flux
Φ = B · A within the loop has to be quantized according to Eq. (3.12). By taking a contour
integral deep within the superconductor where J⃗s = 0 and utilizing Eq. (3.10), we derive

δ− = δ2 − δ1

2 = πΦ

Φ0
+ πn (3.27)

correlating the phase difference δ− to the total flux Φ threading the loop. Returning to Eq.
(3.26), we see from the above equation that the critical current exhibits a magnetic flux de-
pendence isq ∝ |cos(πΦ/Φ0)|. By applying an external magnetic field, we can tune the critical
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current with a periodicity of Φ0. This field dependence of the critical current makes the SQUID
one of the most sensitive magnetometer known [75] and thus an ideal candidate for our inductive
coupling scheme.

When an external flux Φext is applied to the SQUID, one has to take screening effects within
the SQUID-loop itself into account which adds to the total flux Φ. As a direct consequence
of the flux quantization, a loop current builds up to ensure the quantization condition for any
applied magnetic field. The loop current is given by

jloop =
Iloop

Ic
= 1

Ic

I1 − I2

2
= −cos(δ+)sin(δ−) − αsin(δ+)cos(δ−). (3.28)

Due to its geometric inductance Lloop shown in Fig. 3.4b), any circulating current Iloop adds
to the total flux by a self-induced flux. For completeness, we account for an asymmetry in the
SQUID-arms using a factor η, such that Li = (1±η)Lloop/2 for the individual linear inductances
of each arm. This asymmetry results in an additional flux term due to the imbalance in flux
created by a transport current across the SQUID. The total flux threading the SQUID loop adds
up to

Φ = Φext + LloopIloop − ηLloopItr/2 (3.29)
At this point, it makes sense to introduce the screening parameter

βL =
2LloopIc

Φ0
. (3.30)

Rewriting the total flux in terms of βL we get
Φ

Φ0
= Φext

Φ0
+ βL

2 jloop − 1
4ηβLjtr. (3.31)

To get an intuitive picture, we simplify the situation by assuming Itr = 0 and α = 0. For this
case, we get δ+ = 0 and accordingly derive that jloop = ±sin(πΦ/Φ0) accounting for positive
and negative integers in Eq. (3.27). Together with Eq. (3.31) this leads to

Φ

Φ0
= Φext

Φ0
∓ βL

2 sin
(

πΦ

Φ0

)
. (3.32)

We see that for βL > 0 there exist two solutions to fulfill the flux quantization, either by creating
a clockwise or anticlockwise current. The resulting self-induced flux either counters or adds to
the external flux, which we will see leads to a hysteretic behavior of the SQUID critical current,
as studied in section 3.3.2.1 upon sweeping the external flux.

SQUID-inductance: Similar to the inductance of a single JJ, one can attribute an inductance
to the SQUID

Lsq = Φ0
2π

arcsin
(
Itr/Isq

)
Itr

≈ Lsq0

1 + 1
6

(
jtr

isq

)2


= Lsq0

[
1 + 1

6 sin2
(
δ+ + tan−1(αtanδ−)

)]
(3.33)
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From this, we see that the SQUID inductance features a nonlinearity similar to that of a single
junction. The inductance of a SQUID is tunable with a magnetic flux due to the flux dependence
of the critical current Isq(Φ). In Eq. (3.33), we introduce the inductance in the absence of an
applied transport current as

Lsq0 ≈ LJ0

2|cos(δ−)|
√

1 + α2 tan2(δ−)
. (3.34)

SQUID-potential: To determine which solution the SQUID adopts among the possibilities
arising from the flux quantization in Eq. (3.31), it is useful to describe the tuning behavior
by following the phase particle in the resulting potential landscape of the SQUID. We start
similarly to the case of a single JJ described in Eq. (3.21) by using Kirchhoff’s law for transport
and loop current, and derive

δ̈i

ω2
pl,i

= −(1 ∓ α)sin(δi) + 1
2jtr ± jloop(δ1, δ2) = − 1

EJ

∂Epot

∂δi
. (3.35)

To get the SQUID-potential landscape, we sum Eq. (3.35) for each JJ i = 1,2 and swap to
the variables δ− and δ+. Rewriting jloop in terms of δ− and Φext according to Eq. (3.31), the
SQUID potential is given by

Epot(δ+, δ−)
2EJ

= 1 − cos(δ+)cos(δ−) + αsin(δ+)sin(δ−)

− jtr

2 δ+ + jtr

2 ηδ− + 1
πβL

(
δ− − π

Φext

Φ0

)2
. (3.36)

Fig. 3.5 depicts the potential landscape for different SQUID configurations at a fixed
Φext/Φ0 = 0.35. The two JJs in parallel lead to an overall periodic potential landscape in
δ+ and δ− direction, with an additional quadratic potential in δ− due to flux quantization. The
minimum of this quadratic term aligns with δ− = Φext/Φ0 and the corresponding parabola gets
broader with increasing βL. Hence, the particle can reside in a minimum of the total potential
with Φ , Φext – a result of the linear loop inductance and the corresponding shielding currents.
Changing the external flux causes the particle to move along the δ− direction with the δ+ coor-
dinate remaining constant. A finite transport current will primarily cause the potential to tilt
along δ+. In case of an asymmetry in geometric inductance η without a transport current the
potential is identical to a symmetric SQUID, whereas an applied transport current results in an
additional tilt along the δ−-direction. This leads to a shift of the obtained minima as indicated
in Fig. 3.5b). For a system with a critical current asymmetry α, tuning the external flux will
also move the particle along the δ+ direction, and a non-zero transport current will now also
move it along δ−.
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Fig. 3.5 Potential landscape of a SQUID at Φext/Φ0 = 0.35 considering three distinct
cases for a) jtr = 0 and b) jtr = 1: a symmetric SQUID with [βL,α,η] = [0.4,0,0]
(column 1), and two asymmetric SQUIDs with [βL,α,η] = [0.4,0.6,0] (column
2) and [βL,α,η] = [0.4,0,0.6] (column 3). The circles and crosshairs indicate the
positions of the local minimum to emphasize the changes originating from the
different sets of parameters.

3.3 SQUID-Cavity

By incorporating a SQUID into a λ/2 stripline cavity as introduced in section 3.1, we obtain
a cavity with a flux-tunable resonance frequency operating in the microwave regime. Such a
flux-tunable cavity forms the core component of the optomechanical system discussed in this
thesis, where the photon mode resides within the LC -cavity and the flux sensitivity of the
SQUID mediates the coupling to the phonon mode of a magnetic cantilever. First, we discuss
the tunability of such a SQUID-cavity, followed by its tuning behavior with applied flux or
transport current. For that, we trace the trajectory of the phase particle within the SQUID
potential defined in Eq. (3.36) for different sets of parameters. Then, we introduce a qualitative
explanation of the coupling mechanism to the mechanical component and discuss changes in the
SQUID potential landscape caused by the motion of the magnetic particle.
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Fig. 3.6 Influence of βR on the resonance frequency of a flux tunable cavity with external
applied flux Φext/Φ0. We assume jtr = 0, α = 0, η = 0: a) Non-hysteretic tuning
behavior with βL = 0. b) All possible solutions of ωc(Φ) corresponding to clock-
wise and counterclockwise jloop (solid/dashed) for βL = 0.6.

3.3.1 Tunability and Nonlinearity
When a SQUID is incorporated into an LC -cavity, the SQUID inductance adds to the linear
inductance of the cavity such that the resonance frequency is given by

ωc = 1√
C(L + Lsq)

= ωc0√
1 + Lsq(I)/L

≈ ωc0√
1 + βR

|cos(δ−)|
√

1+α2 tan2(δ−)

. (3.37)

Here, we introduce the bare cavity frequency ωc0 = 1/
√

LC and the SQUID participation ratio
βR = LJ0/2L. The last line of Eq. (3.37) is valid for small transport currents across the SQUID.
Furthermore, the SQUID participation results in a reduction of the cavity frequency from ωc0
even in the absence of any flux threading the SQUID loop

ωc(Φ = 0) = ωc0√
1 + βR

. (3.38)

Fig. 3.6 shows the behavior of the SQUID-cavity resonance frequency as a function of an
external flux threading the SQUID for different values of βR. To emphasize the influence of the
screening parameter βL, the flux tuning of the SQUID resonator in the absence of βL is displayed
in Fig. 3.6a). In Fig. 3.6b), the solutions for both clockwise and anticlockwise jloop are displayed
upon tuning the flux for βL = 0.6. Comparing the two cases, it is evident that the screening
leads to a significant broadening of the respective lobes such that the edges of the lobes now
occur at ±0.8Φ0. We also see that they overlap for a range of fluxes around ±0.5Φ0, allowing
for two different possible solutions at every flux value in this range. In contrast, in the absence
of screening, each lobe spans from -0.5Φ0 to 0.5Φ0 and only a single solution exists for each flux
value. For dominating linear inductance, we see that the cavity frequency is largely unaffected
by the SQUID until close to the edge of a lobe, where it exhibits a large resonance frequency
change with flux and thus a high flux sensitivity. With increasing SQUID inductance (larger
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βR), the cavity tunes less abruptly, accompanied by a reduction of the sweet spot frequency.
Thus, within the experiment, for good control of the frequency tuning, a βR of around 10% is
desirable.
In addition to the flux tuning, the SQUID introduces an intrinsic nonlinearity to the cavity.
This is evident by considering driving the cavity with increasing power, which results in an
AC -current increasing in amplitude. The current dependence of Lsq(I) results in a shift of the
cavity resonance frequency. As the AC -current-amplitude directly relates to the excitations
of the cavity mode, the SQUID-cavity Hamiltonian can be described up to lowest order in
nonlinearity by the Kerr-Hamiltonian introduced in Eq. (2.1). As derived in [80], one can relate
the associated K constant of such resonators to the SQUID parameters as

K =
(2π

Φ0

)2 1
8

βR/cos(δ−)
(1 + βR/cos(δ−))4ℏω2

c0L. (3.39)

As δ− ∝ πΦ/Φ0 this also implies that by flux tuning the SQUID-cavity to lower frequencies, the
K of the cavity increases as

K ∝
β3

R
cos3 (πΦ/Φ0) , (3.40)

for a small SQUID participation βR ≪ 1 [80].

3.3.2 Particle Position in the SQUID Potential
Even for the simplified case considered in Fig. 3.6, it can not be determined which of the possible
solutions the system will follow upon changing the external flux for βL , 0. To reproduce tuning
behaviors for more complex scenarios, we track the momentary particle position in the SQUID
potential while varying the applied flux or transport current similar to the approach in [81].
This allows us to distinguish between possible solutions and capture the steady-state dynamics,
thereby reproducing the actual tuning behavior.

We start with an initial potential and place the particle in a minimum. We then sweep the
tuning parameter (applied flux or transport current) in small steps and calculate the resulting
new potential. For this potential, we then locate all possible minima and search for the shortest
path to the previous particle position (which no longer corresponds to a minimum) shown in
Fig. 3.7a). As long as there are no potential barrier along this path, the particle can travel along
it to the new minimum, and we adjust its current position to the new one as illustrated in Fig.
3.7b). To take noise sources into account such as thermal noise or flux noise σ without additing
another step to the simulation, we allow the particle to overcome certain potential barrier heights
∆Epot. This allows the particle to escape the current local minimum to an energetically more
favourable one. Due to the periodicity of the SQUID-potential, we encounter several minima,
some of which are equivalent (e.g. the two red indicated minima in Fig. 3.7a). As they lead to
the same tuning behavior, we randomly pick either one of them.

3.3.2.1 Simulation of flux tuning

To fully simulate the flux tuning behavior of the SQUID-cavity, we sweep the applied external
flux in both positive and negative directions to capture any hysteresis effects. Furthermore, we
assume only weak driving of the cavity, allowing us to neglect jtr and consequently any possible
loop inductance asymmetry η as it is only relevant for jtr , 0. By tracking the phase particle
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Fig. 3.7 a) SQUID potential for an applied magnetic field of Φext/Φ0 = 0.58. The current
particle position is indicated as the filled blue sphere, and potential minima
are indicated in red/blue for the two set of solutions. The filled red sphere
corresponds to the new position of the particle. b) Potential energy along the
path to the next minima. Due to noise σ, we allow the particle to overcome
certain potential barrier heights ∆Epot. Parameters used: βL = 0.4, α = 0, η =
0, βR = 0.1, jtr = 0

position (δ+, δ−), we calculate the corresponding changes in ωc using Eq. (3.37), Φ/Φ0 using
Eq. (3.31), and circulating current Iloop/Ic using Eq. (3.28).

In Fig. 3.8a-f), the potential landscape of the SQUID is shown for sweeping the applied flux
Φext/Φ0 in positive and negative directions (color blue and red). For the particle position at
each flux point, the resulting frequency of the SQUID-cavity ωc, loop flux Φ/Φ0, and circulating
current Iloop/Ic are shown in Fig. 3.8g-i). At Φext/Φ0 = 0, in order to fulfil flux quantization,
equivalent minima are found along δ− = 0 and even multiples of π along δ+. Upon sweeping
the external flux, the particle follows the minima in δ− direction at a constant δ+. However,
beyond a certain external flux value, additional minima corresponding to an opposite loop cur-
rent appear at odd multiples of π in δ+ with a slight offset in δ− to the even ones. Further
increasing the flux, the loop current approaches Ic, such that the new minima at odd δ+ become
energetically favorable. Therefore, the particle jumps, leading to a discrete step in Φ/Φ0 and a
flip of the sign of Iloop/Ic. For even higher flux, the set of initial minima at even π vanishes. A
different set of solutions is observed when the external flux is tuned in the opposite direction.
Since there is a range of flux values where we find minima for even and odd δ+, the particle
position at these fluxes depends on its previous states. The position of the particle in this range
of fluxes is hysteretic, as is visible in Fig. 3.8 c) and d).

These simulations are carried out for various values of the screening parameter βL, the cur-
rent asymmetry α, and the noise term σ, and the results are displayed in Fig. 3.9. To allow
easier comparison of the effects of individual parameters, we always use the same set of param-
eters (given in the figure caption) and vary only one parameter at a time.

Changing βL, we effectively vary the curvature of the parabolic term in the SQUID-potential
Eq. (3.36). For larger βL, the flux range with minima accessible to the particle at even and odd



Chapter 3: Superconducting microwave cavities 43

1 0 1 2/
2

1

0

1
2

+
/

0

4

8

E p
ot

/2
E J

1 0 1 2/
2

1

0

1
2

+
/

0

4

8

E p
ot

/2
E J

1 0 1 2/
2

1

0

1
2

+
/

0

4

8

E p
ot

/2
E J

1 0 1 2/
2

1

0

1
2

+
/

0

4

8

E p
ot

/2
E J

1 0 1 2/
2

1

0

1
2

+
/

0

4

8

E p
ot

/2
E J

1 0 1 2/
2

1

0

1
2

+
/

0

4

8

E p
ot

/2
E J

0.0 0.5 1.0 1.5 2.0
ext/ 0

7.0

7.2

7.4

7.6

7.8

c/2
 (G

Hz
)

0.0 0.5 1.0 1.5 2.0
ext/ 0

0.0

0.5

1.0

1.5

2.0

/
0

0.0 0.5 1.0 1.5 2.0
ext/ 0

1.0

0.5

0.0

0.5

1.0

I lo
op

/I c

0 1 2 3 4 5 6 7
Epot/2EJ

a) b) c)

d) e) f)

g) h) i)

ext/ 0 = 0.0 ext/ 0 = 0.3 ext/ 0 = 0.45

ext/ 0 = 0.55 ext/ 0 = 0.7 ext/ 0 = 1.0

Fig. 3.8 a-f) Potential landscape of a SQUID for different external flux bias points against
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Tuning behavior of the resonance frequency ωc/2π, loop flux Φ/Φ0 and loop
current Iloop/Ic against external applied flux. Sweep direction corresponding to
the arrows in h). Parameters used: βL = 0.4, α = 0, η = 0, σ/EJ = 0.005, βR =
0.1, jtr = 0
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Fig. 3.9 Flux tuning behavior for different sets of parameters for both sweep directions
(solid and dashed). Changes in resonance frequency ωc, loop flux Φ/Φ0,loop
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0.005, βR = 0.1, jtr = 0
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δ+ increases, resulting in larger regions in which hysteresis is visible, as is evident when com-
paring the solid and dashed lines in Fig. 3.9a). As the flux induced by the loop current scales
with the linear loop inductance, the observed flux Φ starts to deviate from the applied flux Φext
for larger βL, resulting in a flatter slope of the loop flux. For the curve with the highest βL, the
loop current always remains in the same orientation, such that Φ is consistently smaller/larger
than Φext. An important consequence of the flat slope in Φ for a larger loop inductance is a
reduced tunability of ωc. The coordinate δ+ exhibits a binary behavior, taking values of either
0 or π. This is a direct consequence of the constraint that no current flows through the SQUID
(equivalent to a weak excitation of the SQUID-cavity), requiring the transport current given by
Eq. (3.25) to vanish, which is fulfilled for sin(δ+) = nπ.

By changing the asymmetry α, we decrease the critical current of one JJ, which results
in a lower maximal loop current, as can be seen in Fig. 3.9b). Upon flux tuning, α , 0 re-
sults in an additional shift of the particle trajectory along δ+. For the highest values of α, a
continuous connection between neighboring minima develops, such that we observe a gradual
change (e.g. loop flux Φ and δ+) instead of a discrete jump in the flux tuning. The path taken
in δ+ follows the requirement of no overall transport current across the SQUID given by Eq.
(3.25). For visualization purposes, the resulting δ+ by evaluating jtr = 0 for the obtained δ−
is depicted as the gray dotted line. Lastly, the continuity in the particle position also lifts the
hysteresis observed by flux tuning and leads to additional lower sweet spots. However, the ap-
pearance of the lower sweet spot also depends on βL relative to α. Therefore, for large βL, the
absence of a lower sweet spot does not necessarily indicate the absence of junction asymmetry α.

Increasing the noise present in the system σ does not influence the qualitative tuning be-
havior, as the curves for the different σ shown in Fig. 3.9c) overlap. However, for large enough
noise, the hysteresis is completely washed out, as the particle immediately adjusts to any newly
formed global minimum in the potential.

3.3.2.2 Simulation for a DC-transport-current

To understand the tuning behavior of a driven SQUID-cavity (especially the frequency shift due
to its K nonlinearity), we first discuss its response to an applied DC transport current. From
these simulations, the behavior upon driving can be deduced by assuming that the corresponding
AC-current is a weighted average over the DC response. This is justified as long as the plasma
frequency, which is the frequency at which the particle can respond to any change in the potential,
is much larger than the frequency of the AC drive. This allows the particle to instantaneously
react to any changes in the potential landscape1. Similar to the previous section, we will infer
from the particle trajectory in the SQUID potential the changes in ωc using Eq. (3.37), Φ/Φ0
using Eq. (3.31), and circulating current Iloop/Ic using Eq. (3.28). As the interplay between
flux quantization and nonlinearity is important, simulations are performed for various flux bias
points.

Figs. 3.10a-c) show the response of a symmetric SQUID-cavity as the applied DC-transport-
current is increased. The applied current results in a tilt of the potential along the δ+ axis.

1For SQUID-cavities in this thesis, the observed resonance frequency is around ωc/2π ≈ 8GHz. For the
simulations, we can safely set an upper bound to the junction capacitance of CJ = 1pF, which, with a critical
current of Ic = 8.6µA, leads to a plasma frequency of ωp/π ≈ 25GHz.
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Fig. 3.10 a-c) Potential landscape of a SQUID for different transport currents plotted
against δ−, δ+ at Φext/Φ0 = 0.25. d-f) Tuning behavior of the resonance fre-
quency ωc/2π, loop flux Φ/Φ0 and loop current Iloop/Ic against applied current
for positive (solid) and negative (dashed) external flux Φext/Φ0. Parameters
used: βL = 0.4, α = 0, η = 0, βR = 0.1, σ/EJ = 0.005, |Φext|/Φ0 = [0.0, 0.15, 0.25,
0.3, 0.4].

This leads to a gradual shift of the minimum the particle resides in until the sum of transport
current and loop current exceeds the critical current of one junction at (Itr/2 + Iloop)/Ic = 1
assuming for simplicity α = 0. Exceeding this limit, the system becomes unstable as the phase
particle rolls down the potential landscape which corresponds to the breakdown of supercon-
ductivity of the junction. Tuning the frequency away from the sweet spot by applying a larger
|Φext|, we see in Fig. 3.10d) that the frequency shift with current increases due to the larger
SQUID-participation. For external fluxes |Φext| > 0 and no applied current, the SQUID poten-
tial has two sets of minima - at even and odd δ+/π with a small difference in δ−. As the applied
transport current tilts the potential in δ+, the particle gradually moves from one set of minima
to the other along a trajectory in δ− and δ+ as can be seen also in Fig. 3.5. The change in δ−
is needed to maintain the applied transport current given by Eq. (3.25). This leads to a change
in the amplitude of the loop current, which decreases for larger transport currents across the
SQUID. Moreover, the loop flux |Φ| simultaneously increases as the shielding due to the loop
currents becomes less effective.

The influence of the screening parameter βL, asymmetry in critical current α and geometric
inductance asymmetry η on the SQUID response under a transport current are shown in Fig.
3.11 at two different values of the applied external flux Φext/Φ0 = ±0.25, ±0.4.
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Fig. 3.11 Effects on the SQUID quantities against applied transport current for different
sets of parameters for two different external fluxes (positive and negative flux
values as solid and dashed curves). Changes for different values of a) βL, b)
α and c) η. Unless otherwise noted, parameters used are: βL = 0.4, α = 0, η =
0, βR = 0.1, σ/EJ = 0.005
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As the screening parameter is increased, we observe an increase in the offset in ωc and a decrease
in the curvature with current for both flux points. Corresponding to the frequency behavior,
we see the expected changes in loop flux and loop current for an increased loop inductance as
depicted in Fig. 3.9. The observed SQUID response for larger values of βL is explained by
the increased self-induced loop flux which reduces the overall tunability, as discussed during
the analysis of the flux tuning behaviour in the section 3.3.2.1. As the SQUID behavior under
driving depends primarily on the loop flux Φ/Φ0, changes with respect to βL are due to the
observed offset in this quantity.
For an asymmetric SQUID, we see that for increasing α the SQUID response is no longer sym-
metric around Itr = 0, but instead shifts depending on the sign of the applied flux. For higher
fields, this effect becomes more pronounced. We can explain this by taking the total current
Ii = Itr/2 ± Iloop across each junction into account. Applying a transport current decreases the
total current through one junction while increasing it for the other. In the case that the total
current through the weaker junction (lower Ic) is decreased, a transport current effectively re-
duces the asymmetry in junction inductance. For a specific amplitude of Itr, the asymmetry can
balance out, which maximizes the SQUID inductance and allows the highest Iloop amplitude at
a given Φext. These larger loop currents lead to a reduction in the loop flux |Φ/Φ0| due to the
effectively larger screening and an increase in ωc. Thus, α leads to a partially positive frequency
shift in ωc upon applying a current across the SQUID.
In case of an inductance asymmetry η, the observed behavior in ωc and Φ is similar to the case
of α. However, Itr causes in this case a direct change in flux, rather than just causing different
loop currents to flow. Thus, this created flux adds to the total loop flux Φ/Φ0, which leads to
a change in loop current Iloop to ensure flux quantization.

3.3.2.3 Simulation for an AC transport current

Having discussed the SQUID’s behavior under a DC transport current, we now turn to the
SQUID response driven by an AC transport current. Based on the results from Fig. 3.11 for
different values of βL, α, and η, we focus here for brevity only on the influence of α and βL,
as the parameter η exhibits a qualitatively similar effect to that of α. Furthermore, we assume
that the phase particle reacts instantaneously to potential changes due to the applied current,
resembling the currents that flow on resonance in the cavity. As mentioned in the section above,
this assumption holds as long as the plasma frequency ωpl is larger than ωc. Thus, the cavity
response can be obtained by averaging the DC response over a sinusoidally varying transport
current.

To illustrate the effect of an AC drive at different flux points, the first three rows of Fig. 3.12
show the SQUID-cavity frequency ωc upon tuning the external flux for DC transport currents
of Itr/Ic = 0, ±0.7 and various combinations of α = 0.0, 0.2, 0.6 and βL = 0.1, 0.4, 0.6. For no
asymmetry, the applied currents lead to a symmetric decrease in the resonance frequency of
the cavity on both sides of the lobe. For larger βL, the applied current close to Φext/Φ0 = 0.5
together with the built-up loop current exceeds the critical current and therefore is not shown.
For increasing asymmetry, one can observe that the positive and negative current result in a
different frequency shift, which depends on the sides of the lobe. This can be explained by the
fact that the applied current either adds to or partially cancels the loop current over the weaker
junction as discussed for the DC transport current above. If the current cancels at the weaker
junction, we expect a smaller frequency shift of the cavity, whereas we expect a larger one in the
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Fig. 3.12 SQUID-cavity frequency upon driving with a constant applied DC transport cur-
rent - Itr/Ic = 0, ±0.7 as colored solid and dashed black(+)/grey(−) lines - upon
flux tuning for various combinations of α = 0.0, 0.2, 0.6, and βL = 0.1, 0.4, 0.6
in a),b),c), respectively. For three distinct points, the cavity response to an AC
transport current is obtained by averaging the DC response over a sinusoidally
varying transport current. Parameters used: η = 0.0, βR = 0.1, σ/EJ = 0.005

opposite case. As the loop current changes orientation for the different lobes, the influence of
the positive and negative currents on ωc reverses. Increasing with the asymmetry between the
junctions, this effect leads to an asymmetry of the resonance frequency upon driving on either
side of Φext/Φ0 = 0.5 – an increased frequency shift on one side, a smaller one on the other –
most clearly visible for α = 0.6.
We further see that for larger screening parameters βL this effect is enhanced. This is because the
curvature of the quadratic term – corresponding to flux quantization – in the SQUID potential
Eq. (3.36) scales inversely with βL. With a wider potential and the asymmetry α, the potential
barrier between the two solutions with opposite circulating current is effectively decreased. De-
pending on the direction of the current, the corresponding tilt either pushes the particle to the
next solution at an earlier flux bias point or pushes it towards its initial solution delaying the
switching to a later flux bias. Thus, this push on the phase particle explains the skewed flux
tuning with a present transport current.
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For each set of βL and α, the cavity response upon applying an AC transport current is shown
for three distinct resonance frequencies in the bottom row of Fig. 3.12. As mentioned earlier,
the screening parameter only has a minor influence on the observed frequency shift δωc, as is
evident from comparing the cases for α = 0 - corresponding to the faint colors. For the lowest
values of βL, we observe exclusively negative frequency shifts, which become slightly smaller with
increasing α. However, the tuning behavior drastically changes for larger βL and α , 0 as the
frequency shift either levels out or even becomes positive for higher driving powers at resonance
frequency close to the lower sweet spot. This can be understood by comparing the flux tuning
for the undriven case to the driven ones at α = 0.6. Due to the increased tilt of the flux tuning
for larger βL values in the presence of a transport current, an AC drive only leads to a positive
shift in frequency for applied fluxes close to Φext/Φ0 = 0.5. However, this is not observed for
the lowest βL, emphasizing that this positive frequency shift is an interplay between both – α
and βL – parameters.

The simulation results imply that we expect to find a transition from a net negative K
(negative frequency shift) to a net postive K (positive frequency shift) for an asymmetric SQUID-
cavity. A similiar change in K is observed in so called superconducting nonlinear asymmetric
inductive elements (SNAILs). Here, an uneven distribution of junctions within the SQUID-loop
create an effective tunable SQUID asymmetry. This tunable asymmetry allows to insitu tune
SNAILs to a dressed K-free operating point by applying a flux and drive [82].

3.4 Magnetomechanical Coupling Scheme

Building on the toolbox of superconducting circuits introduced in the previous sections, we
now introduce the inductive coupling scheme studied in this work. We explain how we use a
magnetized cantilever to couple the motion of the cantilever to the SQUID-cavity. We then
theoretically study how the cavity’s response to an external magnetic field changes because of
the additional moving magnet in close proximity.

3.4.1 Working principle

A schematic illustration of the optomechanical system studied in this work is shown in Fig.
3.13a). The mechanical element – an atomic force microscopy (AFM) cantilever – is placed
centrally above the loop of a SQUID-cavity. To couple the center of mass motion of the AFM
cantilever to the photon field in the cavity, we attach a strong permanent magnet to its tip. The
phononic excitation leads to an oscillation of the distance between the magnet and the SQUID,
and thus causes a periodic flux modulation in the SQUID loop. According to Eq. (3.37), this
causes a displacement-dependent shift of the cavity resonance frequency, realizing the optome-
chanical coupling between the phononic mode of the cantilever and the photon field of the cavity
as discussed in section 2.1. With its high sensitivity to magnetic fields, even flux changes caused
by displacements on scales of 0.01 fm – significantly smaller than an atom with 100 fm – result
in detectable frequency shifts, making the SQUID a remarkable tool to reach the single photon
strong coupling regime of optomechanical systems [75].

The coupling strength in optomechanical systems is defined as the frequency change induced
by the zero-point motion of the mechanical element Eq. (2.4). However, this term can be
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Fig. 3.13 a) Illustration of the inductive coupling scheme between a SQUID-cavity and
a cantilever. The cantilever is equipped with a magnetic particle magnetized
in a direction perpendicular to the SQUID-loop and directly placed above the
SQUID-loop. b) Representation of the flux tunability of the coupling constant
g0. Working at different bias fields Φ1,Φ2, the same flux change due to a given
amplitude for the cantilever motion (red area) results in different variations of
the cavity frequency (blue areas). This difference in g0 corresponds the flux
slope ∂ωc/∂Φ such that g0(Φ2) > g0(Φ1).

rewritten in the inductive scheme as

g0 = zzpm
∂ωc

∂z
= zzpm

∂Φ

∂z

∂ωc

∂Φ
. (3.41)

Here, the first term corresponds to the change in loop flux at the SQUID induced by the zero-
point motion of the mechanical oscillator. We refer to this as the geometric factor, as it depends
on the magnetization as well as the precise equilibrium distance, orientation, and placement of
the magnet relative to the SQUID loop. The second term characterizes the system’s frequency
response to changes in flux threading the SQUID loop, as indicated by the slope in Fig. 3.13b)
and is referred to as the flux-tunable factor. We can significantly enhance the sensitivity of the
system by independently tuning the cavity to a bias point with a steep flux dependence of the
resonance frequency via an externally applied field discussed in section 3.3.2.1. This allows us, to
realize exceptionally high coupling strengths with this inductive coupling scheme. Compared to
a capacitive coupling such inductively coupled systems have risen in popularity in the last decade
due to their in-situ tunability and therefore high achievable single-photon coupling strengths g0
[3, 48–50].

3.4.2 Influence of the In-Plane Field of a Permanent Magnet
As discussed in section 3.2.2, any in-plane field experienced by a JJ leads to a modulation of its
critical current. A permanent magnet placed in the SQUID’s vicinity will inevitably generate
an in-plane field. By assuming a magnetic dipole mz magnetized perpendicular to the loop to
maximize coupling and a constant field across the junctions, the in-plane flux threading the
junctions is given by

Φ±
|| = AeffB|| = Aeffmz

3µ0

4π

xp(1 ± δx)z((
xp(1 ± δx)

)2 + z2
) 5

2
. (3.42)
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The effective crossection of the junction Aeff is given by the junction separation and half of the
thickness of the electrodes (see section 3.2.2). We place the cantilever at an in-plane distance
xp from the junction and further allow for a misalignment δx of the magnet, placing it closer
to one of the JJ. The dipole is positioned above the SQUID at a distance z. According to Eq.
(3.23), the critical current and the other parameters affected by the in-plane magnetic field can
be written as:

I ′
c,i = Ic(1 ∓ α)

∣∣∣∣∣∣
sin(πΦ±

|| /Φ0)
πΦ±

|| /Φ0

∣∣∣∣∣∣, (3.43a)

I ′
c =

I ′
c,1 + I ′

c,2

2 , (3.43b)

α′ =
I ′

c,2 − I ′
c,1

I ′
c,2 + I ′

c,1
, (3.43c)

β′
R = βR

Ic

I ′
c
, (3.43d)

□′ = □
I ′

c
Ic

for □ϵ{EJ,βL} (3.43e)

Figs. 3.14a) and d) show the changes observed for the critical current for different positions
of the cantilever above the squid loop. This change directly gives the scaling for E′

J and β′
L

according to Eq. (3.43e). Corresponding to Eq. (3.43d) and Eq. (3.43c) the scaling for the
participation ratio β′

R (Fig. 3.14b/e), and asymmetry α′ (Fig. 3.14c/f) is given upon placing
a dipole magnet above the SQUID, respectively. Similar to a single junction, the in-plane field
leads to a reduced effective critical current I ′

c scaling with mz. This leads to a decrease in βL and
an increase in βR, resulting in a SQUID-cavity with a reduced hysteresis, enhanced tunability,
and lower sweet spot frequency upon mounting the magnetic cantilever. In addition, even a
small misalignment (δx) can result in significant asymmetry upon tuning the external flux bias.
If the in-plane field exceeds one Φ0 in the junctions at a given distance z, we observe a dip in
I ′

c to 0 as visible in Fig. 3.14d) for a perfectly aligned cantilever δx = 0, resulting in a spike in
β′

R. On the contrary, we observe a kink in I ′
c and an asymmetry of α′ = ±1 for a misalignment

leading to a flux of Φ0 in only one junction.

3.4.3 Influence of the Out-of-Plane field of a Permanent Magnet

The inductive coupling scheme discussed here depends on the flux change induced within the
SQUID loop by the component of the dipole magnetic field perpendicular to the loop. The
overall magnetic flux threading the SQUID loop can be written as

Φext(z) = Φext +Φmag(z)

= Φext +
∫

S
Bz(z)dS

= Φext + µ0mzR2

2(R2 + z2)3/2 , (3.44)
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Fig. 3.14 a) and d) effect on the SQUID’s critical current (direct proportional to the
scaling of the screening parameter β′

L and Josephson Energy E′
J), b) and e)

the participation ratio β′
R, and c) and f) asymmetry α′ due to the in-plane

component of a magnetic dipole field as a function of the magnet height above
loop. We consider two different dipole moments magnetized perpendicular to the
SQUID loop mz = 0.5, 1nAm2 with a misalignment of δx = [0, 0.1, 0.2]. Other
parameters: xp = 30µm, Aeff = 3µm × 300nm.

assuming a circular loop with area Aloop = πR2 and that the dipole axis lines up with the center
of the SQUID loop.
As discussed in chapter 3.2.3, any flux threading the SQUID induces loop currents to maintain
flux quantization. These currents generate a magnetic field that exerts a force on the magnet,
which results in a static deflection of the cantilever. The force on the cantilever can be written
as

Fsq = mz
∂

∂z
Bsq(z) = mz

∂

∂z

(
µ0R2I ′

cjloop

2(R2 + z2)3/2

)
= ∂

∂z

(
E′

Jjloop
2πΦmag(z)

Φ0

)
, (3.45)

depending on the magnetic moment mz, the distance to the SQUID loop z and the loop current
jloop combined with the changes to the SQUID critical current I ′

c by the in-plane component
of the field due to the magnetic particle. Furthermore, this force also represents the backac-
tion force seen by the cantilever in this optomechanical setup. As the force scales with the
loop currents, we expect stronger feedback upon flux tuning to a steeper flux bias point, which
consistently corresponds to an increased sensitivity (as illustrated in Fig. 3.13), making the
mechanism reciprocal. From Eq. (3.44) and Eq. (3.45), we can extract the geometric sensitivity
to one zero point motion of the cantilever zzpm (corresponding to the geometric factor in section
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Fig. 3.15 a) Geometric flux sensitivity with zzpm and b) gradient force on the cantilever for
jloop = 1 as a function of the resting position of the cantilever. The solid lines ac-
count for the variation of the critical current due to the in-plane field, whereas the
dashed lines do not. Other parameters: R = 25µm, xp = 30µm, δx = 0, Aeff =
3µm × 300nm.

3.4.1) and the force enacted by SQUID, as shown for different cantilever resting positions z in
Fig. 3.15. The highest sensitivity is found at z = R/2, where we also find the largest force on
the cantilever in the simple model without the changes due to the in-plane field (dashed lines).
However, due to the in-plane component, the position of the magnet significantly modifies the
critical current, such that force and geometric sensitivity deviate from the ideal case and attain
their maximum values for different positions above the SQUID loop. Ideally, the cantilever
should be positioned where both the sensitivity and the force are maximized, enabling effective
sensing and feedback. However, uncertainties in the magnetic moment of the particle make
it difficult to precisely predict this optimal position (see measurement results on the magnetic
moment of the particles in section 4.3.5).

Coupled to a mechanical object, the SQUID potential is significantly altered as the resting
position of the cantilever is displaced by loop currents. This leads to a changed loop flux due to
the out-of-plane field and a change in critical current due to the in-plane field of the particle.
Following a similar approach as for the bare DC-SQUID we start with the set of equations
defined within the RCSJ -model for the junctions and the force on the cantilever given by the
spring force plus the magnetic force from circulating currents:

−(1 − α′)sin(δ1) + jloop = − 1
E′

J

∂Epot

∂δ1

−(1 + α′)sin(δ2) − jloop = − 1
E′

J

∂Epot

∂δ2

−k∆z + ∂

∂z

(
E′

J
2πΦmag(z)

Φ0
jloop

)
= −

∂Epot

∂z
.

(3.46)

Here, the loop current is given by jloop = 1
πβ′

L
(δ2 − δ1 − 2πΦext(z)/Φ0 + 1/2ηπβ′

Ljtr). After inte-
gration and comparison to solve for the constants, the total potential of the SQUID–mechanical
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oscillator system is found as

Epot(δ+, δ−,z)
2E′

J
= 1 − cos(δ+)cos(δ−) + α′ sin(δ+)sin(δ−)

+ 1
4E′

J
k(z − zres)2 + 1

πβ′
L

(
δ− − π

Φext(z)
Φ0

)2

− Itr

2I ′
c
δ+ + Itr

2I ′
c
η

(
δ− − π

Φext(z)
Φ0

)
.

The total potential resembles that of a bare SQUID-cavity given in Eq. (3.36) for the most part.
However, due to the flux introduced by the cantilever, the term assigned to the flux quantization
now additionally depends on the cantilever position. With an oscillation of the cantilever, this
term will lead to a change in δ− and thus represents the coupling mechanism between SQUID
and cantilever. The spring term in the potential ensures that the force exerted by the loop
currents on the cantilever is balanced out. This interplay results in a changed resting position
of the cantilever with the phase particle trajectory through the potential. Furthermore, for an
applied transport current jtr a loop inductance asymmetry η alters the loop flux/loop current
and now additionally depends on the flux created by the magnet.

3.4.4 Simulation of the flux tuning
Similar to the SQUID-cavity, we can characterize the tuning behavior of the SQUID-cantilever
system by tracking the position of a particle in the potential given by Eq. (3.47). To reduce
the computational time, we simplify the potential to two dimensions by utilizing the relation
between δ+ and δ− given by the equation for the transport current (Eq. (3.25)). As shown in
Fig. 3.9, within the SQUID potential, the minimum followed by the particle agrees with the
calculated solutions for δ+. As the cantilever position does not directly influence δ+, we can
now solve Eq. (3.25) for a given jtr at each point in δ−. As this equation is periodic, we evaluate
the potential for each set of (δ−,z) and δ+(δ−, jtr) + nπ and choose the solution corresponding
to the overall lowest total potential energy. Thus, the obtained potential in (δ−,z) has a double
parabolic shape – orignating from the flux quantization and the spring potential. Lastly, ther-
mal excitations of the cantilever induce an additional source of flux noise, which is taken into
account by assuming a larger noise term σ.

The system response is visualized in Fig. 3.16 by plotting the cavity resonance frequency
ωc, loop current Iloop/Ic, static deflection of the cantilever (z − zres)/zzpm and change of the
mechanical frequency δωm upon tuning the external flux. The first three parameters are directly
obtained by using the potential to calculate the change in the particle position depending on
the externally varied applied flux. The mechanical frequency shift is calculated by deflecting
the cantilever around its newly found resting position at each applied flux. As the SQUID
responds fast enough, the phase particle instantaneously adjusts to the flux change related to
the deflection, occupying a new minimum with respect to δ−. By fitting the obtained minimum
for each deflection with a polynomial of second order, we extract the effective spring constant
and thus the frequency of the cantilever ωm =

√
k/meff.

For the different βL in Fig. 3.16, we see that the in-plane field of the magnet leads to a
significant reduction of the critical current Ic with a maximal Imax

loop/Ic = 0.04. Therefore, βL

(see Eq. (3.42)) is effectively decreased to βL ≈ 0 for the parameter range considered here such
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Fig. 3.16 Applying an external magnetic field to the SQUID-cantilever system. By
tracking the trajectory of a phase particle, the cavity resonance frequency ωc,
loop current Iloop/Ic, static deflection of the cantilever (z − zres)/zzpm and
change of the mechanical frequency δωm are calculated for a) βL = 0.4, 0.7, 0.9,
b)α = 0.2, 0.4, 0.6 and an off-center displacement c) δx = 0.1, 0.2, 0.3. Fixed pa-
rameters for the SQUID are βL = 0.4, α = 0, η = 0, βR = 0.1, σ/EJ = 0.01, jtr = 0
and for the cantilever k = 40Nm, m = 5nAm2, meff = 15ng, zres = 12µm, δx =
0, xp = 30µm, R = 25µm, Aeff = 3µm × 300nm
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that we obtain identical flux tuning, resemvling the behavior of a non-hysteretic SQUID-cavity
(see Fig. 3.9). The obtained static deflection of the cantilever is directly related to the loop
current, with the maximal deflection aligning with the highest amplitude found in Iloop. For the
mechanical frequency, we observe a shift to higher frequencies as a function of the gradient of
Iloop with respect to flux. For the considered SQUID asymmetry α, wee see the same changes for
ωc, Iloop and the deflection z. However, the asymmetry leads to a strong gradient in the obtained
loop current close to its lower sweet spot, which results in a significant mechanical frequency
shift. With increasing asymmetry α, the gradient in Iloop decreases, accompanied by a smaller
mechanical frequency shift. The tuning behavior for different displacements of the magnetic
particle δx resembles the response of the one obtained for an asymmetric SQUID. For a magnet
displaced further from the SQUID’s center, the influence of the in-plane field component on the
critical current of one junction increases, leading to a higher asymmetry. As the static deflection
of the cantilever is not high enough to alter the ratio between the two junctions during the flux
tuning, the system response remains consistent with that of an asymmetric SQUID.





Chapter 4: Experimental setup 59

C
h

a
p

t
e

r

4
Experimental setup

In this chapter, we present the experimental platform employed throughout this thesis. We
begin with an overview of the operating principle of the dilution cryostat and present modifica-
tions that were implemented to suppress mechanical vibrations at the experimental setup. Next,
we describe the experimental setup, starting with the microwave cavity design and fabrication
process. Following this, we explain the modifications to the Atomic Force Microscope (AFM)
cantilevers and the procedure to mount these on SQUID cavities. The measurement setup is
introduced, featuring a rectangular waveguide coupled to the cavities in a notch/hanger config-
uration. We proceed with an explanation of the circle fit routine developed by Probst et al. [83],
which is used to characterize the microwave cavities. To account for the Kerr-nonlinearity of our
cavities, we extended this routine by introducing an additional fitting step. To determine the
mechanical mode occupation of the cantilever we discuss the calibration method by Gorodetksy
et al. [84] and its implementation in the microwave regime. Lastly, the wiring setup used for
the results presented in this thesis is covered.

4.1 Cryostat
To operate our SQUID cavities, it is necessary to cool the experiment below the superconduct-
ing transition temperature of Niobium at 9.25K [76]. For cavities with a microwave resonance
frequency of around 8GHz to remain in their thermal ground state requires even lower temper-
atures of below 350mK. To meet these requirements, our setup is mounted to the baseplate of
a Oxford Triton 400 dilution refrigerator typically at 30 − 100mK.

4.1.1 Cooling principle
Fig. 4.1 shows a schematic representation of such a refrigerator consisting of 5 thermally iso-
lated stages with temperature decreasing from top to bottom. To reach temperatures down to
30mK, the cryostat relies on two separate cooling systems. The first is the pulse tube (PT)
cooler, which provides cooling by adiabatic expansion of high-pressure helium gas (20 − 25bar),
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reaching temperatures of ∼ 50K at the first stage and 4K at the second stage of the cryostat.
The lower stages are then cooled by a mixture of 4He and 3He within the dilution unit. Ther-
mally anchored to the PT and each subsequent stage, the mixture is circulated through the
cryostat. After reaching a temperature of about 4K, the mixture condenses within the mixing
chamber at the base plate. Evaporative cooling, achieved by continuously pumping the con-
densate, further cools the mixture to 800mK, where a phase transition occurs, separating the
dilute (predominantly 4He) and concentrated (predominantly 3He) phases. A pump is used to
continuously extract 3He from the dilute phase, and to reinject the extracted 3He back into the
mixing chamber to the concentrate phase. As 3He atoms cross from the concentrated phase into
the dilute phase, they absorb heat and thus provide a continuous cooling process. By circulating
the 3He, the base plate can be cooled to approximately 30mK [85, 86].

4.1.2 Suspension setup

To ensure proper thermalization of the experimental setup, components are typically rigidly
screwed to the base plate, providing high contact pressure and thereby maximizing thermal
contact [87]. However, the cryostat operates in a vibration-rich environment due to the presence
of several active pumping systems - predominantly the pulse tube compressor and rotary valve,
but also the fore pump, turbo pump, and the compressor associated with the dilution unit. The
mechanical vibrations are most prominent in the 5-10kHz range with additional low frequency
components at 1.4Hz and 140Hz due to the stepper motor of the rotary valve [88, 89]. Hosting
a mechanically compliant element within our experiment makes us susceptible to mechanical
vibrations of any kind and thus renders a rigid connection to the cryostat environment unfavor-
able.
To decouple our system from vibrations of the cryostat, we implemented a passive one-stage sus-
pension setup consisting of a nylon wire and a steel spring forming an elastic pendulum based
primarily on the setup in [89]. Thus, for the xy direction (parallel to the floor of the lab), the
natural frequency of the setup is given by the pendulum component

ωxy =
√

g

l
(4.1)

with the total pendulum length l and the g the earth gravitational constant. The natural
frequency in vertical z direction is governed by the spring as

ωz =
√

kspring

mexp
(4.2)

with the spring constant kspring and the total mass of the experiment mexp. To quantify the
effectiveness of a vibration isolation system, one commonly uses the concept of transmissibility
as a function of frequency, defined as the ratio of the response amplitude of the isolated object
A(ω) to the amplitude of the base excitation B(ω). For a simple damped spring-mass system,
the displacement transmissibility T (ω) is given for the respective direction i = x,y,z by [90]

Ti(ω) = Ai(ω)
Bi(ω) =

√√√√√√ 1 +
(
2ζ ω

ωi

)2

(
1 − ω

ωi

2
)2

+
(
2ζ ω

ωi

)2 , (4.3)
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Fig. 4.1 a) Schematics of a dilution cryostat with a built-in suspension setup. To decou-
ple from vibrations created mainly by the pulse tube and the mixing chamber,
the experiment, including the magnetic shields, is suspended with a spring and
a nylon wire. For safety reasons, copper L-pieces secure the experiment from a
fall. To ensure sufficient thermalization, copper braids connect the copper T-
beam (on which the waveguide is mounted) to the base plate. Additionally, the
magnetic shields are also thermalized to the T-Beam using copper braids and
through three thin copper sheets on the outside. To prevent a resonant ring up
of the suspension setup, 8 magnets are placed within a brass tube as an eddy
current damper. To improve the thermalization, a mechanical feedthrough was
added, which allowed us to rest the experiment on the safety L-pieces during
coolown, and lift it later to ensure mechanical decoupling. The section con-
necting the feed through to the nylon wire is made of stainless steel rods to
minimize heat flow between neighboring thermal stages. Between each cryostat
plate, three rods connect through a line-of-sight cover to a small plate ther-
malized by copper braids to the plate above. To reduce the heat load on the
first two plates PTFE thermal isolation pieces are added between the rods. b)
Photograph of the setup including the feedthrough, with a zoom-in on the eddy
current damper (by D. Jordan).

with the damping ratio defined as ζ = c/
(
2mexpωi

)
= 1/ωiτ given by the damping coefficient c or

time constant τ . For ζ < 1 the system is considered underdamped, ζ = 1 critically damped, and
ζ > 1 overdamped. Fig. 4.2a) shows the transmissibility of the vertical component for different
damping ratios. Increasing the damping leads to a reduction of the transmissability around the
resonance frequency of the setup, where the observed height is given by T (ωi) = 1/2ζ. For an
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Iteration CD C-braids EC-damper MW-cable Feedthrough Comment
1 CD32 4 × Delft × -
2 CD38 3 ✓ Delft × -
3 CD42 3 ✓ Delft × C-braids to the

shields
4 CD50 3 ✓ Elspec ✓ annealed

C-braids

Tab. 4.1 Overview of the four main iterations of the setup with the corresponding
cooldown number (CD), accounting for the number of attached copper braids
(C-braids), installed eddy current damper (EC-damper), which microwave ca-
bles were used, installed feedthrough and any additional comments.

underdamped system, we see that any noise around ωi would be significantly enhanced. How-
ever, above ωi increasing the damping reduces the isolation to T (ω ≫ ωi) = 2ζωi/ω, whereas
for an undamped system one observes an isolation following T (ω ≫ ωi) = (ωi/ω)2. Therefore,
a compromise has to be found between sufficient reduction of the on-resonance response of the
system and good isolation in the high frequency limit.

In a first iteration, the setup was suspended from the still plate to achieve reasonable damping
in xy direction, resulting in a total length of l = 30cm. To support the total mass of the
experiment, a stainless steel spring with spring constant of kspring = 700Nm was used. Including
the magnetic shielding - a mu-metal/Niobium/mu-metal tri-layer shield - the total weight of the
setup is mexp = 5.5kg. Thus, the resulting frequencies are ωxy/2π = 0.9Hz and ωz/2π = 1.8Hz.
In order to minimize the vibrations that couple in through the microwave in-/output lines
low, we initially used cryoflex cables from Delft circuits. Due to electrical performance issues
these cable were later replaced with MK-5005 flexible coaxial cables from Elspec. We ensure
thermalization of the setup by using 3 flexible OFHC (oxygen-free high conductivity)-copper
braids attached to a copper lid holding the T-beam with the waveguide. To thermalize the
shield, three copper sheets are rigidly connected to the outside mu-metal layer and the copper
lid. We further implemented L-pieces connected to the base plate to act as a fall safety in case
of material failure of the elastic pendulum, as shown in Fig. 4.1a). The details for the four main
iterations of the setup are summerized in Tab. 4.1: To characterise the isolation, we briefly
turned on the pulse tube cooler at room temperature and measured the mechanical vibrations
with an accelerometer attached to the setup, either rigidly connected to the to the base plate
or suspended from the still plate as shown in Fig. 4.2b). With the suspension, we achieve a
damping of the vibrational noise in the low frequency range up to 1kHz by ∼ 20dB. Above
1kHz, the detection is limited by the rigidity of the cable connected to the accelerometer.
As demonstrated by measurements on the optomechanical setup in section 5.2.1 (see, e.g., Fig.

5.16), the low-frequency component of the PT, which lies close to the frequency of the z-mode of
the spring, led to a resonant ring-up of the first iteration of the supended setup, before installing
the eddy current damping system in Fig. 4.1b). Under these conditions, measurements on the
mechanical occupation became impractical. Thus, the resonant response of the suspension had
to be damped while keeping vibrations coupled into the system low. Therefore, in a second
iteration of the setup, we implemented a damping mechanism based on eddy currents, which
allows for a contact-free damping of the suspension setup. Assuming a dipole moving in front of



Chapter 4: Experimental setup 63

SerifShow SVG Download SVG

Fig. 4.2 a) Transmissibility T (ω) of a spring setup against frequency ω. Parameters
used m = 5.5kg, k = 700Nm and ζ =0.5−50%. b) Power spectral density of
the vibrations at the experiment at room temperature, connected rigidly to the
base and using the suspension setup. The pulse tube was turned on for each
measurement to reproduce the conditions during during cryostat operation.

a conducting sheet at a distance d, the energy dissipated by the setup scales approximately as

Pdiss ∝
v2m2

⊥w

ρd4 (4.4)

with the velocity v, magnetisation m⊥ perpendicular to the sheet of thickness w and the resis-
tivity ρ [91]. Hence, to achieve reasonable damping, strong permanent magnets close to a thick
metal of low resistivity are desirable.
We tested the damping induced by 8 NdFeB-magnets (22×10mm) attached to the suspension

setup moving within a brass tube of thickness w = 5mm and distance d ≈ 8mm as depicted
in Fig. 4.1a). With an attached accelerometer (type KS76C.100 - MMF) we measured the
ringdown of the setup after manually exciting it at room temperature. The resulting damped
oscillation for different setup modifications are shown in Fig. 4.3. For the free-hanging setup,
we observe a ringdown with a time constant of τ = 140s which results in a damping ratio of
ζ = 0.06%. By adding the eddy current damping setup, we achieve an increase in damping by
about a factor of 2, hence a damping ratio of ζ = 0.12%. Furthermore, we attached three copper
braids to the setup necessary in the experiment to ensure thermalization. As the measurements
indicate, it is crucial that the braids have appropriate length and flexibility, and that they are
connected to the setup without mechanical tension. Even though increasing the resonant damp-
ing significantly if mounted under tension, the copper braids will couple in higher frequency
vibration to the system. The reduction of the time constant with braids under tension reduces
τ = 49s, which will introduces mechanical noise into the system at higher frequencies. An ap-
propriate assembly – freely hanging braids connected to the setup without strain – ensures that
mechanical vibrations coupled in through the braids are kept to a minimum, as demonstrated
by only a minor change in τ = 66s.
Measurements in section 5.2.1 demonstrate that the damping achieved with this configuration is
sufficient to prevent sustained oscillations of the suspension system, while simultaneously pro-
viding effective decoupling of the experiment from the higher frequency mechanical vibrations
of the PT. This eddy current damping setup has been in place since the second iteration of the
isolation setup.
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Fig. 4.3 Ringdowns of the setup measured with an accelerometer for different configura-
tions at room temperature. a) Free hanging suspended setup and b) with eddy
current damping. c) and d) suspended setup with eddy current damping with
copper braids for thermalization under tension and hanging free, respectively.
Measurements by Alexandra Egger under my supervision.

4.1.3 Thermalisation

A significant drawback of the design is that the mechanical isolation setup also leads to thermal
decoupling of the experiment from the base plate. In Fig. 4.4a) we compare the time needed
for the experiment to thermalize for the second and the third iteration of the setup. Here, we
attach a temperature sensor to the copper lid of the experimental setup and track its temper-
ature during the cooldown. With a rigid connection to the base plate using two M3 screws,
the setup needs 1.5 days to reach a base temperature of 35mK (grey line in Fig. 4.4a). The
temperature of the experiment follows the temperature of the base plate measured indepen-
dently by a second sensor on the base plate, signifying the efficient thermal coupling between
this rigidly connected setup and the base plate. By implementing the suspension setup with
three copper braids attached to it (second iteration Tab. 4.1), we observe that it takes 7 days
for the experiment to cool below 100mK and an additional 10 days to reach base temperature
(orange). At a temperature of around 1K, the temperature of the experiment starts to deviate
from that of the base plate. Futhermore, the influence of the hotter mass next to the base plate
is visible on the cooldown rate of the base plate itself, with the base plate now requiring 6 days
to reach 35mK (brown).
Trying to extract the thermalization rate from the experiment temperature below 300mK by fit-
ting the data with a simple one stage model (base coupled to experiment) failed. This led to the
assumption that thermal contact to the magnetic shield – contributing almost the entire mass
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Fig. 4.4 a) Thermalization of the experiment for the second iteration of the suspension
setup versus the fourth one (see Tab. 4.1 for details) with temperature sensor
attached to the experiment (Exp.) and another one rigidly to the base plate
(Base). For comparison, the temperature of the experiment rigidly connected
to the base plate is shown. b) Zoom-in on the thermalization for the initial
and improved setup after reaching 300mK. The data is is fitted to extract the
rates of heat transfer between the base plate and the experiment (k1), as well
as the thermal contact of the experiment to the magnetic shields (k2) through
the copper sheets for the first and the additional copper braids for the third
iteration. This allows us to additionally infer the shield temperature.

to the experiment with around 5kg – is an additional critical limitation for the thermalisation.
Fitting a two-stage model as schematically shown in Fig. 4.4 allows for an adequate description
of the data. We find that the shields remain at a significantly higher temperature of ∼ 500mK
even after the experiment reaches the base temperature of 35mK. This corresponds to a slow
thermalization rate between the suspended shield and the base plate which is only k2/k1 = 0.1
of that between the suspended experiment and the base plate.

To reduce the cooldown time, we undertook several modifications to the setup, which re-
sulted in the fourth and latest iteration of the suspension setup as shown in Fig. 4.1. First, we
used polished copper discs in between the different layers at the bottom of the magnetic shield.
By a tight connection through three M2.5 screws, the copper disks in between the separate
layers increase the thermal contact. Furthermore, we added two copper braids from the T-beam
to the inner shield layer, such that the shield is thermalised via the copper sheets on the outside
as well as these copper braids on the inside.
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Secondly, we replaced the copper braids connecting the copper lid of the experiment to the base
plate with thermally annealed copper braids, which offer reportedly higher thermal conductivity
and increased flexibility [92]. The heat treatment was done at 300◦C under a nitrogen atmo-
sphere by the group of Prof. Wieczoreck at the University of Chalmers.
Lastly, we implemented a mechanical vacuum feedthrough as shown in Fig. 4.1. The feedthrough
extends from the top of the cryostat through the central line-of-sight port, passing below the still
plate via three stainless steel rods. These rods are stepwise thermalized at each stage by copper
braids to the plate above. To minimize radiation heating of the lower plates, the line-of-sight
ports are covered by stainless steel disks with small holes for the rods. To further reduce the
thermal contact between the upper plates, the rods are interrupted by Teflon spacers. Below
the still plate, the rods are connected to the elastic pendulum suspending our experiment. The
travel length of the feedthrough of roughly 8cm enables us to rest the suspension setup with its
5.5kg onto the three (fall safety) copper L-pieces, which are directly screwed to the base plate.
The combined influence of these changes on the thermalisation of the setup is shown in Fig.
4.4a). The fourth/final iteration of the setup reaches 100mK within 4.5 days, which is an im-
provement by 2.5 days compared to the previous iterations. Furthermore, the base plate cools
down to 35mK two days faster. The sudden spike in temperature at 5.5 days corresponds to
lifting the setup using the feedthrough. Fitting the temperature time dependence in Fig. 4.4c)
reveals increased rates, with k′

1/k1 = 7 and k′
2/k2 = 30, further confirming the improvement

achieved in thermalization. However, with this setup in the third iteration, we observe that the
base and the can temperature start to deviate at ∼ 1K.

The current limitations of the thermalization are estimated in the master’s thesis of C. De-
jaco, who worked with me on this project [80]. His analysis summarizing findings from [87,
92–98] and the main results are briefly presented here for completeness.

The thermal conductivity of a sample can be divided into electron and phonon transport
within the bulk and at contact surfaces. For the bulk, one first observes an increase in thermal
conductivity towards low temperatures, as collisions between the transport channels become
less frequent. In this regime, the conductivity is limited by material impurities. For even lower
temperatures, phonons start to freeze out, resulting in an electron-dominated heat transport
[99]. Due to its high electric transport properties, OFHC-copper has one of the highest thermal
conductivities of 2000W/(K · m) at 20K, below which it starts to decrease linearly [94]. By
annealing the copper under an inert atmosphere, even higher thermal conductivities can be ob-
tained [92], making annealed OFCH-copper a desirable candidate for thermalization at cryogenic
temperatures.
However, in addition to the bulk properties, the heat transfer across contact surfaces plays a
major role. Scaling with the applied pressure and surface roughness, a temperature scaling of
∝ 1/T for oxygen-free contact areas is found, whereas even a small oxide layer can lead to a
1/T 2 dependence [96]. Thus, rigidly screwed connections – providing preload forces on the order
of 1kN for a single M3 screw – of polished copper pieces are desirable for good thermal contact.
Regarding the final iteration of the suspension setup, taking these factors into account, the
thorough analysis in [80] led to the following conclusions. The initial increase in thermalization
can be attributed to the setup resting on the three copper holders combined with the increased
thermal conductivity of the annealed copper braids. Down to 10K, the additional heat trans-
port over the bulk of the holders speeds up the thermalization. However, due to the rather
low contact force of 55N solely given by the weight of the experiment, for lower temperatures,
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the thermal transport is limited by the surface contact. This possibly explains the observed
deviation between base plate an experiment tempeartures at around 1K.

Besides polishing and surface treatments, further enhancements regarding the thermalization
of the setup - while maintaining our mechanical decoupling - may be achieved by a new copper
braid design. The copper braids used so far are clamped to a solid copper piece for screw
mounting. However, as found in [87], this pressed contact constitutes the dominant limitation
on thermal conductivity at low temperatures below 1.5K. A significant improvement could be
achieved by establishing a welded joint between the braid and the screw mount. Thus, we plan
to implement such welded copper braids in the next iteration of the suspension setup, with tests
regarding their thermal conductivity currently ongoing. Furthermore, we intend to anneal the
critical elements of the setup at temperatures up to 800◦C under vacuum. It is expected that
this should further enhance the bulk thermal transport properties, with the additional benefit
of increasing the flexibility of the used copper braids.

4.2 Microwave Platform
In this section, we discuss the design and fabrication process of the SQUID cavities used in this
thesis. Next, we introduce the rectangular 3D waveguide as the environment used to measure the
samples and discuss the circle fit routine to characterise them. Lastly, the complete microwave
wiring in the cryostat is presented.

4.2.1 SQUID cavities - design and fabrication

Both generations of SQUID cavities used in this thesis were fabricated by the company STAR
Cryoelectronics, using a Nb/Al-AlOx/Nb-trilayer fabrication process, which enables the real-
ization of reproducible Josephson-junctions. The first generation pictured in Fig. 4.5b) is the
one used by D. Zöpfl in [2–4] with U -shaped Nb microstrip cavities on a silicon substrate. The
lengths of resonator legs were designed to be either 3.3/3.5mm and the SQUID at the voltage
antinode consisted of either a washer or conventional type with a loop area of 20µm × 60µm.
The second generation pictured in Fig. 4.5a) and c) follows a similar design with leg lengths of
3.1/3.3mm and washer-type SQUIDs with a loop area of 35µm × 35µm on a higher resistivity
silicon substrate (> 10kΩcm). For both generations, samples are labeled following the designa-
tion oWSQL#, representing Old generation Washer SQuid Long and the batch number.
Following the description in [2], the base electrode consisting of the Nb/Al-AlOx/Nb-trilayer is
deposited in the first step of the fabrication. The total thickness of the base electrode is 270nm,
where the Al contributes 9nm at the top. In the next step, the junctions are defined by using
a resist mask, after which the top Al-AlOx/Nb-layer is removed by reactive ion etching (RIE)
in all areas except the junctions. Subsequently, one of the cavity legs is defined in the leftover
Nb, and the bottom layer of the SQUID-cavity is complete. To isolate the bottom layer, 300nm
SiO2 is deposited, through which vias are etched at the position of the junctions. In the last
step, a top Nb-layer of 300nm is deposited and defined by RIE, forming the other leg of the
cavity. The position of the junction can be seen in Fig. 4.5d) as the small circle. The Nb
of the top electrode is visible in white and the bottom electrode below the SiO2 in blue. The
dielectric SiO2-layer represents a source of dielectric losses, especially in regions of high electric
fields encountered towards the end of the cavity legs. Therefore, it was removed (on a special
request) in a last step everywhere except the SQUID area, where it remains as a purple square.
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a)

b) c) d)

400mm

100mm 100mm 20mm

Fig. 4.5 a) Microscope image of the full cavity. b) and c) zoom-in on the SQUID loop
for the first and second generation samples. d) Zoom-in on one of the JJs of a
second generation device.

The considerations behind design choices can be split into the cavity and the SQUID consider-
ations. From HFSS simulations and based on previous measurements in [2], the leg lengths of
the cavity were chosen to obtain resonance frequency around 7.8–8.2GHz and 8.5–9.0GHz for
the first and second generation, respectively. To obtain a reasonable tuneability of the SQUID-
cavity, a low critical current and a small loop inductance are desirable (high βR and low βL see
section 3.3). In the trilayer fabrication process by StarCryo, the critical current is determined
by the junction area and the critical current density. For our design, we selected the smallest
available one of 8.4µA. Even though a small loop area is beneficial for a good tunability of
the SQUID-cavity, the magnetic field sensitivity increases with the loop area. As the goal of
the setup is to detect the mechanical motion of a cantilever through a magnetic field change,
tuneability and sensitivity had to be balanced. We settled on a loop area of 20 × 60µm roughly
matching the cantilever dimensions and allowing for a certain degree of displacement during the
mounting process. Accounting for improvement in the precision with which we could mount
cantilevers, for the second generation we decided on a square loop with a size of 35 × 35µm
to match the magnetic particle’s size. With that we maintain the same detection efficiency, as
most of the magnetic field is funneled into the SQUID by simultaneously decreasing βL (as the
linear inductance reduces).

4.2.2 Microstrip Cavity – waveguide coupling

A 3D rectangular waveguide serves as a controllable environment to interact with the microstrip
cavity, as schematically shown in Fig. 4.6a). The waveguide walls confine the electromagnetic
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Fig. 4.6 a) Schematic cross-section of the rectangular waveguide, perpendicular to its
propagation direction. The red dashed line represents the electric field of the
fundamental TE10 mode. A difference in electric field between the cavity legs
leads to capacitive coupling with the waveguide mode. This coupling can be
tuned by adjusting the chip position d. b) Circuit representation of the cavity in
the notch/hanger-configuration, showing capacitive coupling to the waveguide
mode with an external loss rate κc. The internal loss rate κi of the cavity is
depicted as a resistor. Red arrows indicate the path of an incoming probe tone.
Half of the cavity-emitted signal is reflected back toward the waveguide input,
while the other half - being phase-shifted - interferes with the uncoupled portion
of the probe tone at the output.

field, enabling propagation along its longitudinal axis. By solving Maxwell’s equations, the
electric field of the fundamental waveguide mode TE10 is given by [100]

E⃗ = E0 cos(πd/wwg)e⃗y, (4.5)

with the electric field amplitude E0, the off center displacement d and the waveguide width
wwg. Propagation through the waveguide is only possible above the cutoff frequency ωcut

10 =
π/(wwg

√
µ0ϵ0) with the vacuum permittivity and permeability of the electric and magnetic

field, respectively. Our U -shaped cavities are placed inside the waveguide, whose walls function
as the ground plane for the cavity. The separation between the two cavity legs dc leads to an
electric field difference ∆E at the legs for an off-center displacement d. This field difference leads
to a capacitive coupling to the waveguide mode with a coupling rate

κc ∝ ∆E ∝ sin(πd/wwg), (4.6)

allowing us to manipulate and detect the cavity mode. This configuration is also referred to as
a hanger/notch type coupling, whose circuit equivalent is shown in Fig. 4.6b). One benefit of
this 3D design for common planar structures is that the coupling can be tuned by changing the
placement d of the cavities, which is studied in [30] and [80]

Within our experiment we rely on a standardized WR-90 waveguide with a height hwg =
11mm and width wwg = 23mm shown in Fig. 4.7. For such a waveguide, the cutoff frequency is
6.5GHz. Coils from a superconducting wire (Supercon Inc. 54S43 ∅0.1mm) are wound around
the ends of the waveguide with up to 100 turns to allow for frequency tuning of the cavities by
applying an external magnetic field. To connect the waveguide to our microwave wiring, we use
commercially available couplers by Huber and Suhner.
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a) b)

Fig. 4.7 a) Photograph of a typical waveguide used in this thesis. To connect the waveg-
uide to the microwave wiring, it is connected to couplers with SMA connectors.
To apply magnetic fields, the waveguide features two superconducting coils at
the ends. The microstrip cavities are fixed in a sample holder and placed into
the waveguide through slits in the waveguide wall. b) Photograph of a cavity
with a cantilever placed inside the waveguide (Photos by D. Jordan).

4.2.3 Characterisation via Circle fit
The cavities within the waveguide are characterised by using the circle-fit-routine [83]. Therefore,
we measure the scattering parameter S21 – the transmission from port 1 to port 2 through the
waveguide – to capture the response of the cavity. Realizing a notch-type configuration, this
complex response of the cavity is given by [83, 101]

S21(ω) = aeiαe−iτω

(
1 − Ql/|Qc|eiφ

1 + 2iQl
ω−ωc

ω

)
. (4.7)

The first factor in front of the term in brackets represents the influence on the signal from
the environment (i.e., the microwave wiring consisting of attenuators, cables, amplifiers, and
the waveguide), with a total attenuation a, a phase offset α, and an additional frequency-
dependent phase factor, taking into account the electrical delay τ of the system. The second
factor in the brackets corresponds to the response of a cavity with resonance frequency ωc,
total/loaded quality factor Ql = ωc/κl and complex coupling quality factor Qc = ωc/κce

−iφ. By
using a complex coupling quality factor, we consider a possible impedance mismatch between
the waveguide and the cavity.
Based on [83, 101], the individual steps performed by the circle-fit-routine in order to fit the
model in Eq. (4.7) to scattering data are shown in Fig. 4.8 on the complex plane as well as
the change in amplitude |S21|2 (phase ∠(S21)) of the signal as a function of detuning. Here,
we use simulated data to illustrate the steps involved in extracting cavity parameters from
experimentally measured data in this thesis. The fit procedure itself is based on [83, 101]. The
environmental influence results in an intertwined loop in the complex plane associated with
an offset in magnitude and a linear slope in phase against detuning. For a frequency-tunable
sample, the background in the absence of the cavity can be measured by flux detuning the sample.
Otherwise, we use the off-resonant point on either side of the resonance frequency to extrapolate
a linear background. This background can then be accordingly subtracted as shown in Fig. 4.8a)
and b). After background subtraction, the normalized signal on the complex plane corresponds
to a circle of diameter Ql/|Qc|, with the off-resonant point at (1,0). An impedance mismatch
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Fig. 4.8 Circlefit procedure on the S21-parameter simulated for a cavity probed in a
notch configuration. Plotted on the left in the complex plane and on the right
amplitude and phase as a function of detuning: a) the environmental background
can be subtracted by either applying a linerar fit to the offresonant part of the
magnitude and phase data, or by directly measuring the background with the
cavity detuned. b) In the complex plane the circle is fitted to extract the center-,
off-resonant- and resonant-point. Any impedance mismatch between the cavity
and the measurement circuit causes a rotation of the circle about the offresonant
point by an angle φ. c) The fit routine corrects for this impedance mismatch by
not only rotation by this angle, but also by scaling the radius as shown in [101].
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results in a rotation of the circle around the off-resonant point parametrized by an angle φ, and
manifests in an asymmetric shape of the cavity response about the resonance frequency in |S21|2
and ∠(S21). Rotating and rescaling the diameter by cos(φ) [101] corresponds to the response of
an identical cavity but with perfect impedance matching. Fitting the matched circle with Eq.
(4.7) with φ = 0, the internal quality factor can be calculated as

1/Qi = 1/Ql − 1/Qeff
c . (4.8)

If we do not correct for for the rotation, φ has to be fitted as a parameter and Qi can be
calculated with the effective rescaled coupling quality factor Qeff

c = |Qc|/cos(φ).
Regarding the coupling quality factor, one can distinguish between three regimes. In case of
Qi ≈ Qeff

c , the system resides in the critically coupled regime where the internal and the coupling
losses contribute equally to Ql. For Qi ≪ Qeff

c the setup is undercoupled, where the internal
losses dominate the overall cavity loss, whereas for an overcoupled system Qi ≫ Qeff

c the losses
come mainly from the coupling.

4.2.4 Nonlinear circle fit
The circle fit model presented above can, however, only describe the response of the SQUID
cavities studied in this thesis when probed with low power. As discussed in chapter 3.2.3, the
SQUID is an intrinsically nonlinear element, which results in a nonlinear response of the SQUID
cavities for large probe powers (chapter 3.3). The effective shift in the resonance frequency to
first order can be given by

ωc → ωc − Kn̄c, (4.9)

with the mean intracavity photon number n̄c and the Kerr-constant K. We can model the
scattering parameter S21 for a nonlinear cavity by solving the cubic equation

n̄c

[
(∆+ Kn̄c)2 +

κ2
l

4

]
= κc

2 2π
Pd

ℏωd
, (4.10)

for n̄c, with an input photon number rate n̄in = 2πPd/ℏωd given by the microwave power Pd at
the cavity. Here, the coupling rate κc in Eq. (2.19) has to be modified by a factor of 1/2 to be
compatible with conventions used to derive the S21-response in Eq. (4.7) for a cavity coupled in
a notch configuration. Also, the critical input power at which the cavity becomes bistable has
to be changed by the same factor, leading to

n̄in,bi = 2 κl

κc

κ2
l

3
√

3K
. (4.11)

The effects of a Kerr nonlinearity on the S21-parameter are shown in Fig. 4.9 upon increasing
the input power. Following the shark-fin-shape of the intracavity photon number (as discussed
in chapter 2.2), an asymmetry arises in the amplitude and phase response of S21(∆). For a
frequency upsweep, the resonance shifts towards the drive until the maximum n̄max

c on resonance
is reached. For K > 0, we see a steeper slope for detunings below and shallower slope above
ωc − Kn̄max

c . Due to the steep slope, the point density on the complex circle decreases towards
ωc − Kn̄max

c . Exceeding n̄in,bi, the complex circle features a discontinuity: this corresponds to
switching between the two branches. In this regime, depending on whether the pump frequency
is swept up or down, the cavity response either follows the low or high photon number branch,
as long as the sweep time is slower than the cavity dynamics defined by κl and and the system is
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Fig. 4.9 Simulated S21-data measured for a nonlinear Kerr cavity measured in a notch
configuration at different input powers as a function of drive detuning. De-
pending on the output power, the different regimes are indicated by color as:
linear (blue), nonlinear (orange), and bistable with the low/high photon number
branch (red/green). a) Intracavity photon number, b) S21-data in the complex
plane, magnitude and phase in c) and d) versus detuning. For powers above
the bistable input power, the cavity response bifurcates into the high and low
photon number branches. Parameters used: Ql = 3000, Qc = 6000,ωc/2π =
8GHz, K/2π = 12kHz

noise-free. For a notch configuration, the intracavity photon number on resonance ∆ = −Kn̄max
c

can be derived as [102]

n̄c = 4
κ2

l

κc

2 2π
Pd

ℏωd
. (4.12)

4.2.5 Microwave wiring

The microwave setup used throughout this thesis is based on the setup developed in [2–4], with
minor changes in each iteration. Fig. 4.10 shows the wiring used in [5].

The wiring can be divided into two separate signal pathways combined at the cryostat in-
put and output. The input signal is attenuated at the 4K stage and the baseplate to shield
the cavities from room temperature thermal noise. At the baseplate, the signal is further fil-
tered with a 12GHz low pass filter (K & L 6L250 ) and a homebuilt Eccosorb filter before the
waveguide. After repeated cooldown cycles, the flexible microwave cables from Delft Circuits
exhibited detrimental aging. To mitigate crosstalk caused by reflections, we added a thermalized
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Fig. 4.10 Microwave measurement setup. During the course of the experiment, the setup
outside the fridge was alternated slightly. Here (as in [5]), the final version of
the setup is show.

attenuator in front of the waveguide and an additional cryogenic circulator at the waveguide
output. Following another flexible microwave cable, a 12GHz low-pass filter K & L 6L250 and
two cryogenic isolators from Quinstar were added to shield the samples from thermal noise
and reflected signals on the output side. To minimize losses, superconducting output lines are
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used to transport the signal from the baseplate to the high electron mobility transistor (HEMT)
amplifier (from Low Noise Factory) with a noise temperature of 2 − 4K. The signal is further
amplified by an additional room temperature amplifier before being channeled into room mea-
surement electronics.

For characterization of the cavity response, we use a vector network analyzer (Keysight
E5080A, VNA). The VNA sweeps a probe tone across a set frequency range; to extract the
complex scattering parameter Sij, the VNA compares the transmitted signal through the system,
which undergoes an amplitude and phase change, with the original probe tone. To probe and
induce backaction on the mechanical mode, we use a Keysight N5173B signal generator (EXG)
with a frequency modulation module. The coherent tone is split, with one part of it going
towards the cryostat input passing through a digital attenuator (Mini circuit RCDAT-30G-30 )
to adjust the input power to the waveguide. The other part is transmitted to the local oscillator
(LO) port of an IQ-mixer Marki MMIQ-0416LS to mix down the signal from the cryostat at
the radio frequency (RF) port to baseband. To match the electric delay through the setup,
the LO signal is passed through a carefully calibrated delay line with a variable phase shifter
(Vaunix LPS-123 ) to adapt for small phase changes. A room temperature amplifier ensures that
the mixer has the required power at the LO-port. The down-mixed signal at the I-port of the
mixer is connected to a spectrum analyzer (Tektronix RSA 5115N ) to capture the mechanical
signature, as further explained in section 4.3.2.

4.3 Mechanics Platform
Within this section, we introduce the cantilever as a mechanical oscillator and present the
samples used in this thesis. We cover the modification process of gluing a magnetic particle
to the cantilever tip as well as the mounting of the cantilever chip onto the SQUID-cavity in
a flip-chip process. Lastly, magnetometer measurements on the magnetic material used are
discussed.

4.3.1 Theoretical description
A cantilever is a rigid beam that is clamped on one side and free at the other. The bending
modes of such a resonator depend on the material properties such as the Young’s modulus E,
the density ρ, and the cantilever dimensions, thickness t, width w, and length l. Following
Euler-Bernoulli beam theory, the effective mode frequency is given by [103]

ω
(n)
m = λ2

nt√
12l2

√
E

ρ
. (4.13)

Here, λn ≈ 1.87, 4.69, 7.86 for n = 1, 2, 3 is the mode parameter of the n-th bending mode. From
Eq. (4.13) the resonance frequency of the second mode for a cantilever beam is ω

(2)
m ≈ 6.3ω

(1)
m .

This large frequency, along with the fact that its mode shape often means that the magnetic
particle sits at a node, allows us to assume that we only see the fundamental mode couple to
the SQUID-cavity. For the small displacements relevant in this thesis, the cantilever can be
approximated by a harmonic oscillator. Within this limit, we can calculate the spring constant
of the bending mode to be [103]

k = Ewt3

4l3
. (4.14)
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Comparing the resonant frequency of the effective spring ωm =
√

k/meff to Eq. (4.13), we can
assign an effective mass

meff ≈ mbeam

4 = ρtwl

4 (4.15)

to the motion. By loading the cantilever with an additional mass ma right at the tip (see Fig.
4.13b)), we can approximate the change in frequency to be

ω′
m =

√
k

meff + ma
= ωm

√
meff

meff + ma
, (4.16)

which remains accurate for ma/meff ≤ 3 [1, 104].
In this thesis, we use commercially available tipless Si-cantilevers AlO-TL from Budget Sensors
with four cantilevers per chip. The one with the highest frequency shown in Fig. 4.13a) has di-
mensions of t×w× l = 2.7(0.5)µm×50(2.5)µm×100(5)µm. With the density ρSi = 2330kg/m3

[105] we can estimate the mass of the cantilever to be mbeam = 31(6)ng, which corresponds to
an effective mass of meff = 8(2)ng. The nominal spring constant is given to be 40N/m, leading
to a nominal frequency of 350kHz. However, the manufacturer also specifies that variation in
fabrication could lead to a broad range in spring constant 7–160N/m and resonance frequency
200–500kHz.

4.3.2 Mechanical mode detection
4.3.2.1 Theoretical derivation

In optomechanical experiments, one often does not detect the mechanical signal z(t) in real-time,
but measures its power spectral density (PSD) in the frequency domain [23]. According to the
Wiener-Kinchin theorem [106], the PSD of such a mechanical motion is defined as the Fourier
transformation of the autocorrelation function

Szz(ω) =
∫ ∞

−∞
⟨z(t)z(0)⟩eiωtdt, (4.17)

and is usually measured with a spectrum analyzer. For mechanics with a finite linewidth Γm
and a large temperature T (kBT/ℏ > ωm), the fluctuation-dissipation theorem links the PSD to
the imaginary part of the mechanical susceptibility χ−1

m (ω) = −i(ω −ωm)+Γm/2 [107, 108]. The
PSD can be written in terms of χm as

Szz(ω,T ) = 2kBT

ω
Im{χm} = 2kBT

meff

Γm

(ω2
m − ω2)2 + Γ 2

mω2 . (4.18)

Following [106], with Parseval’s theorem we find that the variance of the displacement ⟨z2⟩ of
the mode can be expressed in terms of the integral of the PSD

⟨z2⟩
z2

zpm
= 1

z2
zpm

∫ ∞

−∞
Szz(ω,T )dω

2π
= Szz(ωm,T ) Γm

4z2
zpm

= 2
(

n̄m + 1
2

)
, (4.19)

which is directly propotional to the average occupation of the mode n̄m [1].1 The third relation
is valid for a Lorentzian shaped peak (Eq. (4.18)), relating its integral to its maximum and

1The factor of 2 in last equality of Eq. (4.19) arises because the PSD in Eq. (4.18) is an even function of
frequency, yielding two identical contributions at ω = ±ωm when integrate over the full range {−∞,∞}.
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Fig. 4.11 Detection and calibration principle of the mechanical mode with a probe tone. a)
The mechanical motion with the PSD Szz(ω) modulates the resonance frequency
of the cavity by a corresponding PSD Sωω(ω). We probe the cavity at a fixed
frequency ωp (vertical blue line) and measure the PSD SII(ω) (shown in c). Due
to the cavity frequency oscillations, the probe tone undergoes an amplitude and
phase modulation transmitted through the system with a transfer function K.
This causes two sidebands to appear in the spectrum spaced by ±ωm from the
probe tone. b) A weakly frequency modulated probe tone with the PSD Smod(ω)
and modualtion frequency ωmod undergoes the same transduction, leading to an
additional sideband pair at ±ωmod within the probe’s spectrum. c) Spectrum of
frequency modulated probe tone combined with a mechanically induced modu-
lation. For ωm ≈ ωmod, both sideband pairs undergo the same transduction in
the cavity response, and so the relative size of the pairs can be used to calibrate
the spectrum/PSD at ωm.

linewidth. Thus, from Eq. (4.18) we see that for a thermalized mechanical mode, the area
under the measured signal increases linearly with temperature.

The signal transmitted through the waveguide with the intensity fluctuation defined by the
PSD SII(ω) depends on the induced frequency fluctuations of the SQUID-cavity with the PSD
Sωω(ω). The transfer function K(ω) of the setup gives the absolute scaling of the intensity
fluctioan and thus can be written as [84]

SII(ω) = K(ω)
ω2 Sωω(ω). (4.20)

The optomechancial coupling strength g0 directly relates Sωω(ω) to the power spectral density
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of the mechanical mode

Sωω(ω) =
(

g0

zzpm

)2

Szz(ω). (4.21)

Thus, we need a calibration method that first allows us to measure the transfer function
K(ω). With this, we can convert SII(ω) measured by a spectrum analyzer into Sωω(ω). We can
calculate with this the power spectral density of the position fluctuation Szz(ω) as illustrated
in Fig. 4.11. The calibration method by Gorodetsky et al. [84] relies on a homodyne detection
scheme using a frequency modulation with known modulation index on the probe tone as a
reference signal to calibrate for the transfer function. The following calculations are largely
based on the supplementary of our work [4].
We start with the general response up(t) of a probe tone at frequency ωp which interacts with a
cavity whose resonance frequency is modulated at ωi. The interaction results in both amplitude
and phase modulation of the probe tone in the time domain

up(t) = Ap(1 + η sin(ωit))cos(ωpt + ν sin(ωit)), (4.22)

where Ap is the probe tone amplitude and η and ν the modulation indices. To determine η and
ν, we have to consider the slope of both amplitude and phase of the cavity response S21 under
the modulation amplitude ∆ωamp

η = ∂|S21|
∂ω

∣∣∣∣
ω=ωp

·∆ωamp =: α ·∆ωamp, (4.23)

ν = ∂∠(S21)
∂ω

∣∣∣∣
ω=ωp

·∆ωamp =: β ·∆ωamp. (4.24)

Here, we assume that for small ∆ωamp the cavity shape can be considered to be linear, with
α and β the slope in amplitude and phase, respectively. Furthermore, we consider here the
normalized/background corrected cavity response, such that far off resonance we can assume
α,β → 0. For an optomechanical system, the modulation amplitude is related to the coupling
strength g0 and the mechanical occupation n̄m (see chapter 2.1)

∆ωm
amp = 2

√
n̄mg0, (4.25)

which relates Sωω(ω) to n̄m, from which we can extract Szz. The same arguments hold for a
frequency-modulated probe tone scanning a static cavity as shown in Fig. 4.11b). Thus, for
the calibration tone with a peak frequency deviation Dev resulting in a modulation index of
Dev/ωmod, we find

∆ωmod
amp = Dev. (4.26)

To calculate the effects on our measured signal, we introduce the Bessel functions to rewrite the
phase modulation in Eq. (4.22)

up = Ap(1 + η sin(ωit))
∑
n

Jn(ν)cos(ωpt + nωit), (4.27)
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with Jn the Bessel function of n-th order. Assuming small modulation amplitudes and using
trigonometric identities, we derive

up =Ap

[
cos(ωpt) + ν

2 cos((ωp + ωi)t) − ν

2 cos((ωp − ωi)t)
]

+ η

2Ap
[
sin((ωp + ωi)t) − sin((ωp − ωi)t)

]
, (4.28)

which separates the contributions of the amplitude and phase modulation to the signal. To
relate this to the PSD measured at the spectrum analyzer, we apply a Fourier transformation to
Eq. (4.28). Here, we take into account the fact that the displayed spectrum is typically folded
by the spectrum analyzer, as it only measures positive frequencies, which introduces a factor of
two. With this, we obtain the intensity fluctuation measured with the spectrum analyzer at the
probe and modulation frequency as

S
p
II =|2up(ω = ωp)|2 = A2

p

Si
II =|2up(ω = ωp + ωi)|2 = η2 + ν2

4 A2
p. (4.29)

By simultanously frequency modulating the probe tone with a modulation frequency ωmod and a
frequency modulation of the cavity due to the mechanical displacement with ωm, we obtain two
sidebands in the spectrum of the probe tone, the mechanical signature at Sm

II = SII(ω = ωp+ωm)
and the calibration tone at Smod

II = SII(ω = ωp + ωmod) as depicted in Fig. 4.11c).

At this point, we have to account for the finite linewidth of the PSD of the mechanical mode
for a consistent comparison of the power residing in the mechanical and the calibration signal.
Therefore, we have to integrate over the mechanical signature, leading to [84]

Sm
II →

∫ ∞

−∞

SII

ENBW

dω

2π
= SII(ωm)

ENBW

Γm

4 (4.30)

with the measurement bandwidth ENBW of the spectrum analyzer given in units of Hz. This
step is necessary, as the spectrum analyzer returns the power spectrum of the signal and not the
PSD. To integrate the signal, we need the power density, and thus have to divide by ENBW ,
where we need an extra 2π to match the units to angular frequency – as for the mechanical
linewidth Γm.
Regarding the probe and the calibration tone, we can consider them as δ-peaks such that the
measured height in the spectrum represents the total power residing in the signal. By replacing
the modulation indices in Eq. (4.29) with Eq. (4.24), we obtain the relation between the
modulation amplitude of the calibration tone and the mechanical mode

Dev2 = 4
(α2 + β2)A2

p
SII(ωmod)

g2
0n̄m = 1

(α2 + β2)A2
p

SII(ωm)Γm/4
ENBW

. (4.31)

We can assume that the transfer function through the system given by the first factor in Eq.
(4.31) is flat in frequency, if the frequency difference between calibration and the mechanical
modulation is small (|ωm −ωmod| ≪ κl). The ratio of these equations finally leads to the expres-
sion given in [84]

g2
0n̄m = Dev2

4
SII(ωm)Γm/4

SII(ωmod)ENBW
. (4.32)
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Fig. 4.12 Comparison between extracted phonon occupation for the Gorodetsky calibra-
tion method [84] and using the cavity-slope response over several measurements
(unfilled circles) and averaged (filled) (data also shown in [4]). The dashed line
represents the expected thermal occupation.

Eq. (4.32) tells us that we can account for the system’s transfer function by comparing the
mechanical signal to the sideband generated because of the frequency modulation of the probe
tone.
Another look at Eq. (4.29) reveals that we can also use the signal at the probe tone together
with the S21-slopes in amplitude α and phase β to account for the system transduction leading
to

g2
0n̄m = 1

α2 + β2
SII(ωp + ωm)Γm/4
SII(ωp)ENBW

. (4.33)

To extract the slopes of the cavity, we use the circle fit routine presented above. Furthermore,
we have to take into account that we measure in the Notch configuration, which implies that the
mechanical signal scatters forward and backward. Thus, we only measure half of the mechanical
signal, whereas for the probe tone the transduction is given by S21(ω = ωp) of the cavity response.
Including these factors, the cavity-slope calibration allows us to verify the Gorodetsky method
[4]. For this, we take several measurements of the thermalized mechanical mode, once with the
Gorodetsky method by downmixing the signal, including the frequency modulation of the probe,
and once by extracting the cavity-slope, including the amplitude of the probe tone to calibrate
for the transfer function. Fig. 4.12 displays the comparison between both calibration methods,
where we find good agreement in the obtained mechanical occupation. As both calibrations rely
on independent methods, the agreement verifies the Gorodetsky calibration method. However,
from the results in Fig. 4.12, one advantage of the Gorodetsky method is evident. As we take
the mechanical measurement and calibration simultaneously in a single spectrum, the cavity
shape is automatically taken into account, making it very robust against any frequency drifts or
other external noise affecting the cavity. On the contrary, the cavity-slope method relies on two
separate measurements – the spectrum for the mechanics/probe peak height and a VNA scan
for the cavity response – which degrades its reliability when the cavity resonance between the
two measurements changes. This decreased robustness against noise is reflected in the larger
spread obtained for the cavity-slope method compared to the Gorodetsky method.
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4.3.2.2 Experimental implementation

The final setup to implement the calibration method is shown in Fig. 4.10. For the experimental
realization of the calibration method described in [84], one has to consider the following aspects.

Modulating the probe tone generates a calibration sideband (see Fig. 4.11) used to determine
the transfer function by comparison with the mechanical signal. The calibration tone appears at
the modulation frequency ωmod in the down-mixed signal, and its amplitude depends on the peak
deviation of the frequency modulation Dev. To ensure Eq. (4.32) holds, we set the modulation
close to the mechanical frequency ωmod/2π = ωm/2π + 300Hz , allowing us to assume that the
transduction on this frequency scale is effectively flat.

Increasing Dev enhances the peak height of the calibration tone, which is generally bene-
ficial for the calibration method. However, large deviations are avoided for two reasons: (1)
frequency modulation mimics flux noise, averaging the signal across the deviation range and
washing out sharp backaction features, particularly problematic in strong backaction measure-
ments; (2) to allow for a fair comparison of the power residing in the calibration and mechanical
sidebands, higher-order sidebands must be suppressed. We therefore limit the modulation index
to Dev/ωmod < 1, and steadily increase the deviation until the calibration sideband rises 3dB
above the noise floor, enabling robust detection (usually around Dev/ωmod ≃ 0.4).

To isolate the transfer function of the cavity, we mix down the signal from the cryostat with
the frequency modulated probe tone as the LO of the IQ-mixer. Therefore, we have to match
not only the phase but also the overall electrical length between the LO and RF ports. The
electrical length of the LO is matched to the one through the system by using a delay line.
We adjust the length of the delay line until the difference to the delay in the fridge is typically
< 10ps and therefore significantly smaller than one oscillation period of an ∼ 8GHz signal. For
each probe frequency, we adjust for any remaining phase difference – caused by ripples in the
transmission through the system and delay line – with a variable phase shifter to ensure that
the signal from the experiment is mixed down with the exact same signal initially sent into the
cryostat. To verify that the signals in both pathways are matched, we measure the leakage of
the system - a spectrum with the cavity detuned. If the calibration tone remains within the
noise floor for the leakage measurement, the LO and RF signals cancel each other, indicating
that the experiment is well matched.

4.3.3 Sample preparation

The in-house procedure to equip the cantilever with a magnetic particle described in this section
is up to small modifications identical to the one described in [2, 80]. The modified cantilever is
schematically shown in Fig. 4.13b).
In the initial step, Neodymium Iron Boron (NdFeB) powder obtained from Nanoshel is ground
to a particle size of approximately 20µm. The resulting fine powder is then dispersed onto a
glass slide patterned with niobium structures that replicate the dimensions of the cantilever,
serving as a size reference [80]. An appropriate particle is selected under the optical microscope
and is picked up with a probe station tip. Separately, a drop of epoxy Stycast 1266 is applied to
the cantilever tip by hand using a thin copper wire with a diameter of 50µm. With the probe
station, the particle is brought close to the epoxy droplet, where it is drawn onto the cantilever
by adhesive force. To cure the epoxy, the cantilever is placed onto a hot plate at 50◦ C for 2
hours. In a last step, the particle is magnetized in a 2T permanent magnet [109].
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Fig. 4.13 a) Microscope image of the AFM-chip backside. At the end, two cantilevers are
visible, where only the shorter one with l ≈ 100µm is used. The step towards
the center of the chip is used as a spacer between the magnet and the SQUID
loop. b) Illustration of the mounted cantilever with a NdFeB particle glued to
its tip. The cantilever is flipped and pressed onto a GE-varnish drop, where the
step of zstep ≈ 20µm functions as a reproducible spacer.

To attach the cantilever chip to the silicon chip, a drop of GE-varnish is positioned roughly
1mm above the SQUID-loop. Using a ’flip-chip’ process, the cantilever is aligned to the SQUID-
loop, as illustrated in Fig. 4.13b). Originally, this alignment was performed ’by hand’ under
a microscope using two tweezers: one to adjust the relative positioning of the cantilever and
SQUID loop, and the other to firmly press the cantilever chip onto the GE-varnish. In order
to ensure proper adhesion, pressure had to be maintained for about one minute while preserv-
ing the alignment. Although the handling process improved with experience and over multiple
iterations, the overall reproducibility remained low. In particular, the vertical distance z2 – pri-
marily determined by the amount of GE-varnish and the applied pressure – varied significantly.
Removing the pressure prematurely, before the glue had dried sufficiently, would often result in
a misplacement of the cantilever. Furthermore, the survival rate of the cantilevers during this
process was approximately 50%, indicating limited reliability of the manual method.

As mentioned in section 3.4.1, the coupling g0 between the cantilever and the cavity crucially
depends on the precise positioning and vertical distance on the µm-scale. For an increased cou-
pling, a small separation between the magnet particle and the SQUID chip (z2−z1 in Fig. 4.13b)
is desirable. Therefore, we improved the mounting process by designing a new mounting stage
shown in Fig. 4.14. Using the mounting stage, we achieved a 100% survival rate so far. The
mounting stage consists of two pieces. The translation stage holds the cavity within a groove and
allows for alignment in the xy-plane with two micrometer screws. The cantilever chip is placed
in a precisely machined groove at the counterpart. Both chips are held in place by a vacuum.
The stage holding the cantilever is flipped and screwed upside down to the z-translation stage.
With visual feedback under an optical microscope, the cantilever is carefully lowered onto the
cavity chip. By keeping the chip surfaces parallel, the machined parts ensure proper alignment
during contact. To ensure a reliable z2 distance, a 20µm-step of the cantilever chip as shown
in Fig. 4.13a) functions as a reproducible spacer. Thus, the xy-alignment is controlled by the
translation stage, while the reproducibility of the vertical distance is ensured by the step on the
cantilever chip. To avoid misalignment upon release, the setup is held in place for at least 1
hour to allow the GE-varnish to cure.
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Cantilever chip

Vacuum hose

SQUID cavity

Fig. 4.14 Mounting stage for µm-precise placement of the cantilever. a) The cantilever is
placed within a groove in the upper part of the stage and held in place by vac-
uum (picture taken by C. Dejaco). b) The cavity chip is placed within a groove
in the lower part of the stage. An xy-translation stage allows for precise align-
ment between SQUID-loop and cantilever under a microscope. The cantilever is
lowered by an z-translation stage until contact is made with the SQUID-cavity
chip. This allows us to apply an even and continuous pressure.
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Fig. 4.15 Microscope images of mounted samples overlaid with microscope pictures of the
magnetic particle. Orange lines denote the SQUID loop. Top row: Samples
mounted manually. Bottom row: Samples mounted using the mounting stage.
Images in the bottom row taken by C. Dejaco.

4.3.4 Magnetomechanical samples

In Fig. 4.15, a few examples of 10 prepared magnetomechanical samples are shown. To high-
light the particle shape and position, the microscope pictures from the mounted cantilever are
overlaid with an image of the particle, which is usually not visible as the partilce is attached to
the backside of the cantilever. The relevant distances – the particle height z1 and the vertical
distance z2 – are approximated by using the focus of the optical microscope. To emphasize the
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alignment in the xy-plane, the SQUID-loop is traced with an orange square.
Comparing the particles of the prepared samples, one can see the non-uniform composition of
the powder we use. From pyramidal shapes as in oWSQ14/WSQ3 to flakes in WSQ7/oWSQ8
the lateral dimensions of the particles vary from 20µm to 50µm (as inferred by comparing to
the known cantilever width of 50µm). Furthermore, we observe a spread in the approximated
height of z1 = 7-16µm. From this, it is evident that further improvements towards more uniform
particles can be made. Instead of an inhomogeneous NdFeB powder, one could use microspheres
as provided by [80]. Another approach would be to grow a magnetic film onto the cantilever
itself. However, as this process is rather time consuming, one can only grow thin sheets up to
≈ 10nm. Combined with the fact that the magnetic moment would align in plane with the
film without an additional introduced anisotropy, the achieved coupling to SQUID would be
assumably too low.

Comparing the mounted samples regarding xy-alignment in Fig. 4.15, one has to distinguish
the manually aligned samples shown in the first row from the ones aligned using the mounting
stage in the bottom row of Fig. 4.15. The manually mounted samples show a rather wide
spread of the vertical distance with a mean of z̄2 = 27.0(4.4). Furthermore, most of the samples
exhibit a tilt of the cantilever in xy, which typically is the result of releasing the cantilever
with the GE-varnish not completely cured. Regarding the particle position, most of them only
align partially with the SQUID-loop. The difference in alignment, as well as the wide spread in
the vertical distance, further reduces the reproducibility of the experiment.In these aspects, an
increased reproducibility is evident in the samples mounted. The average height z̄2 = 22.2(2.9)
is smaller and has a smaller spread compared to the manually mounted ones. The variation
in height when mounted with the stage is attributed to different amounts of GE-varnish used.
With the almost perfect alignment of the magnetic particle with the SQUID-loop, the samples
shown demonstrate the improvements achieved with the mounting stage.

As a final remark regarding the sample preparation, it has to be noted that the particles
and samples presented for the manual alignment suffer from survival bias. The observed spread
in particles is usually even larger than the one presented here, with z1 down to 3µm or up to
35µm. Compared to the crystalline structure observed in the pictures, some particles exhibit
a granular texture. If size or structure does not match the criteria (crystalline structure, di-
mensions of ∼ 20µm and distance of z2 ≈ 20µm), the cantilevers are discarded, which results
in an overall low yield of one good cantilever out of five prepared ones. Also, for the manually
mounted samples, we used to remount cantilevers if the alignment/distance did not suffice. For
obvious reasons, samples that were destroyed during the mounting are also not represented.

A recently acquired AFM allows us to study the influence of attaching a particle to the
cantilever tip. We measure the oscillation amplitude of the cantilever upon excitation by a
piezoelectric actuator prior to and after mounting the particle by focusing the AFM laser onto
its tip.
The results show that the resonance frequency upon mounting decreases by 140kHz. Addi-
tionally, after attaching the particle, the linewidth decreases by a factor of ≈ 3. This is to be
expected, as the losses for the fundamental mode of a cantilever are given by clamping losses
and damping of the surrounding air (scaling with the area of the cantilever) [110, 111]. Thus,
increasing the effective mass of the oscillation, while keeping the losses constant to first order,
results in a decrease in linewidth. With Eq. (4.16), we can estimate the additional mass to
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Fig. 4.16 Measurements on C3 prior to and after mounting the particle using the AFM at
room temperature. On the right, zoom-in on the highest amplitude peaks with
Lorentzian-like fits (Eq. 4.18) to extract resonance frequency and linewidth. The
appearance of multiple peaks might be related to additional vibrational noise or
stray reflections of the laser.

be ma = 8.0(1.6)ng. We can separately estimate the mass by assuming the particle to be an
ellipsoid, with a dimension of 25(2)µm × 25(2)µm × 9(1)µm, which together with the density
of NdFeB ρNdFeB = 7.6(2)kg/m3 [112] results in m′

a = 22(4)ng [80]. The discrepancy between
the two values might arise from the fact that ma is only the effective mass of the particle, which
changes when the particle is not placed at the end of the cantilever. Morever, it is possible
that the stycast affects the bending and mode shape of the cantilever adding to the discrep-
ancy. Taking the actual position of the particle into account and considering the mode shape
of the cantilever, in [80] the absolute mass is calculated from the frequency change, resulting in
m′′

a = 19(4)ng, which is in good agreement with the estimated value based on the optical size.
Thus, the investigation of the changes in the frequency from the AFM measurements turns out
to be a useful tool to estimate the particle mass.

For the samples presented in Fig. 4.15, the mechanical signatures measured within the actual
optomechanical setup at cryogenic temperatures is depicted in Fig. 4.17. To avoid backaction
effects (see chapter 2.3.1), these measurements were done at low drive powers. To extract the
resonance frequency and linewidth, we fit the obtained data with the Lorentzian-like function
in Eq. 4.18.
For two of the samples (oSQ3 C44 and WSQ3 C13 ), we could not find a mechanical signa-
ture, although indications for the present mechancis in proximity to the cavity were present,
as discussed in section 5.1.4 for oSQ3 C44 and in [80] for WSQ3 C12. All other samples show
a mechanical peak corresponding to the mechanical mode. Accounting for the manufacturer-
specified spread in resonance frequencies for the cantilevers used, in conjunction with changes
due to mounting the particle, the range of frequencies obtained is reasonable.
The fact that the frequency of the mechanical peak of ωcav

m /2π = 345.4(1)kHz for C3 measured
using our optomechanical setup agree to a reasonable degree with that measured with the AFM
for the same device (ωAFM

m /2π = 343.39(4)kHz) instills confidence in the OM detection scheme.
The small increase in resonance frequency can be attributed to a rise of the Young’s modulus
towards lower temperatures [113]. According to Eq. (4.13), the mechanical frequency scales
directly with the Young’s modulus, explaining the increase in frequency [80]. The significant
reduction in linewidth can be attributed to the effective elimination of air damping due to the
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Fig. 4.17 Mechanical signal of the samples shown in Fig. 4.15 (nomenclatur cavity name
+ cantilever number). For oSQ3 C44 and WSQ3 C12, no mechanical signature
could be found, whereas for all the other samples, a clear peak could be assigned
to the cantilever mode. Data from the bottom row taken by C. Dejaco.

cryogenic vacuum environment. Furthermore, it has been found that the remaining loss mecha-
nism – clamping losses – decreases significantly with decreasing temperature [111], which results
in an overall reduced mechanical linewidth.

4.3.5 Particle characterization

The magnetic properties of the NdFeB particles were characterized by measuring the magnetic
moment of five samples (see Fig. 4.18) using a SQUID magnetometer (Quantum Design MPMS-
XL5 ) at the University of Linz, in collaboration with Univ.-Prof. A. Ney. The selected particles
are representative of the typical size, crystal structure, and shape used in the actual experiment.
To allow for characterization, each particle is glued with epoxy Stycast 1266 to a 4mm × 4mm
silicon chip.

To closely replicate the experimental conditions, the measurements performed by A. Ney
start with several zero-field-cooled (ZFC ) cycles. In order to do so, the magnetization of the
particle is tracked while ramping down the temperature with no applied magnetic field. Before
cooling down, the samples I-III are magnetized at room temperature in the direction of the pick-
up loop. They are first magnetized in a 2T field and monitored in a ZFC cycle. Subsequently,
they are magnetized at room temperature again, but this time in a 5T field, before another
ZFC cycle. Sample IV was magnetized in-house in our usual 2T field. Therefore, an additional
ZFC cycle was measured without applying a magnetic field before following the sequence for
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50mm 50mm 50mm 50mm 50mm

sample I sample II sample III sample IV sample V

Fig. 4.18 NdFeB-samples prepared for characterization in a SQUID magnetometer (Quan-
tum Design MPMS-XL5 ) at the University of Linz. The particles are glued with
epoxy Stycast 1266 to a 4mm×4mm silicon chip. Sample I,II (blue ◦, red ⋄) and
V (orange D) unmagnatized bare particles, sample III (green ▽) unmagnetized
and mounted to a cantilever and sample IV (purple △) sample magnetized with
the in-house 2T field.a) -b) Zero field cooled (ZFC ) magnetic moment m and
dm/dT of the particles after magnetization with the in-house magnet and magne-
tization within the SQUID magnetometer with a field of 2T and 5T, respectively.
c)-d) Magnetization curves for the different samples (for clarity plotted seper-
ately) sweeping the external magnetic field from µ0H = 0T → 5T →-5T → 5T
at room temperature. The remanent field BR and the coercivity µ0HC of the
samples are marked. For all samples except sample V, measurements were done
after applying the 5T for the ZFC measurement. All measurements performed
by Univ.-Prof. Dr. A. Ney at the University of Linz.
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the other samples.
The ZFC magnetization data in Fig. 4.18a)-b) reveal features characteristic of multi-stage mag-
netization processes in NdFeB materials. For sample I-III, as we lower the temperature, the
magnetic moment gradually increases and saturates around 50K. Additionally, an inflection
point is found around Tsr ≈ 115K (visible in Fig. 4.18b)) consistent with findings in [114].
This behaviour is associated with a spin reorientation transition of NdFeB at Tsr = 100 − 135K
depending on the particle size. Below Tsr, the magnetization gradually shifts away from the
crystallographic c-axis onto a cone with the opening angle increasing with decreasing tempera-
ture due to competing anisotropies, resulting in a steady increase in the magnetic moment [114].
Below approximately 50K, this reorientation saturates, reaching an opening angle of the cone of
31◦, which results in a plateau in the signal [115]. For sample IV, the observed trend is slightly
different, exhibiting an overall less pronounced change in magnetization. Compared to the first
three samples, the particle appears darker and displays a more amorphous, granular structure
under optical microscopy. In the case of amorphous NdFeB, the spin-reorientation transition has
been reported to vanish entirely [114], which may explain the temperature dependence observed
in this sample.
After magnetizing the samples by applying 5T, the magnetic signal in the subsequent ZFC
measurement shows no significant increase compared to the signal obtained after 2T. However,
for the in-house magnetized sample IV, magnetizing the sample in the 2T field increased the
magenetic moment by 25% compared to that after just in-house magnetization. This may sug-
gest that our in-house magnetization is insufficient to fully align the magnetic domains, or that
the particles partially demagnetize over time during the transport to Linz. The latter might
be supported by the general observation that more armophous materials exhibit weak magnetic
anisotropy and relatively low coercivity, which facilitates demagnetization [116].

After the ZFC measurements, magnetization curves were recorded at room temperature by
sweeping the external magnetic field in the sequence µ0H = 0T → 5T → −5T → 5T. With
this order of measurements, the samples were already exposed to the 5T field due to the ZFC
measurements. To obtain the virgin magnetization curve of the NdFeB material, sample V was
measured without the ZFC cycle.
The magnetization curves measured for sample I-III in Fig. 4.18c) show qualitatively the same
behaviour. An applied field of 2T is sufficient to fully magnetize the particles. This statement
is further supported by the virgin magnetization curve taken for sample V in Fig. 4.18d). The
obtained remanent field is BR ≈ 0.5/0.6 · 10−8 Am2 with small variations attributed to particle
size. These values are compatible with the magnetic signal obtained at the start of the ZFC
at 300K. This indicates that the particles maintain their magnetization over the time of the
ZFC measurements. For the recoil curve, the coercive field is µ0HC ≈ 0.8T. However, all sam-
ples show a gradual decrease to an intermediate magnetization plateau at µ0H ≈ 0.2T. These
properties can be assigned to two different grain contributions in the magnet: a rather soft
magnetic one that leads to the gradual decrease and a hard magnetic one characterized by a
high coercivity of µ0HC ≈ 0.8T, which is in good agreement with [117]. The lower intermediate
magnetization for sample II can be interpreted as a larger contribution of the soft magnetic
grain. Sample IV lacks the intermediate step upon reducing the magnetic field in Fig. 4.18d),
but rather exhibits a continuous decrease with a comparable coercivity µ0HC ≈ 0.8T. Contrary
to the other samples, the initial magnetization at the start of the measurement sequence is lower
than both the magnetization observed upon reducing the magnetic field towards µ0H = −5T
and the value recorded at the beginning of the ZFC measurement. Both these properties can be
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explained by a more amorphous topology of sample IV. Due to the amorphous structure, this
particle can be considered as an assembly of various magnetic grains and domains, which leads to
a reduced capability to maintain a certain magnetization. This manifests in the gradual change
in the magnetization curve, demagnetization over time, and a less pronounced spin-reorientation
transition [114, 116, 117].

Summarizing the findings from the magnetometer measurement, we can assume a magnetic
moment of roughly m = 7nAm2 for particles typically mounted in our experiment - scaling
with the particle size. By assuming a NdFeB sphere of radius R = 10µm and with the remanent
magnetic field of NdFeB Brem = 1.2T [118], we can calculate the theoretically expected magnetic
moment as

mtheo = Brem

µ0

4
3πR3 = 4nAm2, (4.34)

being in good agreement with the measurement results. Furthermore, the magnetization curves
indicate that the magnetization with the in-house 2T magnet should suffice to fully magnetize
our samples. However, the particles - depending on their crystal structure - might demagnetize
over time due to oxidation and mechanical perturbations. Thus, repeated remagnetization of
the samples should be considered in the future. Lastly, there might be an influence of the
overall topology based on correlating optical microscopy observations with measured magnetic
properties. However, this remains only a preliminary indication, and additional samples need
to be characterized to draw a definitive conclusion.
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Results

In this chapter, we discuss the main measurement results based on the theory, methods, and
experimental setup from the previous chapters. The three main sections of this chapter can
be divided into: tuning behavior of the cavity in the presence of the mechanical cantilever in
section 5.1, backaction-free measurement of the mechanical mode focusing on the influence of
the suspension setup in section 5.2, backaction measurements on the mechanical mode with our
intrinsically nonlinear cavity in section 5.3. If not otherwise stated, the measurements presented
were carried out on sample oWSQ14 C1.

5.1 SQUID-Cavity Characterisation

This section starts by analysing how the cavity response changes with a mounted cantilever.
Here, we demonstrate how flux tuning is affected by the presence of a cantilever, followed
by changes observed upon re-positioning the cantilever across multiple cooldowns. We then
investigate the cavity response as a function of drive power, starting with results from the
nonlinear circle fit routine for oWSQ14. Subsequently, we discuss an anomaly in Kerr – power-
dependent resonance frequency shift which moves to higher frequencies – which appears for
several samples but only after mounting a cantilever. The section concludes with a second
frequency shift observed for samples with a cantilever, distinct from the first in that it occurs on
a time scale of seconds. Cooldowns reappearing throughout this chapter are numbered by CD#.
A thorough characterisation of the bare cavities can be found in previous works by two of my
colleagues: [2, 30] by David Zöpfl or the master’s thesis from Christian Dejaco [80], performed
under my supervision.

5.1.1 Cavity flux tuning behavior upon cantilever mounting

The cavity tuning behavior before and after mounting the cantilever is shown in Fig. 5.1, for
oWSQ14. For this, we gradually increase the current through one of the waveguide coils and
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Fig. 5.1 Fluxmap of sample oWSQ14 : a) Flux up sweep and b) flux down sweep before
mounting the cantilever (CD10 ). c) Flux up sweep after mounting the cantilever
(CD42 ). The tuning behavior is fitted with Eq. (3.31) and Eq. (3.37) to extract
the parameters shown.

scan the cavity response using the vector network analyzer (VNA). Before mounting the can-
tilever, we observe a hysteretic flux tuning behavior of the samples as evident by comparing
the tuning in Fig. 5.1a-b). With the mounting of the cantilever, the cavity shows an increased
frequency tunability up to 500MHz and a non hysteretic tuning behavior. This is accompanied
by a drop in the sweet spot resonance frequency ωc,0 of 114MHz and the shielding parameter
βL, combined with an increase in the SQUID participation ratio βR. These values are extracted
through a fitting routine to the tuning behavior based on Eq. (3.31) and Eq. (3.37) [80].

By mounting the cantilever, we place a dielectric medium – the doped silicon cantilever body
– in the vicinity of the cavity, which increases its overall capacitance, causing its resonance fre-
quency to drop. However, this would cause only a minor change in tuning behavior, which is not
sufficient to explain the changes observed. Additionally, the doped silicon leads to a decrease in
the quality factor, as studied in [80].
As theoretically shown in section 3.4, the magnetic field of the particle mounted to the cantilever
has a major influence on the tuning and can be separated into the in-plane and out-of-plane
components. As shown in Fig. 3.14, depending on the magnetic moment and exact placement of
the particle, the in-plane field threading the junction cross-section can lead to a reduction of the
critical current. According to Eq. (3.42), we expect an increase in βR, which leads according to
Eq. (3.37) to a decrease in ωc,0. Furthermore, a lower critical current corresponds to a smaller
βL. The in-plane component can be viewed as a rather static influence on the SQUID-parameter
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Fig. 5.2 Comparison of the tuning behavior measured after mounting the cantilever from
Fig. 5.1 (grey line) with results from the theoretical model in section 3.4. From
a range of values for the distance z2, the magnetization m and the displacement
δx, we picked four examples resembling the observed tuning behavior. As for
the data, the simulation results are fitted with Eq. (3.31) and Eq. (3.37) to
extract the tuning parameters. All relevant values are displayed in Tab. 5.1.

unlike the out-of-plane component. As shown in Fig. 3.16, the build-up of the screening currents
leads to a displacement of the cantilevers’ resting position, which in turn modifies the overall
flux threading the loop. This dynamic interplay of displacement and flux results in an effective
reduction of the screening parameter βL. Combining these effects, the observed changes in Fig.
5.1 – lowering of the sweet spot frequency with a reduction of βR and a less hysteretic tuning
due to lower βL – match with the expected tuning behavior of the cavity in the presence of a
magnetic cantilever as derived in section 3.4.

To qualitatively verify this, we use the simulations presented in section 3.4. Therefore, we
have to estimate the system parameters discussed in chapter 4. The fabrication process of the
SQUID cavities states an Al layer height of 9nm. However, the 300nm Nb layers above and
below the junction expel any magnetic field from their interior and funnel half of it towards
the junction from both sides. This leaves us with an effective height of ≈ 300nm. We estimate
the width of the junction to be 3µm from the optical pictures, which results in an effective
area of Aeff = 300nm × 3µm. The critical current of the junction is 8.6µA (a value given by
the manufacturer). For simplicity, we assume a circular SQUID-loop of radius 30µm. For the
particle, using the optical microscope, we assume a height of 10µm and a vertical distance
cantilever-SQUID of 30nm (as measured for the sample in Fig. 4.15). Thus, we place the
effective dipole around z2 = 22–27µm above the SQUID for the simulations. The lateral distance
to the junction is given by the SQUID-loop plus the width of the washer arms as 30µm and
we assume a range of off-center displacements 0–10%. Lastly, we assume the particle has a
magnetic dipole moment of around 2–7nAm2 (chosen from the magnetometer measurements
in section 4.3.5 and the size of the actual particle). For the SQUID-parameters we use the
extracted values from fitting to the tuning behavior in Fig. 5.1 without a mounted cantilever:
ωc,0/π = 8.229(1)GHz, βR = 0.45(2)%, and βL = 82.9(6)%.

From the parameter range assumed for the particle, we pick four configurations, which display
a qualitative resemblance to the experimentally measured flux tuning observed in Fig. 5.1c). To
extract the effective tuning parameters, we fit the simulations with the same procedure as for
the data. Fig. 5.2 shows the simulation results with according fits (and the fit curve for Fig.
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oWSQ14 oWSQ14 C1 sim. I sim. II sim. III sim. IV
ωfit

c,0/2π (GHz) 8.229(1) 8.115(1) 8.104(1) 8.119(1) 8.108(1) 8.123(1)
βfit

R (%) 0.45(2) 2.44(5) 3.49(1) 2.99(2) 3.26(2) 2.82(2)
βfit

L (%) 82.9(6) 0.1(2) 10.1(1) 11.9(1) 10.9(1) 11.7(1)
β′sim

R (%) – – 3.57 3.17 3.44 3.07
β′sim

L (%) – – 10.4 11.8 10.8 12.2
z2 − z1 (µm) – – 24.5 26.3 23.3 23.3
m (nA m2) – – 4.9 2.2 3.4 4.0

δx (%) – – 0 1 8 10

Tab. 5.1 Overview of the fit results of the measured and simulated flux tuning behavior.
For the simulations we use the fit results from oWSQ14 as the SQUID param-
eters. Additionally, we display the particle paramaters and the changes due to
the in-plane field to β′sim

R and β′sim
L for the set of simulations.

5.1c), with the simulation parameters and extracted values summarized in Tab. 5.1.
The comparison reveals qualitatively good agreement between simulations and measurement. In
particular, the reduction of the sweet spot frequency and the fitted value of βR are well captured.
However, the βL obtained from the simulations deviate significantly from the experimental ones.
This results in a systematically shifted tuning behavior relative to the experimental one around
Φ/Φ0 = ±0.5. Since we find good agreement in βR, the lower βL obtained for the experiment
might indicate that the displacement of the cantilever due to the loop currents has a larger
influence on the SQUID tuning as in the simulations. This suggests that the particle does not act
as a simple dipole but rather as an extended object interacting with the loop in a more complex
manner, potentially involving higher order terms or the creation/displacment of flux vortices
in the cavity. Nevertheless, despite the simplifications in the model, the simulations already
reproduce the main features of the experimental flux tuning with reasonably good agreement.

5.1.2 Cavity flux tuning behavior across cooldowns

Across multiple cooldowns, the flux tuning behavior of cavities with a cantilever can change
significantly even without changes in the alignment between cavity and cantilever, as shown in
Fig. 5.3 for oWSQ14 C1 or discussed for other samples in [80]. oWSQ14 C1 initially exhibited
a hysteretic tuning behaviour prior to mounting the cantilever; after mounting the cantilever,
we see non-hysteretic tuning and are able to tune the resonance frequency by 500MHz as shown
in Fig. 5.1. This behaviour persisted over several cooldowns with only minor fluctuations in
its sweet spot frequency (at integer Φ0). However, in CD32, where we also installed the first
iteration of the suspension setup, the fluxmap developed an additional lower sweet spot (at half
Φ0). This prevented us from reaching the large ∂ωc/∂Φ previously accessible and hence sets a
limit to the achievable g0 (see section 3.4.1). This was accompanied by a decrease in ωc,0 and
βL and persisted over several cooldowns. Interestingly, we observed that the tuning behavior
changed when we cycled the setup above the critical temperature of Nb to 10K, as evident
by comparing Fig. 5.3b) and c). Without any visible indication of a shift in its alignment
when optically imaged prior to cooldown CD35, we remagnetized and remounted the cantilever,
placing it closer to the SQUID with z2 = 20µm due to the findings of the magnetization exper-
iments from Linz in section 4.3.5. However, the lower sweet spot remained across the following
cooldowns, always limiting the tunability. Consequently, we repositioned the cantilever again to



Chapter 5: Results 95

Fig. 5.3 Fluxmaps of sample oWSQ14 C1 over several thermal cycles: a) CD 31, with
the cantilever vertical distance z2 = 30µm. b) CD 32, installation of the first
iteration of the suspension setup. c) CD 32, after thermal cycling to 10K. d)
CD 35, after remagnetizing the sample and remounting it, resulting in a SQUID-
cantilever vertical distance of z2 = 20µm. e) CD 41, repositioning the cantilever
leading to a vertical distance z2 = 29µm and f) CD 42.

improve the alignment before cooldown CD41. With z2 = 29µm, the sample regained its tuning
behaviour prior to CD32 with an overall reduced ωc,0/βL and increased βR.

Small variations of the flux tuning behavior observed upon thermal cycling of our samples
can most likely be attributed to changes in the magnetization of NdFeB. NdFeB undergoes a
spin reorientation transition at 130K (as discussed in section 4.3.5), where the magnetization
falls onto a cone from the easy axis with an opening angle of up to 31◦. With slight changes
of the magnetization alignment on the cone, the in-plane field seen by the junctions might vary
between cooldowns. At temperatures far below its transition temperature, we expect the mag-
netization of NdFeB to adopt a stable state. However, changes observed by thermal cycling to
10K (CD32 5.3b and 5.3c) indicate that the tuning behavior is also influenced by the supercon-
ducting transition of Nb in a large bias field. Cooling Nb, a type II superconductor, below its
critical temperature of ≈ 8K in a large magnetic bias field results in the creation of flux vor-
tices penetrating the material. Any vortex trapping close to the junction could alter its critical
current and thus the tuning behavior of the SQUID [119]. Therefore, we believe the interplay
between changes in magnetization and vortex trapping in a large bias field accounts for the slight
tuning variations between cooldowns. However, the fact that the sample usually maintains a
similar tunability over several cooldowns indicates the existence of a stable configuration, which
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is determined by the alignment, room temperature magnetization, and crystal structure of the
particle.

A drastic change in the tuning behavior between cooldowns – CD31 (Fig. 5.3a)) and CD32
(Fig. 5.3b)) or CD35 (Fig. 5.3d)) and CD41 (Fig. 5.3e)) – hints at a significant change
to the system configuration. Simultanous to the installation of the suspension setup between
CD 31 to CD 32, the alignment of the cantilever changed, leading to an off-center placement
of the particle. As seen from the simulations in section 3.4, even a small displacement leads
to a significant asymmetry of the SQUID and thus explains the appearence of a lower sweet
spot. After two attempts to realign the setup, we could restore the initial flux tunability of
the sample, prior to cooldown CD41. However, we observed those drastic changes without any
visible indication of a displacement of the cantilever for other samples [80]. As seen for one of
the samples in 4.3.5, consisting of several competing grain boundaries, the magnetization of the
NdFeB-particles can be mechanically disturbed or change over time. A flip occurring in these
domains could lead to an abrupt, substantial change in magnetization, which could drive the
system toward a new configuration – defined by trapped vortices and a reoriented magnetization
direction following the spin reorientation transition – and thereby alter the SQUID’s properties.
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Fig. 5.4 a) and b) cavity response with increasing drive strength scanning the low and
high photon number branch, respectively. c) Amplitude data at 3 different pow-
ers, where for the highest power the signal bifurcates. Low and high branch are
accessed by scanning the drive from different directions indicated by the arrows.
d) Data in the complex plane (CD 42 ). Data shown in the supplementary ma-
terial of [5].
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Fig. 5.5 a) Loaded κl and external κc linewidth, b) Kerr K extracted from the nonlin-
ear circle fit routine versus the intracavity photon number on resonance n̄c (Eq.
(4.12)). Vertical lines in a) represent the mean values κl/2π = 2.54(3)MHz and
κc/2π = 0.821(7)MHz. Filled markers in b) are used to calculate the average
K/2π = 12(3)kHz with the error given by the uncertainty of the input atten-
uation, assumed to be ±1dB (grey area). c) Resonance frequency shift with
increasing intracavity photon number on resonance n̄c for a frequency up and
down sweep. Solid markers before bifurcation of the cavity indicate points used
for a linear fit to extract K/2π = 13(3)kHz with the error due to input attenu-
ation uncertainty ±1dB [102].

5.1.3 Characterization of the Kerr nonlinearity

The nonlinear behavior of the cavity for oWSQ14 C1 is characterized by measuring its response
with a VNA at various probe powers, as shown in Fig. 5.4a) and b). As the probe power
increases, the cavity resonance initially undergoes a frequency shift accompanied by an asym-
metric line shape. When the drive power exceeds the critical input power n̄in,bi (Eq. (4.11)),
the resonance splits into two distinct branches. In both branches, the detuning at which the
cavity switches to the opposite branch is evident from the discontinuous jump in the response.
Depending on the direction of the frequency sweep – represented by the arrows in Fig. 5.4c) –
either the low or high photon number branch can be accessed [5].

Taking the input attenuation into account, we extract the system parameters by fitting
successive cavity responses recorded at increasing probe powers with the model introduced in
section 4.2.4 and displayed in Fig. 5.5. We obtain that the cavity is under-coupled with an
overall mean loaded linewidth of κl/2π = 2.54(3)MHz and coupling rate κc/2π = 0.821(7)MHz.
Starting from low probe powers, we see a gradual trend in both linewidths until the results start
to scatter as the system hits the critical input power at PVNA = 20dBm, corresponding to an
intracavity photon number on resonance of n̄c = 200. The extracted values for K converge with
increasing input power to K = 12(3)kHz/photon. The grey area in Fig. 5.5b) represents the es-
timated error of K, derived by fitting the data assuming an uncertainty of the input attenuation
±1dB. Another method to determine K is to track the shift of the resonance frequency ∆ωc,
corresponding to the amplitude minimum of the normalized and matched S21-data [102]. A
linear fit versus intracavity photon number on resonance n̄c yields K/2π = 13(3)kHz. We again
assume an input attenuation uncertainty of ±1dB, which is used to estimate the given error.
The results of both methods are in good agreement, confirming the validity of the nonlinear
circle-fit approach.
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Fig. 5.6 Fluxmaps for 4 samples with cantilever during two different cooldowns. a) shows
oWSQ14 C1, oSQ3 C44 and oWSQ8 C54 (zoom-in displayed in the inset) in
descending sweet spot frequency (CD 29 ) and b) WSQ5 C5 (CD 50 ). Zoom-
in to highlight the Kerr anomaly at higher drive powers for each sample with
oWSQ14 C1 , oSQ3 C44 ,oWSQ8 C54 and WSQ5 C5 in c), d), e) and f), re-
spectively.

5.1.4 Kerr anomaly

For SQUID-cavities, we expect K to increase when flux biasing the device away from the sweet
spot, as discussed in section 3.3 and experimentally shown in [120] and for our stripline cavities
[80]. However, after mounting the cantilever, we observe regions of flux bias where this expected
monotonic increase is absent, as already observed for oWSQ14 C1 in the work of a former col-
league, David Zöpfl [2, 4]. We visualize this region by taking a flux map at high probe power
with the VNA, as shown for 4 samples in Fig. 5.6. The four samples all exhibit different tuning
behavior, such as a hysteretic one for oWSQ14 C1, full tunability for oWSQ8 C54 and WSQ5
C5, and a lower sweet spot for oSQ3 C44.1 As seen in the zoom-in in Fig. 5.6c-d), tuning the

1The reason behind the periodically reappearing additional dip in the fluxmap of oSQ3 C44, as well as the
slight asymmetry in slope for WSQ5 C5, remains unclear for now. We suspect that these features might be caused
by an interplay between the deflection of the cantilever’s resting position and the changes in SQUID properties
due to the corresponding magnetic in-plane field. However, attempts to reproduce this behavior within our
current model have so far been unsuccessful, suggesting the presence of second-order effects not yet accounted
for. Potential candidates would be surface spin demagnetization or movable flux vortices, both of which would
depend on the cantilever’s resting position and the associated shielding currents.
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Fig. 5.8 Kerr values extracted by a linear fit to the shifted resonance frequency by esti-
mating the probe power for sample a)oWSQ14, b) oSQ3, and c) oWSQ8. The
grey area marks the frequency range of the Kerr anomaly.

cavity towards the anomaly, the system response shortly vanishes. After the feature, the cavity
reappears with a slightly increased frequency.

To further investigate the anomalous Kerr feature, we take power sweeps shown in Fig. 5.7a-
c) at frequencies above, around, and below the feature for samples oWSQ14 C1, oSQ3 C44,
and oWSQ8 C54, respectively. For all samples in the first row of Fig. 5.7 above the anomaly,
we observe a typical Kerr shift with increasing probe power. Within the region of the anomaly
(second row), we observe that all samples initially exhibit a positive frequency shift to some
extent. Linecuts in the bottom row show a steeper slope at the higher frequency side, indicat-
ing the presence of an effective positive Kerr (opposite to the expected one). At intermediate
powers, the response of oWSQ14 C1 first vades out with a small frequency downshift, followed
by a gradual frequency upshift with increasing response. At higherst powers we observe a dis-
continuity characteristic for a negative Kerr and the appearance of an additional dip at higher
frequencies. Also oSQ3 C44 develops a second dip at higher powers, which resembles a positive
Kerr resonator in the bistable regime, shifting up in frequency. Similar to oWSQ14 C1, oWSQ8
C54 first shows a frequency upshift, which reverts to a frequency downshift at highest powers.
Below the anomaly, all three samples exhibit different behaviors. oWSQ14 C1 shows a frequency
downshift similar to above the anomaly, as expected for a Kerr nonlinear cavity. Tuning towards
its lower sweet spot, oSQ3 C44 displays a monotonic frequency upshift resembling a positive
Kerr. oWSQ8 C54 first shows a positive frequency shift and becomes very shallow as it fans
out in frequency for even higher powers.

Similar to the results shown in Fig. 5.5, we can extract K above and below the anomaly by
estimating the probe power at the cavity.1 Fig. 5.8 displays the extracted values for K for
each of the samples with the frequency range of the Kerr anomaly highlighted by the grey area.
Extrapolating the trend for oWSQ14 C1 above the anomaly, we see that below it K is effectively
reduced, while remaining negative, as already found in previous works [2, 4]. For the other two
samples, we see that the initial negative Kerr above the anomaly is followed by a positive Kerr
below. Whereas K for oSQ3 C44 steadily increases below the anomaly, for oWSQ8 C54 the
positive Kerr slowly decreases.

1Due to the lack of a separate characterization of the input attenuation, the exact values of K should be
interpreted with caution. Nevertheless, since the same attenuation is used for all samples, a comparison of their
relative values for K remains meaningful.
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Fig. 5.9 Kerr anomaly for sample oWSQ14 C1 for two different cooldowns: a-c)CD32
with a lower sweet spot and d-f) CD42 with full flux tunability. Sweet spot fre-
quency ωc,0/2π = 8.122(1)GHz and ωc,0/2π = 8.098(1)GHz for the cooldowns,
respectively (see Fig. 5.3).

An attempt to explain this phenomenon was developed in the course of the work presented
in [2, 4] using a lumped-element model. By describing the junctions within the RCSJ model,
the voltage response of the circuit is simulated to an applied AC driving current at different
frequencies. With this, a similar behavior to the one observed for oWSQ14 C1 could be sim-
ulated, with an overall negative K except for a certain frequency range with a positive K at
intermediate powers. In the model, the shift is associated with the third harmonic of the cavity
getting close to the plasma frequency of the junction, resulting in an energy transfer between
the modes. However, this model fails to explain the positive K for oSQ3 C44 at bias frequencies
below the anomaly.

The positive K for oSQ3 C44 at bias frequencies below the anomaly might arise from its
asymmetry in the junction critical current caused by the in-plane field component of the mag-
netic particle. As simulated for different asymmetries in section 3.3.2.3 and shown in Fig. 3.12,
an asymmetric SQUID can produce a positive frequency shift under driving when matched with
an appropriate screening parameter. In this case the anomaly would correspond to the range in
bias frequencies where the effective K changes sign. This behavior is further supported by the
measurements presented in Fig. 5.9. Here, we compare the power tuning behavior of oWSQ14
C1 with a lower sweet spot present (CD32 ) to the fully flux tunable case (CD42 ). At bias
frequencies above the Kerr anomaly, we observe the expected negative Kerr behavior in both
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cases, whereas below it the cavity exhibits a strictly positive Kerr in case of CD32 with a lower
sweet spot. With the fully tunable setup (CD42 ), below the anomaly region the Kerr returns
to a negative value, but its magnitude is reduced as already seen in Fig. 5.8a). Interestingly,
the emergence of a positive Kerr coincides in bias frequency with the anomaly region in the
case of an asymmetric SQUID – for both oWSQ14 C1 (CD32 ) and oSQ3 C44 (CD29 ). This
might suggest that the anomaly is caused by a junction asymmetry. However, this model fails to
explain why for some cooldowns (CD29,CD42 ) the Kerr remains negative below the anomaly.
This behavior may arise from not accounted higher-order nonlinear terms, which might be in-
dicated by the appearence of an additional dip for oWSQ14 C1 and oSQ3 C44 in Fig. 5.6.
Or the model might break at these points due its simplifications, which neglects for now any
dynamics arsing from the cantilever motion and assumes that the system parameters remain
constant upon driving.

The reason for the positive Kerr regarding oWSQ8 C54 with no indication of a current asym-
metry could be explained by the presence of an asymmetry in the loop inductance. Whereas
both of the asymmetries lead to a tilt in the frequency shift upon driving the cavity and thus
can result in a positive frequency shift, an inductance asymmetry remains undetectable upon
flux tuning as discussed in section 3.3. Another plausible explanation could be that the range
of the anomaly, obscured by the noise induced from the cantilever, extends further than antic-
ipated. Thus, for larger detunings from the anomaly, the cavity might recover its negative K
characteristics, as the trend of K might indicate in Fig. 5.8c).

A consequence of this nontrivial K behavior at different working points is the inability to
compare cooling traces beyond the K anomaly to theory predictions [2, 4]. In the theory, we
assume a power-independent K, which remains negative even at higher coupling strengths g0
further down the fluxmap. As the discussion above shows, these assumptions are not met in the
reality of the experiment. Nevertheless, the effective reset of K in case of oWSQ14 C1 turns
out to be beneficial for our cooling capability of the mechanical mode at higher g0, as it allows
us to reach higher intracavity photon numbers before reaching bistability [4].

5.1.5 Slow frequency shift

Additionally to the Kerr-induced frequency shift shown in Fig. 5.4 and the Kerr-anomaly in Fig.
5.6, we observed another frequency shift δf of the cavity.1 First indications of the presence of the
shift emerged while taking VNA traces with increasing power and two different VNA bandwidths
(BW). The BW refers to the width of the VNA detection filter, setting measurement time per
frequency point, and hence controls the measurement noise. The effect of the frequency shift
δf on the cavity response is visualized in Fig. 5.10 by VNA scans on the left and right side of
the fluxmap with the BW set to 1kHz and 1Hz. For the fast scan at low powers, the cavity
response is identical on either side of the fluxmap. However, scanning at a high power reveals
a difference in its behavior depending on the fluxmap side its measured at. On the left, the
response associated with the cavity switching between the low and high photon number branch
is frequency wise pulled apart. In contrast, the different branches appear to be pushed towards
each other on the right side. Furthermore, the response of the cavity residing in the high
branch for the up and down sweep does not coincide (specifically within the frequency range

1The presented data and discussion in this section are part of the main text and supplementary material of
my publication in [5].
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Fig. 5.10 VNA scans for low and high powers with different bandwidths. a)-b) fast and
c)-d) slow VNA scans on the left and right side of the flux map, respectively. To
access the low and high photon number branch each trace is taken as a frequency
up and down sweep. For high powers the fluxmap side dependence for the high
and low photon number branch is visible, especially for the slow scan (CD42 ).

8.092−8.094GHz), which might indicate that the acquisition rate exceeded the intrinsic system
dynamics. Reducing the BW by 3 orders of magnitude, the cavity response for the frequency up
and down sweep on both sides of the fluxmap align, from which we conclude that the cavity is
probed in a newly found steady state. The corresponding timescale for the system to reach the
steady state has to be on the timescale of seconds – the BW of the VNA being 1Hz. Additionally,
on the left side of the fluxmap, the switching of the high to low photon number branch is shifted
further down in frequency, compared to the fast measurement. In contrast, on the right side,
the slow measurement reveals a continuous switching between the two distinct branches. As a
consequence of this behavior, on the right side of the fluxmap, selecting either of the branches
is not possible.
To further investigate this shift, we weakly probe the cavity response in the presence of a strong

drive tone. By populating the cavity with the drive, we expect from discussion above that the
resonance frequency shifts from its initial frequency fi until it reaches a new steady state fss
on the timescale of seconds. To quantify the timescale of this shift δf = fss − fi, we measure
the evolution of the cavity response by probing it at different times after turning off the drive
tone. Therefore, we initialize the cavity in the high photon number branch – which restricts us
to working on the left side of the fluxmap – and keep the drive at a constant cavity detuning.
As shown in Fig. 5.11a) δf(t) follows an exponential decay back to its initial value. A fit to the
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Fig. 5.11 a) Relaxation of the frequency shift δf after driving the cavity at different powers,
for the cavity being initialized in the high photon number branch at the same
detuning to the drive. Solid lines represent an exponential fit to extract the
timescale τ = (0.96 ± 0.02)s. The inset shows a zoom-in on the data plotted on
a log-scale at Tbase = 100mK, b) δf at different base temperatures for the same
drive power nin/nbi = 3.0. c) Comparison of the relaxation process measured on
the left side and right side of the fluxmap at Tbase = 50mK and nin/nbi ≈ 1.0
[5](CD42 ).

data yields a slow relaxation time of τ = (0.96 ± 0.02)s independent of the intracavity photon
number set by the drive power. In contrast, the amplitude of δf significantly depends on the
drive tone power.
In Fig. 5.11b), we repeat the measurement at different base temperatures, while keeping the
input power constant at nin/nbi = 3.0. We observe that with increasing temperature, the time
scale as well as the amplitude of the shift reduces. Furthermore, when the cavity is tuned to
the right side of the fluxmap instead of the left side, a positive frequency shift is observed (Fig.
5.11c). Taken at the same bias frequency and with the same input power, fitting the relaxation
rate yields comparable parameters regardless of which side it is measured.

As indicated by the increase of the δf amplitude with drive power in Fig. 5.11, we can use
the photon number dependence of δf to determine in which state the cavity ended up after
applying the drive. In the low photon number branch, we expect significantly fewer intracavity
photons compared to the high branch, thus δf will be small for the low and large for the high
photon number branch. The ability to use the observed shift to distinguish the photon branches
is displayed in Fig. 5.12a). Here, we extract δf as above for different cavity-drive detunings
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Fig. 5.12 a) Frequency shift δf against drive-cavity detuning ∆ for a drive strength
nin/nbi = 3.0. Probing the different branches by tuning the drive towards the
cavity from low/high frequencies to scan the low (red) and high (green) photon
number branch. b) Probing the low and high photon number branch for the left
and right side of the fluxmap [5] as a function of the drive-cavity detuning ∆.

∆ at a constant drive exceeding the critical input power. Residing in the low photon number
branch, the cavity shift increases slowly as we start to populate the cavity tuning towards the
high photon number branch. Thus, we observe a small frequency shift due to the overall low
intracavity photon numbers. Subsequently, a distinct frequency jump to a larger δf is obtained
upon switching into the other branch due to the sudden increase in intracavity photon numbers.
Initializing the cavity in the high photon number branch, the intracavity photon number signifi-
cantly exceeds the one in the low photon number branch towards the detuning indicating the end
of the bistable range. Beyond the bistable range, the intracavity photon number drops abruptly.
Accordingly, a gradual increase of δf is visible, followed by a step to δf ≈ 0 aligning with the
cavity switching branches. Within the bistable frequency range, the cavity shows two distinct
values for δf associated with the two cavity states. As a consequence, we can unambiguously dis-
tinguish which of the two branches the cavity resides in for a set drive detuning by tracking the
cavity shift. Furthermore, the observed frequency shift suppresses continuous switching between
the states during a measurement for detunings within the bistable range. Because on the left
side of the fluxmap the cavity resonance shifts to lower frequencies with increasing intracavity
photon number, a transition from the low to the high photon number branch results in a cavity
shift, effectively increasing the detuning between the drive and frequency associated with the
switching event. When switching in the opposite direction, the strongly shifted cavity returns
to its initial frequency, leaving the drive far detuned from resonance. In both cases, switching
the state results in a frequency shift that prevents to restore the initialized state.

In contrast to the behaviour on the left fluxmap side, the positive frequency shift on the
right side does not allow to distinguish the different branches, as shown by the steady state
frequency fss in Fig. 5.12b). Regardless of the branch being probed, the cavity settles to the
same fss over a broad range of initial frequencies. Exceeding nin/nbi > 1, a continuous switching
between the branches can be observed as such a shift causes the drive to tune in and out of
the resonance, as illustrated in Fig. 5.10d). With this behavior, beyond bifurcation the system
cannot be initialized with certainty in either of its states on the right side of the fluxmap. How-
ever, for input powers nin/nbi < 1 the positive shift acts as an effective negative feedback loop,
stabilizing the resonance against slow frequency fluctuations and thereby proving beneficial for
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backaction measurements prior to the onset of bistability, similar to observations reported in [49].

To sum up the characteristics of the observed frequency shift δf , its amplitude scales with
the intracavity photon number, whereas the timescale does not. With increasing temperature,
we observe a decrease in its amplitude and timescale. Lastly, the direction of the shift depends
on the sign of the fluxmap slope. Radiation pressure on the mechanical resonator seems at first
glance a plausible explanation for the shift. As discussed and shown in section 3.3, flux tuning
the cavity to lower frequencies leads to a circulating current within the SQUID due to flux
quantisation. The created magnetic field of the SQUID due to the screening currents displaces
the cantilever from its resting position as shown in Fig. 3.16. For each flux point, the system
balances the flux threading the loop from the out-of-plane component of the magnetic particle
and its distance given by the circulating current. However, populating the cavity with a drive –
a current across the SQUID as in Fig. 3.10 – decreases the amplitude of the screening current in
the SQUID loop. The reduced magnetic field causes the mechanical resonator to move towards
its initial resting position. This displacement changes the magnetic flux from the magnetic tip
threading the SQUID, shifting the resonance of the cavity. An increased cavity population would
further decrease the circulating current, resulting in the cantilever moving closer to its initial
position and thus leads to a larger shift of the cavity frequency. This agrees with the observation
that the amplitude of the frequency shift increases with input power. The observation that the
time dynamics remains unchanged with the drive power contrary to the amplitude, indicates
that the relaxation process is not governed by cavity dynamics or backaction effects, but rather
by mechanical properties. Following this assumption, we would not expect a dependence of the
relaxation time on the drive power, as the cantilever properties remain unchanged as soon as
the drive is turned off. However, as we will see in section 5.2.2, the linewidth of the mechanical
resonator grows significantly with its bath temperature. Interestingly, the relative changes in
Γm with temperature (Fig. 5.18d) match the changes observed for τ , although the absolute
values are off by a factor of ∼ 2. Therefore, it seems plausible to assume, that the timescale
on which the shift δf is observed in Fig. 5.11b) is indeed related to the intrinsic linewidth Γm.
Nevertheless, for a classical radiation pressure model and from simulations using our model, the
frequency shift should scale with δf ∝ −g2

0, which contradicts the difference in directions of δf
depending on the side of the fluxmap.

Another explanation could be that the Kerr-constant Keff of the cavity is altered by the
optomechanical coupling given by Eq. (2.18) and depicted in Fig. 2.2 [53]. However, the change
to Keff in the regime we operate the system at would be too small to explain the observed shift
and also fails to describe the fluxmap side dependence due to its g2

0 scaling.

Magnetic surface spins are also potential contributors to the observed frequency shift. At low
temperatures, these spins are expected to align due to the close proximity of the magnet at the
cantilever tip, producing a constant magnetic flux offset in the SQUID loop. A larger AC-current
corresponding to driving the cavity can scramble a fraction of these spins, thereby reducing the
offset magnetic flux at the SQUID. As a consequence, the fluxmap would horizontally shift
towards absolute zero flux (e.g., a shift of the fluxmap to the left in Fig. 5.1). Matching the
observation, this would cause the frequency on the left and right fluxmap side to shift in δf < 0
and δf > 0, respectively. Furthermore, larger input powers and therefore higher AC currents
would correspond to a larger magnetic field change, since more spins would be scrambled. This
would result in a larger effective shift, matching the obtained power dependence of δf . Lastly,
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Fig. 5.13 Fluxmaps of WSQL9 C24 (CD50 ) with the mechanical feedthrough a) with the
experiment resting on the thermalisation pieces, b) after lifting the setup.

the relaxation time of the spins should feature the same timescale dependence on temperature
as observed for the frequency shift and, since higher temperatures allow for a higher degree of
initial disorder, it would also explain the change in amplitude. Nevertheless, experimentally
quantifying the influence of surface spins remains challenging, and further advances are required
to verify this hypothesis.

5.2 Mechanical Mode in the Absence of Backaction
Within this section, we present measurements of the mechanical resonator in the absence of back-
action. We start by assessing how well the suspension setup isolates the mechanical mode from
environmental vibrations. Further, we show measurments responsible for the implementation of
the eddy current damper. Subsequently, we characterize the thermalisation of the mechanical
mode. Here, we also compare the mode occupation for the pulse tube (PT) – the primary re-
source of vibrations – turned off versus turned on. The section concludes by characterizing a
shift of the mechanical frequency depending on the bias frequency of the cavity.

5.2.1 Performance of the suspension setup
One can get a qualitative estimate of the mechanical noise exciting the cantilever by monitoring
the cavity while flux tuning. As the coupling strength increases towards lower bias points, the
mechanical motion progressively washes out the cavity response. This effect becomes more pro-
nounced for higher mechanical excitation, since the frequency shift induced by the optomechan-
ical coupling scales as g0

√
n̄m. By implementing the mechanical feedthrough, we can perform

an in-situ comparison of the mechanically induced cavity noise before and after suspending the
setup, as shown in Fig. 5.13. Before lifting the setup, the cavity response is barely visible except
close to the upper sweet spot, indicating a highly excited mechanical mode driven by vibrations
from the PT. Upon lifting the setup with the feedthrough, we can detect a clear cavity response
throughout the whole fluxmap, which is a good indication of sufficient mechanical isolation from
its environment.

The influence of the PT on the mechanical mode can be seen in the stability measurements
displayed in Fig. 5.14. Here, we repeatedly monitor the cavity over a certain time span. Prior to
the installation of the suspension setup (Fig. 5.14a)), a clear change in cavity shape is visible as
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soon as the PT is turned on. However, with the suspended setup, we obtain a clear cavity signal
with the PT running, comparable to the one obtained for the rigidly connected setup PT off.
Even over the time span of an hour, the system remains stable without any indication of vibra-
tional noise or flux drift. Additionally, to validate the performance of the suspension setup, we
compare the cavity response at higher coupling strengths with measurements obtained using the
rigidly connected setup. The results are shown in Fig. 5.15a) and b). Even for the PT off, the
cavity response for the rigidly connected setup is dominated by a noise pattern with increasing
flux sensitivity, with the main components of the noise below 100Hz [2]. The presence of this
noise renders any mechanical measurements impossible, thereby preventing us from operating
the system at these high coupling strengths. Repeating the measurement at similar coupling
strengths for the suspended setup PT on, we obtain a qualitatively clean cavity response. The
cavity broadening observed at the highest coupling strength can be attributed to the optome-
chanical interaction. As we scan the cavity slower than the mechanical frequency, we effectively
average over the oscillating cavity response caused by the high coupling to the mechanics, re-
sulting in a broader appearance of the cavity scaling as κl ∝

√
n̄m,thg0. These results suggest
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Fig. 5.16 a) 0Hz-span VNA measurement on resonance with the cavity (with cantilever
mounted) showing a clear oscillation. b) Fourier-transform of the data with a
clear peak at 2.7Hz.

that even PT on the suspension setup achieves a significant decoupling of the mechanical mode
from the vibration environment of the cryostat. Measurements on the mechanical occupation
displayed in Fig. 5.15c) further validate the good performance of the suspension setup. Here,
we measure the thermal occupation of the mechanical mode by probing the system on resonance
with a weak tone to avoid backaction. PT on with a rigidly connected setup, the mechanical
occupation is 400 times higher than the thermally expected one. However, upon turning off the
PT we typically measure the mechanical mode to be thermal [2]. This further underscores the
detrimental influence of the PT vibrations on the system. By suspending the experiment, we
observe a thermal mechanical occupation regardless of the PT state.

In summary, these measurements demonstrate the effective performance of the vibration
isolation. Data from both the cavity and the mechanical mode indicate a nearly complete de-
coupling from the primary source of vibrational noise – the pulse tube – as well as an overall
reduction of the vibrational environment seen by the cantilever. This improvement should, in
principle, enable operation at higher coupling strengths than prior to implementing the sus-
pension setup. Another important benefit of the setup is that it drastically increases our data
acquisition rate. With the rigidly connected setup, mechanical measurements required us to
turn off the PT. However, turning off the PT steadily increases the cryostat input pressure of
the mixture and warms up the cryostat, starting from the upper plates. To allow for stable and
continuous operation of the cryostat, we were forced to limit our measurement times per day to
a few, distributed slots. With the stability gained by decoupling from the PT vibrations due to
the suspended setup, measurements on the mechanics are not bound to any external conditions
and can run as long as necessary.

To conclude this section, it is important to mention what happens if the suspension setup
itself remains undamped. By continuously improving the setup, for example through the use of
flexible microwave cables and copper braids, the quality factor of the suspension’s eigenmode
became sufficiently high to observe a ring-up. This caused a noise pattern similar to the one
shown in Fig. 5.15a) while scanning cavity. By placing the VNA on resonance of the cavity and
recording its transmission over time, a coherent oscillation was visible (Fig. 5.16). A Fourier
transformation reveals that the main component is found at 2.7Hz, which agrees with the
expected resonance frequency of the vertical motion. As the noise caused by the eigenmode of
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Fig. 5.17 Temperature ramp at ωc/2π = 8.152GHz with the setup rigidly connected to the
base plate PT on versus PT off (CD18 ): a) mechanical occupation with a linear
fit to extract the coupling strength, b) mechanical linewidth with a ∝ T ν-fit and
c) frequency with a ∝ ln(T/T0)-fit [121–123]. Data taken from [2].

the spring renders the vibration isolation ineffective, we had to implement a damping mechanism
which simultaneously preserves the vibrational decoupling from the cryostat. As described in
chapter 4, we installed an eddy current damper, which enabled us to acquire the results presented
in the following sections.

5.2.2 Determination of the optomechanical coupling via temperature scans
Using the Gorodetsky calibration method to correct for the system’s transfer function (sec.
4.3.2), Eq. (4.32) shows that the mechanical signal is proportional to g0

√
n̄m. To indepen-

dently extract the coupling rate, we have to know the mechanical occupation. To do this, we
measure the mechanical signal at different base temperatures at the same bias frequency of
the cavity. To ensure a thermal mode occupation, we avoid backaction by using a weak probe
tone on resonance with the cavity. Assuming a thermalized mode, the mechanical occupation
n̄m depends linearly on the mode temperature according to the Bose-Einstein distribution in
Eq. (2.23). Consequently, for a thermalised mechanics, fitting the slope of the extracted g2

0n̄m
against temperature allows a determination of the coupling strength g0.1 In the following, we
present temperature scans from one cooldown without and three representative cooldowns with
the suspension setup installed. Since this measurement scheme requires the mechanical mode
to be thermal, this provides an additional means to verify the performance of the vibration
isolation in each cooldown.

Fig. 5.17 displays the result of the temperature scan measuring with PT on and PT off
for the rigidly connected setup. As we expect from Eq. (2.23), we see a clear linear trend in
mechanical occupation PT off with increasing temperature, where a linear fit yields a coupling
strength of g0/2π = 48.7(4)Hz. In contrast, turning the PT on results in a highly excited me-
chanical occupation, which increases significantly towards lower temperatures. This behavior
is most likely linked to the reduction in mechanical linewidth Γm. The narrow linewidth and
therefore long-lived excitations at low temperatures leads to a ring up of the mechanical mode.
As Γm broadens with temperature, the response of the mechanics to the PT is reduced (see Eq.

1The data acquisition procedure itself at each base temperature is identical to the one discussed in section
5.3.1.
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(4.3)), resulting in a gradual decrease of n̄m [2].
The discrepancy in n̄m between PT off and PT on is not present in the obtained mechanical
linewidth and frequency. Following [122], a T ν temperature dependence is fitted to the me-
chanical linewidth Γm yielding ν = 0.59 and a logarithmic scaling with temperature is fitted to
the mechanical frequency ωm. The obtained restults agree with findings for micromechanical
resonators at low temperatures in Refs. [121–124]. Here, the authors attribute the tempera-
ture scaling obtained for Γm and ωm to the coupling to tunneling TLS. The oscillation of the
mechanical resonator leads to a time-varying elastic strain field, which brings the TLS out of
thermal equilibrium. Coupling to the mechanical mode, the flow of energy corresponding to
the relaxation of the TLS with T1,TLS acts as an additional damping mechanism to the natural
linewidth of the mechanics. Naturally, T1,TLS decreases towards higher temperatures, leading
to an induced broadening with temperature as Γm ∝ T ν . The exact scaling depends on the
coupling mechanism, where one finds ν = 0.5 for phonon coupling in the 1D case, and ν = 1 for
electron coupling in general and phonon coupling in 2D [122]. At higher temperatures, Γm will
saturate as the TLS reach population equilibrium. As the dominant phonon wavelength of Si
at 1K is ∼ 0.1µm [125], we would expect a 3D temperature dependence given by the cantilever
dimensions. However, studies on silicon resonators coated with aluminium in the normal and
superconducting state allowed to investigate the importance of normal-state electrons on the
TLS induced damping mechanism [123]. In the superconducting state without normal-state
electrons a Γm ∝ T 1.5 scaling was found, whereas in the normalconducting state a Γm ∝ T 0.65

scaling could be observed, similar to the one in Fig. 5.17. As the AFM cantilevers used in
out system are doped to avoid charge build up, the temperature dependence might indicate a
dominant electron contribution to the relaxation processes at hand. Furthermore, the coupling
to the TLS also results in a change in the speed of sound, which causes a frequency shift of the
mechanics given by (ωm − ωm,0)/ωm,0 = C ln(T/T0) (C represents the TLS coupling strength
and ωm,0 is the mechanical reference frequency at temperature T0). The good agreement of Γm
and ωm indicates that – for both PT on and PT off – the physical temperature of the mechanical
mode (and the TLSs) thermalizes to the actual base temperature. This further supports the
assumption that the increased occupation for PT on is caused by external excitations rather
than an elevated intrinsic temperature of the mode.

Fig. 5.18 shows the result of the mechanical characterization during the temperature scans for
the installed suspension setup throughout 3 cooldowns. CD41 is represented twice Fig. 5.18b)
and c), as we attached an additional temperature sensor on the experiment to track thermaliza-
tion of the suspended can. Each cooldown exhibits a temperature dependence similar to that
of the rigidly connected setup, with Γm ∝ T ν and an average exponent of ν̄ = 0.59(3). However,
instead of clear logarithmic temperature dependence of ωm associated with the coupling to TLS,
we observe a rather linear dependence1. If these changes correlate to the installation of the iso-
lation setup or the repositioning of the cantilever discussed in Fig. 5.3 can not be distinguished.
Nevertheless, the clear temperature dependence indicates a thermalization of the mechanical
mode, which is further supported by the mostly linear temperature dependence of the extracted
mode occupation. Within one of the first cooldowns using the suspension setup CD35 shown in
Fig. 5.18a), the mechanics exhibits systematically higher n̄m for PT on compared to PT off, in-
creasing with temperature. Interestingly, the behavior PT on differs clearly to the one observed
for the rigidly connected setup in Fig. 5.17. It has to be mentioned that for this cooldown

1For the two frequency outliers in CD41, which represent chronological the first measurments in Fig. 5.18b)
and c), the spectrum analyzer was not locked to the probe, which explains the frequency offset.
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Fig. 5.18 Temperature ramp PT on versus PT off for different cooldowns with the in-
stalled suspension setup. For each cooldown we display the mechanical occupa-
tion with a linear fit to extract the coupling strength, the mechanical linewidth
with a ∝ T ν-fit, and frequency with a ∝ ln(T/T0)-fit [121–123]. a) CD35 at
ωc/2π = 8.072GHz with 4 Copper braids connected and no eddy current damper.
b/c) CD41 at ωc/2π = 8.0665GHz with an additional temperature sensor on
top of the experimental setup with 3 Copper braids connected, plotted against
temperature according to the base/experiment sensor, respectively. d)CD42 at
ωc/2π = 8.0955GHz with the suspension setup with 2 Copper braids from base
connected to the experiment and 2 additional copperbraids from the T-beam to
the inner shields.
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CD18 CD35 CD41 CD42
z2 (µm) 30(1) 20(1) 29(1) 29(1)
g0 (Hz) 47.6(4) 189.8(2.9) 180.3(4.4) 98.9(2.4)

ggeo (µΦ0) 0.299(3) 0.63(1) 0.38(1) 0.41(1)

Tab. 5.2 Vertical distance z2, measured coupling strength g0, and calculated geometric
factor ggeo for different cooldowns.

the eddy current damper was not installed. Whereas a clear indication of the eigenmode as
seen in Fig. 5.16 was missing, the PT could drive the eigenmode of the suspension. With an
increase in the cantilever linewidth, the coupling to the system oscillation would increase, which
could lead to the observed discrepancy. The additional temperature sensor for CD41 in Fig.
5.18b) and c) reveals that, especially for low base temperatures, the experiment lags behind,
highlighting the importance of sufficient wait times to ensure proper thermalization. Otherwise,
we see that the progressive improvements in the overall setup result in an identical mechanical
occupation for PT on and off. As we identified in section 4.1.3, the magnetic shielding of our
experiment in particular caused the slow thermalization of the can, we attached two additional
copperbraids from the T-beam to the shields for cooldown CD42. However, for this cooldown we
observed an increase of n̄m towards lower temperatures in Fig. 5.18d), which limits the lowest
achievable mode occupation to an effective bath temperature at 150mK. This behavior might
indicate that the magnetic shield reaches – due to an insufficient thermal contact to base – an
equilibrium temperature higher than the base temperature. This could be caused by heat radi-
ation off the copper shield connected to the still plate, which remains at ≈ 1K. By thermally
anchoring the T-Beam to the shield, it seems plausible that the whole system including our
mechical resonator remains at an elevated temperature. For comparable systems in literature,
this thermal bottoming out of mechanical resonators is reported [28, 126]. Nevertheless, the lin-
ear temperature dependence above 150mK still allows for an extraction of the coupling strength.

The extracted coupling strength over the different cooldowns allows us to compare the geo-
metric factor ggeo = ∂Φ/∂z zzpm = g0/(∂ωc/∂Φ) (Eq. (2.4)). Therefore, we divide the extracted
g0 by the frequency slope at the bias frequency of the temperature scan obtained from the
fluxmaps in Fig. 5.3 (fluxmap for CD18 not shown here). The results together with the corre-
sponding vertical distance z2 of the sample configuration are summarized in Tab. 5.2. We find
throughout the cooldowns a quite consistent geometrical coupling factor, except for the ggeo ex-
tracted from cooldown CD35. Here, the sample position changed, resulting in a vertical distance
of z2 = 20(1)µm. With the magnet closer to the SQUID, we would expect a higher geometrical
coupling factor, agreeing with the increased ggeo for CD35. Furthermore, the geometrical fac-
tor with ggeo ≈ 0.4µΦ0 is of the same order of magnitude as calculated for a magnetization of
mz = 1−5nAm2 in our simplified model shown in Fig. 3.15a). This value of mz also aligns with
findings of comparable samples in the magnetometer measurements shown in section 4.3.5.

5.2.3 Mechanical frequency shift with flux bias

In addition to the thermally induced changes in the mechanical properties, we observe a change
of the cantilever properties depending on the flux bias applied to the SQUID. To investigate this
flux dependence, we detect the mechanical mode in Fig. 5.19a) at the same cavity bias frequency
over the range of 30Φ0 and for different bias frequencies within the lobe around 0Φ0 applied flux.
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As visible in Fig. 5.19b), the mechanical frequency shifts linearly with the cavity frequency,
whereas it remains effectively constant over several flux lobes as shown in the inset. For the
mechanical linewidth in Fig. 5.19c), no dependency on the applied flux nor cavity frequency
can be found. As shown for the simulations in Fig. 3.16, we expect a frequency shift of the
mechanics due to the formed screening currents in the SQUID. Since the amplitude of the
screening current is directly related to the cavity frequency, the dependence of the mechanical
shift on the cavity frequency matches the trend and magnitude predicted by our model. Starting
from the bare SQUID parameters extracted from the flux-tuning behavior, we reproduce the
tuning characteristics of CD31 shown in Fig. 5.3. With a distance of z2 − z1 = 26.4µm and
a magnetic moment of mz = 2.4nAm2, the simulated mechanical frequency shift qualitatively
agrees with the experimental data, exhibiting a similar dependence on ωc and a comparable
magnitude. However, as seen for the simulated fluxmaps in Fig. 5.2, the simplification within
the model prevent a fully quantitative agreement. As the screening current remains the same at
a constant cavity frequency at higher flux lobes, the invariance of the frequency shift over 30Φ0
further supports this hypothesis that the frequency shift is caused by the change in the screening
currents. However, as the cantilever moves within the magnetic field created by the screening
currents, the creation of eddy currents within the cantilever/magnetic particle should lead to
an increased damping towards higher loop currents at lower cavity frequencies. Indeed, this
behavior was found for another of our samples in [80]. For the sample shown here, the absence
of frequency dependence of the linewidth might indicate that the added damping is negligible
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compared to other damping mechanisms present.

5.3 Backaction Measurements with a Nonlinear Cavity
In this section, we present the results of the mechanical mode under backaction of our non-
linear SQUID-cavity. Therefore, we start with a short discussion of the data acquisition and
treatment. Then, we use the theoretical model introduced in chapter 2.3 to explain the cooling
of the mechanical mode at low coupling strength. Subsequently, we increase the coupling to
investigate how much additional optical damping we can induce in the mechanics. Lastly, to
our knowledge, we demonstrate for the first time backaction cooling beyond bistability of the
cavity with good agreement with the theoretical predictions.

5.3.1 Data acquisition and treatment

The original data acquisition and treatment was developed by M. L. Juan and D. Zöpfl for Ref.
[3, 4] and was adapted for my publication [5] discussed in section 5.3.4. As the Appendix of [2]
provides a thorough explanation, we restrict ourselves here to the key points.

For the data acquisition, we start to match our delay line by setting our digital phase shifter
(see Fig. 4.10) to allow for the Gorodetsky calibration discussed in section 4.3.2. A sufficient
matching is achieved if the calibration sideband for a maximized modulation amplitude corre-
sponding to Dev = ωmod (typically factors 3−10 higher than the one used in the measurement)
resides below the noise floor of the spectrum analyzer with the cavity detuned (leakage check).
To avoid the necessity of redoing the matching for each detuning ∆, we keep the drive at a fixed
frequency and flux tune the cavity. To achieve the desired detuning, we utilize an autotune rou-
tine based on the flux slope extracted from a narrow fluxmap around the drive frequency. As the
set detuning is reached, we start one data set consisting of five repeated pairs of measurements:
a VNA trace followed by turning on the drive and taking the mechanical spectrum. This is
important to correlate the detected mechanical signal to a precise detuning, as the sensitivity to
flux noise or frequency drifts increases for the narrow cooling features in the nonlinear backaction
regime. After one data set, we reevaluate the detuning and retune if necessary. Repeating this
four times results in 20 spectras for one set of detuning. The measurement is then concluded by
a leakage check of the calibration with the cavity far detuned.
We begin the data treatment by evaluating the leakage for the set detuning. If the leakage ex-
ceeds a threshold, the whole data set for this detuning is discarded. Then, we check for present
flux noise during each data set. Therefore, we extract the cavity frequency from the VNA traces.
If within one data set, the obtained detunings vary amongst each other more than a set tresh-
hold or are shifted to far from the set detuning, we discard the whole data set. The remaining
data is rearranged by applying a k-means binning [127], grouping points with similar detunings.
Each of those bins again consists of 20 spectrum traces and is divided into five groups. After
removing excess noise peaks, the mechanical signal is fitted with Eq. (2.16) and each data point
in the presented cooling traces corresponds to the average of the groups for each bin with the
standard error. As we frequency tune the cavity instead of the pump, in a last step we have to
renormalize the extracted occupation n̄m and frequency shift δωm for the small difference in g0
and ωm (sec. 5.2.3). Extracting g0 from our temperature scans and scaling it correctly with the
frequency slope, we fit the mechanical linewidth and frequency shift with our theory model from
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Fig. 5.20 Cooling trace at a bias frequency of ωc/2π = 8.0905GHz corresponding to
g0/2π = 102.5Hz with the suspension setup PT on vs PT off. a) mechanical
occupation, b) mechanical linewidth, c) mechanical frequency. Insets highlight
the frequency range of best cooling (grey line). The fit yields K/2π = 15.0(2)kHz
and n̄in/n̄in,bi = 0.936(4) (CD41 ).

chapter 2.3 to extract the input photon number rate n̄in/n̄in,bi and the K nonlinearity, which
turned out to be the most robust fitting option.

5.3.2 Nonlinear Backaction at low and intermediate g0

Fig. 5.20 shows a cooling trace taken at a low g0/2π = 102.5Hz and an input power close to the
onset of bistability. For the data presented, we took advantage of the enhanced data acquisition
rate due to the implementation of the suspension setup, enabling us to measure with the PT
running. For comparison, a few data points were taken with the PT off. As we see, the vibrations
of the PT lead to a slightly elevated mode occupation n̄m around the detuning corresponding
to best cooling. As we cool the mechanical mode from its thermal occupation of n̄m ≈ 104 down
to n̄m ≈ 500 PT off, any excess population of the mechanical mode due to residual PT noise
becomes visible. By comparing to the PT off results at best cooling, we can estimate this excess
population to around n̄m,noise ≈ 500. With n̄m,noise being an order of magnitude lower than
the thermal occupation, the difference between PT on and off within the temperature scan in
Fig. 5.18b/c) could not be resolved, where we found reasonable agreement within the given
uncertainties for both cases.
However, even at such high input power associated with a significant narrowing down of the
cooling feature and thus increased sensitivity to flux noise, we see that neither linewidth Γm nor
frequency shift δωm is influenced by the PT state. From the absence of a PT related bottoming
out in Γm and δωm as reported for backaction measurment with the rigidly connected setup [2],
we can conclude that cooling efficiency is not significantly affected by the PT noise at these
coupling strengths for the suspended setup. However, we still observe some influence of the PT
reflected in the increased phonon occupation.

Fitting our nonlinear cooling model to the extracted Γm and δωm PT on data yields a
K/2π = 15.0(2)kHz and n̄in/n̄in,bi = 0.936(4). The obtained K is in good agreement with the
results obtained by fitting the cavity response of K/2π = 12(3)kHz at a similar flux bias point
in CD42 shown in Fig. 5.5. We see that the fit curve captures well the best cooling for the PT
off measurement, which further supports our statement of the PT induced excess occupation.
Furthermore, this close to the onset of bistability, we see in the data that maximal δωm deviates
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Fig. 5.21 Cooling trace at a bias frequency of ωc/2π = 7.915GHz corresponding to g0/2π =
850Hz with the suspension setup PT on vs PT off. a) mechanical occupation,
b) mechanical linewidth, c) mechanical frequency. As we operate the system
below the Kerr-anomaly, a fit with the theoretical model is not possible. For the
higlighted detunings (stars) the corresponding spectra are shown in Fig. 5.22.
(CD32 )

from the best cooling in Γm and n̄m as highlighted by the grey line in the inset of Fig. 5.20. As
discussed in the theory section 2.3, this effective resemblance to the resolved case is expected to
arise due to the nonlinearity of our cavity. However, due to vibrational noise in the system, such
a clear experimental verification was not possible before the implementation of the vibration
isolation.

To investigate the overall achievable cooling on the mechanical mode with the suspension
setup, we take a cooling trace at an intermediate coupling strength of g0/2π = 850Hz. The input
power is set to the equivalent of the VNA power needed to reach bistability in the cavity response.
In Fig. 5.21, the resulting cooling trace is presented. Due to the additional complexity of the Kerr
anomaly below a cavity frequency of ωc/2π = 8.04GHz, a fit to the data with the theory model is
not possible at these coupling strengths. A clear indication of the presence of the Kerr anomaly
is that we find best cooling close to ∆/2π ≈ 0MHz, whereas for the lower g0 measurement in Fig.
5.20 best cooling is found at ∆/2π = −2MHz. Overall, we achieve a minimal phonon occupation
of ∼ 50 for PT off and a slightly elevated occupation of ∼ 90 PT on, which corresponds to a
reduction of 160 and 90 in the occupation starting from n̄m,th(100mK) ≈ 8000, respectively.
The same factor as found for the occupation PT off is obtained for the optomechanical induced
damping for both PT states, increasing the linewidth from Γm/2π = 0.4Hz to Γm/2π = 65Hz.
However, in comparison to the PT off data, the observed frequency shift δωm PT on bottoms
out towards ∆/2π = 0MHz. This observed trend for the PT on data suggests that residual
noise washes out the cavity response, causing a decrease in the cooling capability at the chosen
coupling strength and this initial iteration of the suspension setup (CD32 ).
This is further supported by looking at the spectra displayed in Fig. 5.22 for the highlighted
detunings. To properly visualize the reduced mode occupation via the measured spectra, we
have to rescale the measured intensity spectrum SII to its position spectral density Szz using
the Gorodetsky calibration (sec. 4.3.2). As we tune the drive towards the cavity, we observe
for a constant deviation of the frequency modulation an increase of the calibration tone height
SII(ω = ωmod). As we use SII(ω = ωmod) to calibrate our system, an increase in its height directly
corresponds to a higher detection efficiency in Szz of our system. Since this arises directly from
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Fig. 5.22 Mechanical spectra for the highlighted detuning in Fig. 5.21 a) PT on and b)
PT off. With the use of the Gorodetsky calibration (sec. 4.3.2), we rescale
the measured spectrum SII → Szz. It is worth noting that the offset at different
detunings is not artificial, but rather arises directly from our detection efficiency,
which is enhanced by the nonlinearity. Solid lines are fits according to Eq. (2.16).
(CD32 )

the enhanced transduction of the cavity response (i.e. a steep slope in amplitude and phase),
the skewed cavity response due to its nonlinearity provides an additional boost to the detection
efficiency. Thus, with the nonlinear mode shape, the effective detection noise-floor decreases as
it is visible for the spectra shown in Fig. 5.22. Whereas we observe qualitatively comparable
spectra for none and intermediate cooling regardless of the PT state, at strong cooling, the higher
observed background level PT on is evidence for a reduced detection efficiency. This is typically
an indication of noise causing frequency fluctuations that wash out the steep response of the
nonlinear cavity. This corresponds to a decrease in the cooling capability PT on as observed in
Fig. 5.21.

5.3.3 Nonlinear Backaction at high g0

To investigate the cooling behavior at high coupling strength, we tune the bias frequency of our
cavity to ωc/2π = 7.76GHz, which corresponds to a g0/2π = 3.52kHz. Similar to before, the
drive power is set to the VNA power required to reach bistability in the cavity response. The
resulting cooling trace is depicted in Fig. 5.23. Furthermore, for the detuning associated with
best cooling, we additionally take measurements with the PT off. However, for these points, an
extraction of the mode occupation via a fit to the spectra is not possible as shown for two spectra
in Fig. 5.24. Rather than a single peak, the mechanical signature splits into three distinct yet
weak signals at those detunings. Interestingly, two peaks appear at δωm < 0 associated with
strong and intermediate cooling, whereas the third one is found at δωm > 0 assigned to heating of
the mechanics. To extract the corresponding phonon numbers displayed in Fig. 5.23, we rescale
the spectra with the Gorodetsky method and rely on a manual integration over the whole range
yielding a mechanical occupation of n̄m = 37 and n̄m = 24 for the spectra displayed in Fig. 5.24.

It is not yet clear why three peaks are observed instead of a single one, unlike the measure-
ments at intermediate g0 in Fig. 5.22. Nevertheless, a possible explanation could be the slow
frequency shift δf discussed in section 5.1.5. As we observed, this frequency shift not only scales
in amplitude with drive power but also flux sensitivity and thus g0. Measuring on the right
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Fig. 5.23 Cooling trace at a bias frequency of ωc/2π = 7.75GHz corresponding to g0/2π =
3.52kHz with the suspension setup. a) mechanical occupation PT on by fitting
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with the theoretical model is not possible. (CD50 )

400 300 200 100 0 100 200
m/2  (Hz)

10 1

100

S z
z/z

2 zp
m

 (H
z

1 )

a)

nm = 37

400 300 200 100 0 100 200
/2  (Hz)

10 1

100

S z
z/z

2 zp
m

 (H
z

1 )

b)

nm = 24

Fig. 5.24 Spectra PT off at a bias frequency of ωc/2π = 7.75GHz corresponding to g0/2π =
3.52kHz for the cooling trace shown in Fig. 5.23. The mechanical occupation
of n̄m = 37 and n̄m = 24 is extraced using manual integration. (CD50 )

fluxmap side in combination with the large g0 and a strong input power close to bistability, δf
might lead to sustained oscillations of the cavity. This is especially relevant close to the detuning
associated with optimal cooling, where we expect the steepest change in photon number with de-
tuning. Thus, during the acquisition time of the mechanical signal, the effective detuning might
oscillate between strong cooling and heating. However, before bifurcation of the cavity, the back-
action would change gradually during the data acquisition resulting in a single yet asymmetric
mechanical peak as discussed in [2, 4]. Although, if the input power actually exceeds the bistable
cavity input power, the cavity would abruptly switch between the two photon number branches
as shown in Fig. 5.10, leading to cooling or heating. This state switching – instead of a gradual
changing detuning during the data acquisition – would lead to the appearance of distinguish-
able peaks in the spectrum as seen in Fig. 5.24. Any presence of flux noise and the frequency
modulation of the drive tone needed for the calibration routine would further amplify this effect.

To decrease the influence of δf , we slightly reduce the drive power to avoid a state switching
of the cavity and turn the frequency modulation off. On one hand, this allows us to frequency
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Fig. 5.25 Cooling trace at a bias frequency of ωc/2π = 7.75GHz corresponding to g0/2π =
3.52kHz. Instead of the cavity, we frequency tune the drive, while keeping it
turned on for the whole measurement. For each drive frequency, we take a
weak VNA scan of the cavity, and every third VNA measurement five spectra.
VNA measurement with the drive frequency (solid line), mechanical spectra, and
extracted mechanical frequency shift and linewidth for a drive power a) 5dB and
b) 2dB less than the VNA power needed to reach bistability. Slices marked with
the dashed lines are displayed seperately in Fig. 5.26. (CD50 )

tune our drive instead of the cavity, as we do not require matching the delay line for a proper
calibration as mentioned in section 5.3.1. On the other hand, without calibration, a precise
determination of the mode occupation is no longer possible. However, we can use the broadening
of the mechanical linewidth Γm to estimate an upper and lower limit for n̄m at negative detunings.
Therefore, we use Eq. (2.41) and overestimate the Stokes process ΓS for cooling by calculating
its value on resonance of the Kerr-shifted cavity at a detuning ∆ = −n̄cK. For this detuning, ΓS
and the intracavity photon number n̄c are given by

ΓS(∆ = −n̄cK) = g2
0n̄cκl

ω2
m + κ2

l /4
(ω2

m + κ2
l /4)2 + κ2

l ω2
m

(5.1)

n̄c(∆ = −n̄cK) = 4
2

κc

κ2
l
2π

Pg

ℏωc
(5.2)

neither of which is dependent on K. For a lower limit, we neglect the unwanted backaction
heating of the cavity completely, which results in the bounds for n̄m as

n̄th
Γm,0

Γm
≤ n̄m ≤ n̄th

Γm,0

Γm
+ ΓS(∆ = −n̄cK)

Γm
, (5.3)
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Fig. 5.26 Linecuts of a) the VNA and b) spectra measured in Fig. 5.25b). The solid line for
the olive-colored VNA trace represents a model including the optomechanically
induced frequency shift. For the spectra, solid lines are fits according Eq. (2.16).
(CD50 )

with Γm,0 the natural mechanical linewidth and n̄th the thermal mode occupation. These limits
will be used to estimate the final phonon occupation n̄m in the following.

The resulting cooling traces for a drive power 5dB and 2dB less than the equivalent VNA
power needed to reach bistability are displayed in Fig. 5.25a) and b), respectively. To ensure
that the cavity remains at in a steady state due to the frequecy shift δf , we keep the drive on
during the whole measurement and gradually tune it through the cavity. At each detuning, a
weak VNA scan of the cavity is performed. Every third scan is accompanied by the acquisition
of five spectra, whose average is fitted to extract the mechanical frequency shift and linewidth.
For both input powers, the cavity response initially remains unaffected for the drive far detuned,
with a steadily increasing effect on the mechanical properties due to the induced backaction.
As the drive approaches the cavity resonance, we observe a sudden frequency change of the
cavity response, which is caused by its Kerr-nonlinearity in combination with δf . This aligns
with the largest induced optomechanical damping on the mechanics. As we start to heat the
mechanical mode – indicated by the increase in signal intensity in the spectra – the cavity
response significantly broadens and becomes shallow. Following the drive, the cavity continues
to broaden until it snaps back to its undriven state for large drive detunings, accompanied by
the mechanics returning to its backaction-free signature (see Fig. 5.25a) at ∆/2π ≈ 15MHz).

Fig. 5.26 shows linecuts of the measurements in Fig. 5.25b) for the three highlighted de-
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Fig. 5.27 Cooling trace at a bias frequency of ωc/2π = 7.75GHz corresponding to g0/2π =
3.52kHz. During the measurement, the drive remains on while the drive power
is continuously increased. At each power, we take a weak VNA scan of the
cavity and five spectra. VNA measurement with the drive frequency (solid line),
mechanical spectra, and extracted mechanical frequency shift and linewidth for
a detuning of the drive of a) ∆/2π = 4.5MHz and b) ∆/2π = 4.0MHz. Slices
marked with the dashed lines are displayed seperately in Fig. 5.28. (CD50 )

tunings. Already at a detuning of ∆ = 10MHz, we acquire a strong mechanical signal already
indicating a small effect of backaction as seen by δωm < 0. Even with the reduced power and
without the frequency modulation of the drive, for the detuning corresponding to best cooling
we can see the appearance of weak second peak next to a highly damped mechanical mode.
However, relative to the signal in Fig. 5.24, the feature appears less pronounced, as indicated
by its smaller amplitude compared to the main peak. The observed broadening of the cavity
response, as soon as we start to heat the mechanical mode, can be understood as a resonant
driving of the mechanics. With the drive kept on while varying the detuning, the increased me-
chanical occupation induces an oscillation of the cavity resonance at the mechanical frequency,
with amplitude proportional to 2g0

√
n̄m. As the mechanical mode does not ring down during

one oscillation, this frequency shift of the cavity is sufficient to pull the cavity back into the
drive, which resonantly heats the mechanical mode. This broadening in the cavity response
continues towards larger drive detunings as long as the mechanical occupation increases and
breaks down when the occupation saturates, which depends on the applied power. Therefore,
the broadening for the higher drive power is obtained over a larger range of detunings. As a
consequence, we can use the cavity broadening to roughly extract the mode occupation. To
model this, we sinusoidally modulate the cavity resonance frequency with an amplitude 2g0

√
n̄m

and average over one period. The resulting cavity response assuming this model can be seen for
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Fig. 5.28 Linecuts of a) the VNA and b) spectra measured in Fig. 5.27. The colored
vertical lines in the VNA measurements represent the drive detuning for the
corresponding cooling trace. For the spectra, solid lines are fits according to Eq.
(2.16). (CD50 )

the heating trace in Fig. 5.26c) corresponding to a mode occupation of n̄m ≈ 8 · 106.

Instead of sweeping the detuning of the drive, we choose a range of fixed detuning associated
with good cooling, judging from Fig. 5.23, and continuously increase the drive power. Two
of the obtained cooling traces at a drive detuning of ∆/2π = −4.5MHz and ∆/2π = −4.0MHz
are shown in Fig. 5.27. With increasing drive power, the backaction on the mechanics steadily
grows, as visible from the measured spectra. Initially, the drive induces a gradual shift of the
cavity resonance frequency as it starts to populate the cavity. This is followed by a sudden
jump of the cavity accompanied by an increased depth of the cavity response, which aligns with
the largest broadening of the mechanical linewidth. For even higher power, the cavity signal
starts to develop a double feature – a dip followed by a peak – called a signal and idler typically
observed for strongly driving Kerr-cavities [49, 128]. The appearance of this additional mode
by weakly scanning the cavity response in the presence of a strong drive is attributed to para-
metric amplification and degenerate four-wave mixing [49]. To provide a more detailed view,
linecuts for the highlighted powers in Fig. 5.27 are shown in Fig. 5.28. For both detunings
at the drive power associated with best cooling, the VNA traces clearly show a very narrow
and deep dip around the drive tone. The appearance of such an effective resonance with a
reduced linewidth was observed for a similar setup in [49]. Here, the reduction in linewidth was
attributed to an internal feedback-loop canceling flux noise due to a Kerr shift in combination
with a power saturation of TLS due to the presence of the strong pump. As mentioned in sec.
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Fig. 5.29 Lower and upper cooling limits calculated from the extracted mechanical
linewidth Γm using Eq. (5.3) for the mechanical mode thermalized to a base
temperature of 100mK. The dashed line represents the lower limit for a base
temperature of 40mK. Corresponding cooling traces: Tuning the drive frequency
at constant power a) 5dB (Pd = −12dBm) and b) 2dB (Pd = −9dBm)) less than
the VNA power needed to reach bistability in Fig. 5.25. For increasing the drive
power at constant detuning c) ∆/2π = −4.5MHz and d) ∆/2π = −4.0MHz in
Fig. 5.27.

5.1.5, the additional frequency shift δf in our system on the right side of the fluxmap could also
lead to a similar stabilization of the cavity frequency. However, as observed at higher powers
with the appearance of a broad signal and idler resonance, heating of the mechanical mode and
state swapping beyond bistability due to δf degrade this stabilization effect for too high input
powers. As for the frequency tuning of the drive, without the modulation of the drive tone
the obtained mechanical spectra appear cleaner with a maximum linewidth of the mechanics of
Γm/2π ≈ 406Hz corresponding to a 500 fold increase of its natural linewidth of Γm,0/2π = 0.8Hz.

To summarize the measurements at high g0/2π = 3.52kHz, we use the obtained linewidths
from the cooling traces shown in Fig. 5.25 and Fig. 5.27 to estimate the resulting mechanical
mode occupation using Eq. (5.3). We see that, due to the conservative choice of input power for
tuning the drive frequency, the overall achievable cooling is reduced compared to measurements
where the drive power is increased at constant detuning. Nevertheless, upon comparison, the
different measurements yield matching results at the corresponding points of same frequency
and same power. Together with the fact that the cooling obtained for the method with proper
calibration in Fig. 5.23 falls slightly above the lower bound displayed in Fig. 5.29c), this is a
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good verification of this method to estimate n̄m.
The lowest mode occupation reached within this system before the suspension setup was

n̄m = 14 in [4], which is close to the values obtained in this chapter. However, one has to
emphasize that this low occupation was obtained at a base temperature of 40mK. The expected
limit corresponding to this lower base temperature is depicted as the grey dashed line in Fig.
5.29. This new lower bound would indicate that the suspension setup might enable us to cool
below a mode occupation of n̄m ≤ 10. Nevertheless, the direct comparison of the results presented
here and in [4] - even though measured on the same sample - should be regarded with some
caution, as repositioning of the cantilver with repeated cooldowns resulted in slightly changed
system parameters as discussed in chapter 5.1 and 5.2.

5.3.4 Nonlinear Backaction in the bistable regime
For the results discussed so far, we restricted the drive power to be below the critical input
power of the cavity n̄in,bi (Eq. (4.11). Within this section, we will discuss the backaction on the
mechanics obtained for input powers exceeding n̄in,bi, based on my publication in [5].

To measure backaction on the mechanics beyond the bistability of the cavity, it is crucial
that we can distinguish the different cavity states - the low and high photon number branches.
It is therefore necessary to adapt the acquisition and data treatment introduced in Section 5.3.1.
Instead of directly turning on the drive at a set detuning ∆, we slowly sweep the drive towards
the desired ∆ to ensure a steady state of the cavity. By using a frequency up/down sweep, we
can select the low/high photon number branch beyond the bifurcation of the cavity, respectively.
Furthermore, we implement a fast VNA measurement triggered by turning off the drive to track
the influence of δf on the cavity frequency during the acquisition time of the spectrum. Due to
the discussed properties of δf in section 5.1.5, we utilize δf on the left side of the flux map to
determine the cavity state during the measurement to avoid data points containing a switching
event.

Fig. 5.30a-c) shows a cooling trace at moderate drive powers and a coupling strength of
g0/2π = (99 ± 1)Hz to minimize the influence of flux noise. Fitting the data with the derived
theory in chapter 2.1.1, we observe good agreement with the experimental results. The fit yields
an input photon number of n̄in/n̄in,bi = (0.54±0.02) and a Kerr constant of K/2π = (14±1)kHz,
which is in good agreement with the results from fitting the cavity response shown in Fig. 5.5.
The displayed thermal phonon number (grey line) corresponds to an extracted effective bath
temperature of Teff = 267mK even though we set the base temperature of the fridge to 100mK.
This is a consequence of the bottoming out of the mode occupation below a base temperature
of 250mK shown in Fig. 5.18d).

Cooling traces for increased input powers corresponding to n̄in/n̄in,bi = 1.9 and n̄in/n̄in,bi =
3.0 are shown in Fig. 5.30d-f) and i-g), respectively. For the different input powers, over a
detuning range of ∼ 0.4MHz and ∼ 2MHz, we observe two distinct backaction curves of the
mechanics depending on the selected branch. The solid lines in the plots depict the theoretical
prediction extrapolated from the parameters obtained from the fit in Fig. 5.30a-c). Even though
we increased the input power by a factor of ∼ 4 and ∼ 6, resulting in a cavity well beyond the
bifurcation point, the prediction accurately describes the data for the two different branches.

In both cases, the backaction in the low photon number branch exhibits a narrow cooling
feature up to the point at which the cavity switches to the high photon number branch, having
reached the end of the bifurcation region. Upon switching, the cavity resides in the high photon
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Fig. 5.30 Cooling traces at g0/2π = 99Hz. a) Phonon number n̄m, b) linewidth Γm/2π and
c) frequency shift δωm/2π for intermediate powers n̄in/n̄in,bi = 0.5. Grey lines
display a steady state at an effective bath temperature Teff = 267mK. Phonon
number n̄m, linewidth Γm/2π and frequency shift δωm/2π for higher powers
of n̄in/n̄in,bi = 1.9 in d-f) and n̄in/n̄in,bi = 3.0 in g-i), respectively. Data and
theoretical extrapolation from n̄in/n̄in,bi = 0.5 in red for the low and green for
the high photon number branch. Filled circles correspond to data taken with the
pulsetube of the cryostat turned off to further reduce vibrations in the system.
(CD42)
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number branch, where the photon number spectrum of the cavity results in backaction heating.
The obtained experimental data agrees well with the predictions, and the detuning at which
branch switching is observed matches the theory.

In the high photon number branch, we observe heating over a wide range of detunings before
the cavity state switches. The very narrow cooling feature in this branch remains experimentally
inaccessible. This is due to constant heating of the mechanical mode, leading to a highly excited
state as we tune the probe tone slowly in from the blue side to ensure staying in the high photon
number branch. The corresponding large motional amplitude of the mechanical mode leads to
fluctuations of ωc, which results in the cavity switching branches before reaching the cooling
feature in the high photon number branch.

In summary, the obtained experimental results demonstrate that our system can be reli-
ably operated even beyond the cavity bifurcation, thereby extending previous observations of
backaction cooling in nonlinear systems [4]. Due to the control over the selected branches –
taking advantage of the frequency shift δf – in this regime we achieved good agreement with the
underlying theory. Extrapolating the fit results over a factor 6 in input power we can precisely
predict the obtained cooling behavior demonstrating a good understanding of processes at hand.
However, remaining system noise limits the achievable cooling as it prevents us from accessing
the narrow frequency range in which best cooling is expected. Nevertheless, the presented re-
sults show that state manipulation in optomechanical systems should not be restricted only to
the linear regime. Harnessing system nonlinearities may offer novel mechanisms and operat-
ing modes to be explored, particularly for optomechanical systems in the unresolved sideband
regime.
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6
System Outlook

The results presented in the previous chapter demonstrate that the implementation of vibration
isolation significantly improved the system’s stability, enabling continuous cooling of the me-
chanical mode during steady cryostat operation. Despite the increased cooling capability due to
the intrinsic nonlinearity of the cavity, as experimentally shown in section 5.3.3, the theoretical
cooling limit discussed in section 2.3.3 prevents the system from reaching the mechanical ground
state. This limitation remains as long as our system resides in the unresolved sideband regime.

In order to push beyond this boundary, alternative approaches must be considered. In
this chapter, we present one such strategy, based on hybridizing our optomechanical system
with an auxiliary high quality cavity as proposed in Ref. [6]. We begin with a brief theoretical
introduction, building on the framework developed in Chapter 2, and present a proof of principle
measurement. This is followed by a discussion of a refined setup concept based on a post 3D-
cavity [129, 130], together with corresponding simulations, design choices, and characterization
measurements. The chapter concludes with an outlook on the next steps using this method to
reach the motional ground state of our mechanical resonator.

6.1 Optomechanical System with an Auxiliary Cavity

In optomechanical systems operating in the unresolved sideband regime, radiation-pressure back-
action on the mechanical resonator prevents cooling to the ground state. To overcome this limi-
tation with the current setup, consisting of a SQUID-cavity inductively coupled to a mechanical
cantilever, we propose to harness the coupling of the optomechanical cavity to an auxiliary cav-
ity with a high intrinsic quality factor. With the hybridzation of the photonic modes, ground
state cooling might be realized along two distinct ways. First, the hybridization leads to an
indirect coupling of the high-Q mode to the mechanics. Even though the effective coupling
strength will be reduced compared to the bare coupling of the mechanics to the om. cavity, the
high-Q mode would reside in the resolved sideband regime, consequently allowing for ground
state cooling. Second, quantum interference between the photonic modes, similar to a Fano res-
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mechanical
oscillator

optomechanical
cavity

auxiliary 
cavity

Fig. 6.1 Schematic representation of the proposed coupling scheme of an optomechanical
system to a high-Q auxiliary cavity.

onance [131, 132], can suppress unwanted backaction heating, thereby enabling cooling beyond
the conventional limit as proposed by [6].

6.1.1 Theoretical description
This section draws in part on the approach of [6], while a full theoretical description of the setup
shown in Fig. 6.1 is currently in preparation by our theoretical collaborators G. Kufatty-Anton
et al. in the group Prof. A. Metelmann (Karlsruher Institute of Technology). The Hamiltonian
describing the coupling between the high-Q auxiliary cavity â and om. cavity ĉ (Ql,a ≫ Ql,c) is
governed by the Jaynes-Cumming (JC) Hamiltonian [133]. This modifies the bare Hamiltonian
Ĥ0 from Eq. (2.1) leading to the system Hamiltonian

Ĥ/ℏ = Ĥ′
0/ℏ+ Ĥint/ℏ+ Ĥd/ℏ

= −∆aâ†â −∆cĉ
†ĉ − K

2 ĉ†ĉ†ĉĉ + J
(
ĉ†â + ĉâ†

)
+ ωmb̂†b̂ + Ĥint + Ĥd,

(6.1)

which is valid for J ≪ ωc,ωa. Here, ∆i = ωd −ωi is the drive-cavity detuning, J the cavity-cavity
coupling strength, Ĥint/ℏ represent the interaction Hamiltonian introduced in Eqs. (2.4), and
Ĥd = (αd,aâ† + αd,cĉ

†) + h.c. the time independent external drive. A direct consequence of the
modified Ĥ′

0/ℏ – the J-term – is the appearance of an avoided crossing of the cavities as soon
as the cavities start to hybridize at small detunings δ = ωa − ωc. The eigenfrequencies of the
coupled cavities are given by

ω± = ωc + ωa

2 ±
√

(δ/2)2 + J2, (6.2)

which close to resonance δ ≈ 0 results in an avoided crossing of 2J as shown in Fig. 6.3b)
or Fig. 6.2d), which is a useful feature to determine the coupling strength in simulations and
experiments. Due to hybridization, a clear distinction between the separate modes is no longer
possible; thus, we refer to the observed modes as high-Q-like and om.-like.

To get more insight into the system dynamics, we simplify the system by assuming K = 0, use
the linearization identical to section 2.1.11 and move to the hybrid basis by using a symplectic
transformation as

δâ = cos(θ)d̂+ + sin(θ)d̂−, (6.3)
δĉ = sin(θ)d̂+ + cos(θ)d̂−, (6.4)

1Namely â → ā + δâ/ĉ → c̄ + δĉ by introducing the steady state amplitudes ā/c̄ of the cavities.
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with the rotation angle θ determined by the set of equations

tan(2θ) = −2J

δ
,

cos(2θ) = − δ/2√
(δ/2)2 + J2

,

sin(2θ) = J√
(δ/2)2 + J2

.

(6.5)

In the last equation, we see that for δ/J ≫ 0 or δ/J ≪ 0, we obtain the unhybridized modes
δĉ = d̂+ ∨ d̂− and δâ = d̂− ∨ d̂+, respectively. With the rotation θ defined by Eq. (6.5), the bare
Hamiltonian in the hybridized basis reads

Ĥ′
0,h/ℏ = −∆+d̂†

+d̂+ −∆−d̂†
−d̂− + ωmb̂†b̂, (6.6)

with the hybrid detuning ∆± = ωd − ω±. To obtain the linewidth of the hybrid modes, we use
the rotation defined by Eq. (6.4) on the input-output theory introduced in sec. 2.2 together
with Ĥ′

0,h resulting in

κ+ = κl,a cos2(θ) + κl,c sin2(θ), (6.7)
κ− = κl,a sin2(θ) + κl,c cos2(θ), (6.8)

where we used the total linewidth of the respective cavity. The linearized interaction Hamiltonian
can be rearranged to illustrate how the hybrid modes interact with the mechanical mode

Ĥ′
int,h/ℏ =g0

[
sin2(θ)

√
n̄+ + sin(θ)cos(θ)

√
n̄−
](

d̂+ + d̂†
+
)(

b̂† + b̂
)

+

g0
[
cos2(θ)

√
n̄− + sin(θ)cos(θ)

√
n̄+
](

d̂− + d̂†
−

)(
b̂† + b̂

)
,

(6.9)

with n̄± = |d±|2 the occupation of the hybridized modes. We can use the relations for θ (Eq.
(6.5)) to further rewrite the equation in terms of J and δ

Ĥ′
int,h/ℏ =g0

2

1 + δ/2√
(δ/2)2 + J2

√
n+ + J√

(δ/2)2 + J2

√
n−

(d̂+ + d̂†
+
)(

b̂† + b̂
)

+

g0
2

1 − δ/2√
(δ/2)2 + J2

√
n− + J√

(δ/2)2 + J2

√
n+

(d̂− + d̂†
−

)(
b̂† + b̂

)
.

(6.10)

This shows that both modes of the hybridized system couple effectively to the mechanical mode
with a modified coupling strength given by J and δ. In the unhybridized case |δ| ≫ J , we recover
the standard coupling scheme between the mechanical mode and the om. cavity as derived in
Eq. 2.9.

Depending on the coupling strength J , we can either use the resolved sideband approach
or the Fano-like interference to potentially achieve cooling beyond the conventional backaction
limit[6, 132]. For J ≫ κl,a,κl,c and J < |δ|, one of the hybrid modes maintains primarily the
high-Q character of the two cavities such that κ+ ∨ κ− ≈ κl,a. Even though the coupling of this
"high-Q-like" mode to the mechanics is reduced compared to the bare coupling g0, the system
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Fig. 6.2 a) Weak VNA measurements of two hybridized microstrip cavities – dark blue
bands – while frequency tuning a drive (solid black line). b) Measured me-
chanical signature for varying detuning of the drive and c) extracted mechanical
frequency shift. d) Avoided crossing of the two microstrip cavities upon flux
tuning with J/2π ≈ 1.7MHz.

resides in the resolved sideband regime, which significantly lowers the backaction limit. For the
Fano-like approach, as mentioned in [132], the intra cavity coupling has to fulfill the condition
J < κl,a. Then for small detuning δ, the interference of the cavities allows for a suppression of
the Stokes process ΓS leading to a decreased backaction limit as explained in [6].

6.1.2 Proof of principle
As a proof of principle experiment, we placed two of our u-shaped SQUID cavities – each
mounted with a cantilever – side by side in one of the clamps of the waveguide shown in Fig.
4.7. The proximity of the cavity legs gives rise to a capacitive coupling, thereby realizing the
Hamiltonian in Eq. (6.1). However, as both cavities are mounted with a cantilever and are
placed symmetrically around the center of the waveguide, their linewidths are comparable, such
that we do not expect an enhancement in the backaction due to hybridization. Nevertheless, we
can determine if both modes effectively couple to the same cantilever.
Therefore, we tune the external flux to extract the coupling strength of the cavities as depicted
in Fig. 6.2d). With a coupling strength of J/2π ≈ 1.7MHz, we fully hybridize the cavities
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as shown in Fig. 6.2a) and frequency tune a drive tone through the hybridized modes. From
the frequency shift of the measured mechanical signal, we can clearly distinguish two ranges of
drive frequencies with independent signatures of backaction (red and green marked areas in Fig.
6.2c)). The drive frequencies for each section of backaction align with the respective resonances
of the hybridized modes. This verifies that we can enact backaction on the mechanics through
a capacitively coupled auxiliary cavity as the theory calculations predict.

6.2 Microstrip Cavity - Post-Cavity Setup
According to [6], minimizing the linewidth of the auxiliary cavity is advantageous. With quality
factors exceeding Ql > 108 [129], superconducting post cavities – a well-established system in
our group [130, 134, 135] – offer an optimal platform as the auxiliary cavity in our system with
two additional benefits. First, the superconducting body of the post-cavity naturally shields
the SQUID-cavity from any external flux noise. Second, the coupling between the cavities can
be tuned by moving the SQUID-cavity residing in a tunnel out/into the post-cavity field. The
cavity design employed in our group is a coaxial λ/4 post-cavity [136], which combines the
concepts of a circular waveguide section on top of a coaxial transmission line as shown in Fig.
6.3a). The coaxial section builds a post, which is terminated by an open circuit at the top and
shorted at the bottom. The post length l defines the cavity resonance with l ≈ λ/4 with a field
maximum at the post top. The waveguide section is designed with a cutoff frequency higher
than the resonance frequency of the cavity, resulting in an exponential suppression of the field
above the post, which allows for an appropriate choice of the waveguide length for high-quality
factors. A thorough explanation of the general design of the post cavities in our lab can be
found in the thesis of P. Heidler and I. Yang [136, 137].

In the following, we discuss the design choices made for the auxiliary post-cavity based
on simulations done with the High Frequency Structure Simulator (HFSS) tool in the ANSYS
software simulations.

6.2.1 HFSS-Simulation and Design

To examine the coupling between our u-shaped SQUID-cavity and the post-cavity, we simulate
the eigenmodes of the system within HFSS shown in Fig. 6.3. We include the SQUID by adding
a lumped element with a defined capacitance CJ and inductance LJ, and mimic the frequency
tuning behavior of the SQUID-cavity by sweeping LJ. For a set placement of the SQUID-cavity
with respect to the post-cavity, we frequency tune the SQUID and extract the intra cavity
coupling J from the avoided crossing with the post-cavity.

To understand the scaling of J we repeat this procedure by displacing the SQUID-cavity
further from the post in horizontal δx and vertical δh direction. δx = 0 corresponds to the legs
of the microstrip cavity being positioned at the post, whereas δh = 0 denotes the case where the
upper leg is flush with the top of the post. By moving the cavity further into the tunnel and thus
away from the maximal field of the post cavity, we see that first the coupling strength drops
from 200MHz → 10MHz at δx = 3mm. With the cavity completely residing in the tunnel,
where we expect an exponential decay of the overall post-cavity mode, we first obtain a slight
increase of the J , followed by a gradual decline. Changing the height of the SQUID, we observe
the highest couplings for the lower leg align with the top of the post. With the u-shaped design,
the microstrip cavity couples to gradients in the electric field. Therefore, due to the exponential
decay in the waveguide section of the post-cavity (see Fig. 6.4a), we expect the highest couplings
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10 mm

Fig. 6.3 a) HFSS-model used to extract the coupling strength J between a post-cavity
and a U-shaped microstrip cavity. b) Simulation of a frequency sweep by modu-
lating the effecting junction inductance LJ crossing the fixed frequency resonance
of the post-cavity - inset shows the extracted coupling (J/2π = 50MHz). c) De-
pendence of the coupling strength on the distance between legs of the cavity to
the post at a height δh = 0.5mm. d) Dependence of the coupling strength on
the height of the cavity to the post at a distance δx = 0.0mm.

to the post-cavity mode at δh = 1mm.

Based on the simulation results, we developed the experimental design of the aluminium
post-cavity shown in Fig. 6.4a). We decided for a post length of l = 6.7mm corresponding to a
resonance frequency ωa/2π = 8.6GHz. With a length of the waveguide section L = 25mm, the
post-cavity mode is sufficiently attenuated to allow for a high quality factor. The coupling port
is placed within the waveguide section to weakly couple to the post-cavity, allowing for readout
of the cavity in reflection S11. The length of the coupling pin gives in the end the external
coupling Qc to the post-cavity. The resonator tunnel hosting the SQUID-cavity is placed at a
height corresponding to the SQUID-cavity aligning with the post at δh = 1mm for maximal
coupling strength. A seperate side port is added to the resonator tunnel, to allow for a direct
readout of the SQUID-cavity. To allow for flux tuning, another slot is added at roughly the
position of the SQUID loop to host a flux hose. We rely on these flux hoses developed within
our group [57, 138] to allow for a flux tuning of our SQUID-cavities inside the superconducting
material of the post-cavity. Fig. 6.4b) shows the second generation of the flux hose, first
mentioned in [137]. A coil is wound along the groove to generate a magnetic field. Due to the
Meissner effect, the tube shape of the superconducting hose funnels the field towards its end due
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Fig. 6.4 a) Illustration of a high-Q post-cavity with a schematic representation of the
elect. field amplitude |E⃗|. The sample can be inserted via the resonator tunnel,
where an additional side port is added to allow for direct readout of the OM.
sample. For flux tuning, a slot to fit a flux hose perpendicular to the OM. sample
is added. The high Q cavity can be read out via a coupling pin at the coupling
port. b) Illustration of the flux hose design used in this setup.

to shielding currents, thus seperating the cavity from the coil, shielding it from potential losses.
The slit along the flux hose prevents flux quantization, allowing for arbitrary fluxes to reach the
SQUID-cavity. The end of the flux hose has to be placed in proximity to the SQUID-loop to
achieve reasonable tuning, which together with the SQUID-cavity design restricts us to a set
δx. To realise the resolved approach introduced in sec. 6.1, we decided on a placement of the
flux hose corresponding to a SQUID-cavity displacement δx = 1.5mm, which sets the coupling
strength around J/2π = 40MHz. To achieve these couplings, we further have to dice the silicon
of the microstrip cavities (shown in Fig. 4.5) at the bottom to resemble the actual simulation
setting.

6.2.2 Measurement results

After the assembly of the whole setup, we measure the response of the cavities in reflection S11
through the respective port with a VNA while sweeping the current through the flux hose. The
resulting fluxmaps are depicted in Fig. 6.5a-b) measuring the optomechanical SQUID-cavity
and in Fig. 6.5c-d) the post-cavity. From the SQUID-cavity response, we see that the fluxhose
allows us to tune several flux lobes. The current up and down sweep clearly shows a hysteretic
tuning behavior with an irregular shape at Icoil = 0.25/−1.75mA. We associate this feature with
the mounted cantilever, as we observed similar tuning behaviors only for other optomechanical
samples. At a bias point close to ω/2π = 8.5GHz we observe a bending of the cavity frequency
tuning, which by scanning the post-cavity turns out to be an avoided crossing. From the avoided
crossing, we can deduce a coupling strength of roughly J/2π = 15MHz. The slight deviation from
the expected J/2π = 40MHz can be attributed to a certain degree of misalignment and left over
silicon of the cavity chip after dicing. Nevertheless, the achieved coupling strength should still be
sufficient to enable operation within the resolved regime approach. More unexpectedly, however,
the linewidth of the post-cavity mode was with κl,a/2π = 1MHz broader than anticipated,
indicating unaccounted loss mechanisms.

To clarify this discrepancy, we investigated the individual components of the auxiliary setup
separately in order to identify the origin of the reduced quality factor. The results of these
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Fig. 6.5 Flux tuning of the SQUID-cavity and measuring its response through the side-
port for a) current up and b) down sweep. c) Response of the post-cavity for
the same current up sweep as in a). d) Zoom-in to the avoided crossing reading
out the post-cavity response.

measurements are summarized in Fig. 6.6, comparing different configurations of the setup:
a) the post-cavity alone, b) the post-cavity coupled to the SQUID-cavity, c) the post-cavity
with SQUID-cavity and flux hose, and d) the complete configuration including the optome-
chanical setup and flux hose. For the bare post-cavity the system was strongly overcou-
pled Ql ≈ Qc ≪ Qint, which prevents to precisly determine the interal quality factor [139].
With the SQUID-cavity mounted, we obtain still a high-Q characteristic of the post-cavity of
Qint = 4.5(1) · 106, from which we estimate the bare post-cavity quality factor to be at least
Qint > 4 ·106. Regardless, the influence of the SQUID-cavity on the post-cavity is visible by the
frequency shift from its bare mode due to the additional silicon in the high field region of the
post-cavity mode. Contrary to the SQUID-cavity, adding the flux hose and the cantilever chip
both result in a significant decrease of the qualitify factor of the post-cavity. This leads to the
conlusion that due to the alignment restrictions of the SQUID-loop, the flux hose is positioned
to close to the post-cavity mode. Thus, significant field contributions remain in lossy regions
of the flux hose, such as the coil and the Stycast used for fixation. Furthermore, the silicon
substrate of the stripline cavity appears to funnel a substantial fraction of the field towards
the cantilever body. To avoid static charging, the cantilevers are fabricated from doped silicon,
which is associated with high microwave losses, thereby accounting for the observed drop in
quality factor.

As our u-shaped microstrip cavities restrict us to the chosen design, the post cavity approach
is not suitable to realize the auxiliary setup due to the additional losses of the cantilever and
flux hose in proximity to the high-Q mode. However, this only holds if one tries to realize the
resolved sideband approach of the hybridization scheme making these high couplings J neces-
sary. As a lower intracavity coupling J is needed for the Fano-like approach, we could move the
fluxhose and SQUID-cavity deeper into the resonator tunnel, which would significantly reduce
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Fig. 6.6 Quality factor of the post-cavity measured for a) the bare post-cavity, b) with
the SQUID-cavity added, c) with SQUID-cavity and flux hose, and d) for the
full optomechanical setup.

their participation to the post cavity losses. To realize this would require the fabrication of a
new post cavity, which was beyond the timeframe of this work.

6.3 Future of the Auxiliary Approach

Since the use of a flux hose both restricts the tunability of the achievable coupling strength after
fabrication and increases the losses of the post-cavity, together with the cantilever chip, we chose
to return to the waveguide setting. As demonstrated by the proof-of-principle measurement in
Fig.6.2, sufficient coupling strength can be obtained by positioning two u-shaped cavities next
to each other within the waveguide. Therefore, we rely on a bare cavity as the auxiliary system
within the waveguide setting, as illustrated in Fig. 6.7a).

This approach offers several practical advantages over the post-cavity design. On one hand,
we can fabricate our own auxiliary cavities based on a u-shaped Nb-stripline design in our clean-
room (done by my coworker B. Thyagarajan). Even though Qint for these samples is typically
less compared to a post-cavity, the fabrication process is less time-consuming, allowing for a fast
adaptation of system parameters if necessary. In addition, the u-shaped design of our stripline
cavities confines the auxiliary cavity field to the end of its legs. Hence, the overall field remains
weak at the lossy cantilever substrate, thereby preserving its high-Q character.
On the other hand, we can achieve a high flexibility in the coupling strength with only minor
modifications to the standard waveguide setup. By enabling adjustment of the distance between
the cavities during placement, we achieve a high flexibility in J . However, to maintain the
required high-Q characteristic of the auxiliary cavity, it is necessary to ensure a low external
coupling to the waveguide mode. Therefore, it must be placed near the waveguide center. With
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a) b)

J

dd

h

Fig. 6.7 a) Schematic cross-section of the rectangular waveguide, perpendicular to its
propagation direction. The red dashed line represents the electric field of the
fundamental TE10 mode. Placing the om. system and the auxiliary cavity next
to each other leads to a capacitive coupling J between the two cavities. The
coupling J can be tuned by adjusting the distance between the cavities, d, and
the height, h. To ensure a low external coupling rate of the auxiliary cavity to
the waveguide mode, it is placed at the center, with a bare chip opposite the om.
system to symmetrize the electric field. b) SolidWorks drawing of a waveguide
built to realize the auxiliary approach. Each row of 3 slots has a different chip
distance d, allowing for different coupling strength J . To allow for a flexible
mounting process, chips can also be placed from the bottom.

the asymmetrical distribution of the silicon substrate, the distorted waveguide mode would still
result in a substantial waveguide coupling of the auxiliary cavity. Hence, we follow the findings
in the supplementary of [30] and symmetrize the electric field of the waveguide by placing a bare
silicon chip opposite to the om. system.
The final design is shown in Fig. 6.7b). The waveguide features five rows with three slots for
the bare silicon chip, the auxiliary cavity, and the om. system. For each row, the slots are
further apart, allowing for a different intra-cavity coupling strength J . By moving the auxiliary
cavity in the clamp along the h-direction, J can be further modified to meet the experimental
requirements.

Due to time constraints of this thesis, I could not continue measurements on the new design
for the hybridization approach. However, this work is being continued by my coworkers. They
have already demonstrated, using the WG approach, that it is possible to maintain the high-Q
characteristic of the auxiliary cavity and to achieve sufficient intracavity coupling strength J for
the sideband resolved method. Furthermore, first measurements indicate that the mechanical
mode can be detected through both modes when the cavities are tuned into hybridization.
With this, backaction measurments and further system characterization – neccessary due to the
intrinsic nonlinearity of SQUID-cavity – are on going.
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Conclusion

The foundation of the experimental platform upon which this work is built was laid by prior
members of the group, Mathieu L. Juan, Christian Schneider [1], and David Zöpfl [2]. They
demonstrated the initial results of the inductive coupling scheme and the benefits of using a
nonlinear cavity on the backaction cooling of the mechanical mode in the unresolved sideband
regime [3, 4]. From this, the goals of this thesis were to improve reproducibility of the sample
preparation and to implemente a passive vibration isolation for increased system stability. With
this we could operate the system at larger coupling strengths and drive powers than what
had been explored so far. Moreover, to reach the mechanical ground state, I started with a
modification of the existing setup by adding an auxiliary cavity based on a theoretical proposal
[6].

Based on our theoretical work in Ref. [53], we derive the fundamental equations of nonlinear
optomechanics to describe the interaction between the photon and phonon modes in Chapter 2.
Focusing on the achievable sideband cooling, we explain that the enhanced cooling capability
of a nonlinear cavity in the sideband unresolved regime is based on the non-Lorentzian, skewed
photon number noise spectral density as compared to an identical but linear cavity. After
outlining the main backaction features arising from the nonlinear cavity, we discuss the limitation
imposed by backaction heating, which prevents systems like ours operating in the unresolved
sideband regime, from reaching the mechanical ground state.

In Chapter 3, we introduce microwave cavities and the fundamental toolbox of supercon-
ducting circuits. Using the Josephson junction as a basis, we explain the working principle
of a SQUID as a flux-sensitive element and present a simulation routine to predict the tuning
behavior of SQUID-cavities under externally applied flux and DC drive, following an approach
similar to [81]. We further extend this model to include the magnetically modified cantilever
with the aim of capturing its effect on the tuning dynamics. Depending on its alignment relative
to the SQUID, the magnetic cantilever leads to a reduced hysteresis factor of the SQUID-cavity,
introduces a current asymmetry and further alters the flux tuning behavior for the SQUID due
to a periodic displacement of its resting position.
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Within the experimental setup, Chapter 4, we emphasize the necessity of a vibration isolation
setup for the experiment, during our discussion of the working principle of a dilution cryostat.
We present a simple suspension approach based on an elastic pendulum, which allows us to
achieve a noise reduction up to 20dB for frequencies below 1kHz, as verified by an accelerom-
eter measurement. Since the increased isolation comes at the cost of reduced thermalization of
the experiment, we describe the measures implemented that shorten the cooldown time by 2.5
days; ultimately limited by the thermal surface resistance [80]. After introducing the microwave
building blocks of the experiment, we present a fitting routine adapted from [83] to characterize
cavity parameters, including the nonlinear Kerr parameter. Besides a newly designed mounting
stage that enables more precise and reliable sample preparation, the chapter ends by providing
results of magnetometer measurements on our magnetic particles done by Prof. A. Ney (Uni-
versity of Linz). These allow us to estimate – depending on the actual particle size – a magnetic
moment of typical particles of approximately 7nAm2.

The main experimental results on the magnetomechanical system are presented in Chapter
5 and split into three parts: characterization of the microwave cavity (sec. 5.1), detection of
the mechanical mode in the absence of backaction (sec. 5.2), and backaction measurements
on the mechanics (sec. 5.3). By measuring the flux tuning before and after mounting the
cantilever for different lateral and transverse positions with respect to the SQUID loop, we found
that the change in tuning behavior – reduction in the shielding and participation parameter
– is qualitatively in good agreement with predictions based on the simulations introduced in
Chapter 3. Furthermore, the simulations reproduce the frequency shift of the mechanical mode
– presented in the detection of the mechanical mode (sec. 3.4.4) – observed when flux tuning the
cavity away from its sweet spot. This consistency confirms that the simulated model successfully
captures the main features of our system. Using the modified circle fit routine and the shift of the
resonance frequency [102] for different drive powers, we find good agreement and a nonlinearity
of K = 12(3)kHz and K = 13(3)kHz, respectively. However, the origin of the Kerr anomaly,
which appears as an effective positive Kerr nonlinearity for a range of detunings from the sweet
spot, remains unclear. Simulations predict a shift toward positive Kerr values for SQUIDs with
junction asymmetry towards their lower sweet spot – consistent with observations from samples
exhibiting corresponding flux-tuning behavior. Interestingly, the anomaly only emerges when
a cantilever is mounted, suggesting a possible correlation with the induced deflection of the
cantilever. Additionally, as soon as a cantilever is mounted, we observe a resonance frequency
shift on timescales of the order of ∼ 1s as we populate the cavity mode. We have been unable
to explain this, as it is neither captured by our simulations nor by a radiation pressure model.
We could show that the time scale of the shift decreases with increasing temperature of the base
plate, matching the temperature broadening of the mechanical linewidth. The amplitude of the
shift scales with intra-cavity photon number, and the direction of the shift depends on the sign
of the fluxmap slope. Even though further investigations have to be made to grasp the origin
of the observed slow frequency shift of our cavity, we could show how the intra-cavity photon
number dependence can be used to distinguish the low and high photon number branches after
bifurcation of the cavity.

By probing the mechanical mode in the absence of backaction, we verified the effective
decoupling achieved by the suspension setup from the vibrational environment of the cryostat.
Independent of the pulse-tube state – representing the main source of vibrations – we were able
to measure a thermalized mechanical mode. Before implementing the suspension, this was only
possible with the pulse tube turned off. On the one hand, this improvement significantly increases
the data acquisition rate, as measurements are no longer restricted to pulse tube off intervals. On
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the other hand, it reduces the flux noise, part of which originates from vibrations upconverted by
the cantilever, thereby allowing operation of the system at more flux-sensitive bias points. We
could further support this by determining the optomechanical coupling strength across different
cooldowns, again observing good agreement between pulse tube on and off. However, the data
also reveal setup limitations, such as variations in the achieved level of decoupling across multiple
cooldowns and an inability to thermalize the mechanical mode below ∼ 200mK, likely due to
the reduced thermal contact of the experiment to the cryostat base.

Taking advantage of the increased system stability, we were able to perform detailed cooling
measurements across a range of coupling strengths, limiting the drive amplitude to the onset
of bifurcation of the cavity. At low couplings g0/2π = 102.5Hz, the suspension setup enabled
taking high-resolution cooling traces close to bifurcation. Resolving a distinct cooling feature
at these drive powers, we observe excellent agreement between the data and a fit based on the
developed theory in Ref. [53]. Operating at intermediate couplings g0/2π = 850Hz, we still
observe indications of residual mechanical noise, similar to the data for the low-coupling regime.
Nevertheless, under these conditions, the mechanical mode could be cooled from ∼ 8000 down to
an average phonon occupation of ∼ 90 and ∼ 50 with the pulse tube on and off, respectively. By
tuning the sample to a large coupling of g0/2π = 3.52kHz, we push towards the cooling limits
achievable in this setup. There, we achieved an average mode occupation of ∼ 30 phonons,
which we further back up with an independent estimate calculated from the broadening of
the mechanical linewidth. This estimate allows for a comparison to the previously achieved
minimum of 14 phonons at a lower bath temperature [4], suggesting that at these temperatures
the suspension setup could enable cooling to below 10 phonons.

Having characterized the cooling behavior for different couplings before bifurcation, we
turned to measurements entering the bistability regime. For a low coupling strength of g0/2π =
99Hz, we demonstrated that our system can be operated even beyond the cavity bifurcation,
extending the observations of backaction cooling in nonlinear systems reported in Ref. [4]. As
we can unambiguously distinguish the selected branches in this regime based on the observed
slow frequency shift of the cavity, we achieved good agreement with the underlying theoretical
model. By extrapolating the fitting results from a low power cooling trace over nearly an order
of magnitude (a factor of six) in input power, we could accurately predict the observed cool-
ing behavior, confirming a solid understanding of the processes at play. However, the cooling
achieved in the bistable regime is limited by flux noise in the system, which prevents access to
the narrow frequency range where optimal cooling is expected.

Despite the large coupling strengths achieved in our setup and the beneficial cooling effects
demonstrated from the intrinsic nonlinearity of the cavity, residing in the sideband unresolved
regime imposes a fundamental limit preventing us from reaching the mechanical ground state –
a requirement for quantum state creation of the mechanical mode. A straightforward approach
to overcome this limitation would be to operate the system in the sideband resolved regime
by increasing the cavity’s quality factor. However, as shown in [80], the large offset magnetic
field generated by the permanent magnet, together with the inherently lossy cantilever material
in close proximity to the cavity, significantly limits the quality factors we can achieve. This
constraint could be mitigated by increasing the distance between the cantilever and the cavity
by using a flux transformer to mediate the coupling. Here, we would place the cantilever over
the pick up loop on one side of the flux transformer and align the actuator loop with the SQUID
on the other side. The motion of the magnetic particle induces a current in the flux transformer,
which couples only the small changes in magnetic field associated with the cantilever motion
to the SQUID-cavity. With the larger distance between cantilever and cavity, the detrimental



142

effects of the static magnetic bias field and lossy cantilever dielectric on the cavity quality factors
would be drastically reduced, which might allow to reach the sideband resolved regime. However,
the parasitic inductance of the flux transformer itself leads to a reduction in the effective coupling
strength between the cavity and cantilever mode, which can, in principle, be counteracted by
using a stronger permanent magnet.

Another approach would be to hybridize the low-quality optomechanical system with a high-
quality auxiliary cavity, as highlighted in Chapter 6. The working principle relies on the hy-
bridization between the two cavities, through which the auxiliary cavity inherits the coupling
to the mechanical mode – even though with a reduced strength compared to the original sys-
tem – while largely preserving its high-quality characteristics, which technically puts it into
the resolved sideband regime. After providing a proof of principle approach, we could show
that a setup based on a 3D post cavity and our optomechanics platform still suffers from the
lossy materials, such as the cantilever. Therefore, we propose another realization based on the
hybridization with a high-quality u-shaped stripline resonator in a waveguide environment.

Another potential solution involves the use of an externally generated squeezed drive to allow
for ground state cooling in the unresolved regime, as demonstrated in [140]. Our theory in Ref.
[53] even shows that harnessing the cavity’s intrinsic nonlinearity makes this protocol more ef-
ficient, reducing the amount of external squeezing required to reach the mechanical ground state.

Looking ahead, inductively coupled electromechanics remains a highly interesting field to
follow for the creation of macroscopic quantum states due to the large coupling strength g0
already demonstrated [3, 48–50]. The continuous advances in superconducting circuit fabrication
– leading to qubits reaching relaxation times of ∼ 1ms [32, 33, 141] and cavities with quality
factors exceeding Q > 106 [29–31] – will benefit inductively coupled systems. Moreover, new
circuit designs – increasing the magnetic field resilience by e.g. vortex pinning holes [142]
or the mentioned flux transformer – might enable to further boost the coupling strength g0
by using larger magnetic fields. These developments should allow to cool to the mechanical
ground state, which remains to be demonstrated in inductively coupled systems. With further
improvements, these systems are a prime candidate to enter the regime of high cooperativity.
There, the photon enhanced coupling strength exceeds the decay rate of the photon mode and
the mechanical coupling to the bath C = 4n̄cg

2
0/κlΓmn̄th

m ≫ 1. This allows to coherently transfer
a quantum state into the mechanics [143, 144]. Lastly, further improving the inductively coupled
platform would allow access to the single-photon strong-coupling regime g0 > κl,Γm, where direct
nonclassical quantum state generation in the mechanics due to the optomechanical interaction
becomes possible [145]. Gaining quantum control over massive resonators opens a variety of
possibilities for inductively coupled systems to study fundamental physics questions and a broad
range of applications – e.g. testing the interplay between quantum mechanics and gravity as
well as building quantum memory devices and quantum enhanced sensors.
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