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❆❜str❛❝t

❆s ■ st❛rt❡❞ ♠② ♠❛st❡r t❤❡s✐s ✐♥ t❤❡ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ◗✉❛♥t✉♠ ❈✐r❝✉✐ts ❣r♦✉♣ ♦❢ ❯♥✐✈✳✲Pr♦❢✳ ❉r✳
●❡r❤❛r❞ ❑✐r❝❤♠❛✐r✱ t❤❡ ❝❧❡❛♥ r♦♦♠ ❛t t❤❡ ■◗❖◗■ ✐♥ ■♥♥s❜r✉❝❦ ✇❛s ❜r❛♥❞ ♥❡✇ ❛♥❞ ✇❡ ✇❡r❡ t❤❡
✜rst ♣❡♦♣❧❡ ✇♦r❦✐♥❣ t❤❡r❡✳ ❲❡ tr✐❡❞ t♦ s❡t ✉♣ ❛ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐t
❡❧❡♠❡♥ts t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ♦❢ t❤❡ ❣r♦✉♣✳ ■t t✉r♥❡❞ ♦✉t t♦ ❜❡ ♥♦t t❤❛t str❛✐❣❤t
❢♦r✇❛r❞ ❛s ❡①♣❡❝t❡❞✱ ❜✉t ✐♥ t❤❡ ❡♥❞ ✇❡ ♠❛♥❛❣❡❞ t♦ ❣❡t ✇♦r❦✐♥❣ ❡❧❡♠❡♥ts ❛♥❞ ❝♦✉❧❞ t❡st ❤♦✇ t❤❡②
❜❡❤❛✈❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s ♦❢ ❛ ❢❡✇ ❑❡❧✈✐♥✳
■♥ t❤✐s t❤❡s✐s ■ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❢❛❜r✐❝❛t✐♦♥ st❡♣s ❢♦r s✐♥❣❧❡ q✉❛♥t✉♠ ❜✐ts ✭q✉❜✐ts✮✳ ❊s♣❡❝✐❛❧❧②
t❤❡ s♦ ❝❛❧❧❡❞ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥s ✭❏❏✮ ❛r❡ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ♣❛rts ❛♥❞ ♥❡❡❞ s♦♠❡ ♠♦r❡ ❛tt❡♥✲
t✐♦♥✳ ❆t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s t❤❡② ❜r✐♥❣ ✉♣ q✉❛♥t✉♠ ❡✛❡❝ts t❤❛t ❧❡❛❞ t♦ ❛ ♥♦♥❧✐♥❡❛r✐t② ✐♥ t❤❡
s②st❡♠✳ ❚❤✐s ♥♦♥❧✐♥❡❛r✐t② ❝r❡❛t❡s ❛♥ ❛♥❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ ✐s ♥❡❡❞❡❞ t♦ ❞✐✛❡r❡♥t✐❛t❡ ❜❡t✇❡❡♥
t❤❡ st❛t❡s ✐♥ t❤❡ s②st❡♠ ❛♥❞ ♣❡r❢♦r♠ ❝♦♥tr♦❧❧❡❞ ❡①❝✐t❛t✐♦♥s✳ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥s ❛r❡ ✇✐❞❡❧② ✉s❡❞
❢♦r ✈❛r✐♦✉s s②st❡♠s✳ ❚❤❡ s✐♥❣❧❡ q✉❜✐ts ❛r❡ s♦♠❡❤♦✇ t❤❡ s✐♠♣❧❡st ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❏❏ ♦♥❡ ❝❛♥
❝r❡❛t❡✳
❆❢t❡r ❛ ❧✐tt❧❡ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ ♠♦t✐✈❛t✐♦♥ ✇❤② ♦♥❡ ✐s✱ ♦r ❝♦✉❧❞ ❜❡ ✐♥t❡r❡st❡❞ ✐♥ ♣r♦❞✉❝✐♥❣ s✉♣❡r❝♦♥✲
❞✉❝t✐♥❣ ❝✐r❝✉✐t ❡❧❡♠❡♥ts✱ t❡❝❤♥✐❝❛❧❧② ❛♥❞ ♣❤②s✐❝❛❧❧②✱ ■ ❣✐✈❡ ❛ s❤♦rt s✉♠♠❛r② ♦❢ t❤❡ ♠♦st r❡❧❡✈❛♥t
t❤❡♦r②✳ ❲✐t❤ t❤❡s❡ ❜❛s✐❝s ♦♥❡ ❝❛♥ ✉♥❞❡rst❛♥❞ ❛♥❞ t❤✐♥❦ ❛❜♦✉t ✇❤❛t✬s ✐♠♣♦rt❛♥t ❛♥❞ ✇❤❛t t♦ ♣❛②
❛tt❡♥t✐♦♥ ♦♥ ❢❛❜r✐❝❛t✐♥❣ q✉❜✐ts✳ ❚❤❡♥ ❛ s❡❝t✐♦♥ t♦ ❡①♣❧❛✐♥ t❤❡ ❞✐✛❡r❡♥t ♣r♦❝❡❞✉r❡ st❡♣s✱ ♥♦t ❥✉st
t❤❡♦r❡t✐❝❛❧❧② ❜✉t ❛❧s♦ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ✇❡ ✉s❡❞ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥✱ ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✶✵ ♦♥❡ ❝❛♥
✜♥❞ ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ s♦♠❡ ♦❢ t❤❡ ✇❛❢❡rs ❢r♦♠ ♦✉r ❢❛❜r✐❝❛t✐♦♥ ♣r♦❣r❡ss✱ ❡❛❝❤ ♦♥❡ ✇✐t❤ ✐ts ♣r♦❜❧❡♠s
t❤❛t ❛♣♣❡❛r❡❞ ❞✉r✐♥❣ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ s♦♠❡ ✑tr✐❝❦s✑ ❛♥❞ ✐❞❡❛s ❤♦✇ ♦♥❡ ❝♦✉❧❞ s♦❧✈❡ t❤♦s❡✳ ■♥ t❤❡
❧❛st s❡❝t✐♦♥ ■ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♠✐❝r♦✇❛✈❡ tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥ts ♣❡r❢♦r♠❡❞ ✇✐t❤
t❤❡ ❢❛❜r✐❝❛t❡❞ q✉❜✐ts✳ ■ ❝♦♠♣❛r❡ ❤♦✇ t❤❡② ✜t t♦ t❤❡♦r② ❛♥❞ tr② t♦ ❣✐✈❡ s♦♠❡ ❦✐♥❞ ♦❢ st❛rt✐♥❣ ♣♦✐♥ts
t♦ ❞♦ s✉❝❝❡ss❢✉❧ q✉❜✐t ❢❛❜r✐❝❛t✐♦♥ ✐♥ t❤❡ ♥❡✇ ❝❧❡❛♥ r♦♦♠✳ ❇❡s✐❞❡ s♦♠❡ ♥✉♠❜❡rs ❤♦✇ r❡♣r♦❞✉❝✐❜❧❡
t❤❡ ❢❛❜r✐❝❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛t t❤❡ ♠♦♠❡♥t✱ ■ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥
❝❛♣❛❝✐t❛♥❝❡✱ t❤❡ ❜❛♥❞ ❣❛♣ ♦❢ t❤❡ ✉s❡❞ ❛❧✉♠✐♥✐✉♠ ❛♥❞ ❤♦✇ ♠✉❝❤ t❤❡ ❥✉♥❝t✐♦♥s ❛r❡ ❛❣❡✐♥❣ ♦✈❡r
t✐♠❡✳
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❋✐rst ♦❢ ❛❧❧ ■ ✇❛♥t t♦ t❤❛♥❦ ●❡r❤❛r❞ ❑✐r❝❤♠❛✐r ❢♦r t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❞♦ ♠② ♠❛st❡r t❤❡s✐s ✐♥ ❤✐s
❣r♦✉♣✳ ❚❤❛♥❦s t♦ ♠② ♦✣❝❡ ♠❛t❡s ❙t❡❢❛♥ ❖❧❡s❝❤❦♦ ✇❤♦ s❤♦✇❡❞ ♠❡ t❤❡ ❧❛❜s ❛♥❞ t♦♦❦ ♠❡ ❛r♦✉♥❞ ✐♥
♠② ✜rst ✇❡❡❦ ❛♥❞ ▼❛① ❩❛♥♥❡r ✇❤♦ s❤♦✇❡❞ ♠❡ ❤♦✇ t♦ ❢❛❜✳ ❆ ❜✐❣ t❤❛♥❦ ②♦✉ t♦ ❆❧❡❦s❡✐ ❙❤❛r❛✜❡✈
✇❤♦ ❡✈❡r② ♥♦✇ ❛♥❞ t❤❡♥ ❝r❛s❤❡❞ ✐♥t♦ ♠② ♦✣❝❡ ❛♥❞ t♦❧❞ ♠❡ ❛❜♦✉t ❤✐s ❝✉rr❡♥t ✇♦r❦✱ ❡①♣❧❛✐♥❡❞ ♠❡
❡✈❡r② t✐♠❡ ❛ ❧✐tt❧❡ ♠♦r❡ ❛❜♦✉t t❤❡ t❤❡♦r② ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❛♥t✉♠ ❜✐ts ❛♥❞ ❞✐❞♥✬t ❣❡t ❜♦r❡❞
t♦ ❧✐st❡♥ ❛♥❞ ❛♥s✇❡r ❛❧❧ ♠② ✑st✉♣✐❞✑ q✉❡st✐♦♥s✳ ❚❤✐s ✐♥ ❣❡♥❡r❛❧ ❛❝❝♦✉♥ts t♦ t❤❡ ✇❤♦❧❡ ❣r♦✉♣✦ ❊✈❡r②
t✐♠❡ ■ ❝♦✉❧❞ ❛s❦ ❡✈❡r②♦♥❡ ✇❤❡♥ ■ ♥❡❡❞❡❞ s♦♠❡t❤✐♥❣ ♦r ❤❛❞ s♦♠❡ q✉❡st✐♦♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❛❣❛✐♥ t♦
●❡r❤❛r❞ ✇❤♦ ♣❛t✐❡♥t❧② ❡①♣❧❛✐♥❡❞ ♠❡ t❤✐♥❣s ❛❧s♦ ♠♦r❡ t❤❛♥ ♦♥❝❡✳
❚❤❛♥❦s t♦ ❡✈❡r② s✐♥❣❧❡ ♦♥❡ ✇❤♦ ❦❡♣t ♠❡ ❣♦✐♥❣ ♦♥ ❞✉r✐♥❣ t❤✐s ❧♦♥❣ ❥♦✉r♥❡② t♦ ✜♥❛❧❧② ✜♥✐s❤ t❤✐s
t❤❡s✐s✦
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❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

✷ ❆ ♣❤✐❧♦s♦♣❤✐❝❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r s✉♣❡r❝♦♥❞✉❝t✐✈✐t② ✸

✸ ❙✉♣❡r❝♦♥❞✉❝t✐✈✐t② ✺
✸✳✶ ❉✐s❝♦✈❡r② ❛♥❞ t❤❡♦r✐❡s ♦❢ s✉♣❡r❝♦♥❞✉❝t✐✈✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
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✹ ◗✉❜✐t ❉❡s❝r✐♣t✐♦♥ ✾
✹✳✶ ❙❤♦rt r❡♠✐♥❞❡r t♦ ❍❛♠✐❧t♦♥ ❢♦r♠❛❧✐s♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✹✳✷ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❜✐ts ❛s ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✺ ■❞❡❛ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ✶✺
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✺✳✷✳✶ ❲❛✈❡❣✉✐❞❡ ✇✐t❤♦✉t q✉❜✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
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✑◆❛t✉r❡ ✐s♥✬t ❝❧❛ss✐❝❛❧✱ ❞❛♠♠✐t✱ ❛♥❞ ✐❢ ②♦✉ ✇❛♥t t♦ ♠❛❦❡ ❛
s✐♠✉❧❛t✐♦♥ ♦❢ ◆❛t✉r❡✱ ②♦✉✬❞ ❜❡tt❡r ♠❛❦❡ ✐t

q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧✱ ❛♥❞ ❜② ❣♦❧❧② ✐t✬s ❛ ✇♦♥❞❡r❢✉❧
♣r♦❜❧❡♠✱ ❜❡❝❛✉s❡ ✐t ❞♦❡s♥✬t ❧♦♦❦ s♦ ❡❛s②✳✑

❘✳ ❋❡②♥♠❛♥

✶ ■♥tr♦❞✉❝t✐♦♥

◆♦✇❛❞❛②s ❡✈❡r②❜♦❞② ❤❛s ❤❡❛r❞ ♦r ❦♥♦✇s ❛❜♦✉t q✉❛♥t✉♠ ♣❤②s✐❝s✳ ❊s♣❡❝✐❛❧❧② q✉❛♥t✉♠ ❝♦♠♣✉t❡rs
s❡❡♠ t♦ ❜❡ t❤❡ ♠♦st ♣r♦♠✐♥❡♥t ❡①❛♠♣❧❡s ❢♦r q✉❛♥t✉♠ t❡❝❤♥♦❧♦❣✐❡s ♣❡♦♣❧❡ t❛❧❦ ❛❜♦✉t✳ ■♥ ❣❡♥✲
❡r❛❧✱ t❤❡ ❧❡❛❞✐♥❣ ❛r❡❛s ❛r❡ q✉❛♥t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ q✉❛♥t✉♠ s✐♠✉❧❛t✐♦♥✱ q✉❛♥t✉♠ s❡♥s♦rs ❛♥❞✱
♦❢ ❝♦✉rs❡✱ t❤❡ q✉❛♥t✉♠ ❝♦♠♣✉t❡r✳ ❚♦ ❣✐✈❡ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥s✱ ♣♦ss✐❜✐❧✐t✐❡s ❛♥❞ t✐♠❡

❋✐❣✉r❡ ✶✿ ❚✐♠❡❧✐♥❡ ❢♦r q✉❛♥t✉♠ t❡❝❤♥♦❧♦❣✐❡s✳ ■♥ t❤❡ ✜❡❧❞s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✭❝✐r❝❧❡❞ ✐♥ ♣✐♥❦✮✱
s✐♠✉❧❛t✐♦♥s ✭②❡❧❧♦✇✮✱ s❡♥s♦rs ✭❞❛r❦ ❜❧✉❡✮ ❛♥❞ ❝♦♠♣✉t❡rs ✭♦r❛♥❣❡✮✱ ✇❡ ❝❛♥ ❡①♣❡❝t ❣r❡❛t s❝✐❡♥t✐✜❝
❛❞✈❛♥❝❡s ✐♥ t❤❡ ♥❡①t t❡♥ t♦ ✜❢t❡❡♥ ②❡❛rs ❢r♦♠ q✉❛♥t✉♠ t❡❝❤♥♦❧♦❣✐❡s✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✶❪

s❝❛❧❡s ❢♦r t❤❡ ❢✉t✉r❡ ♦❢ q✉❛♥t✉♠ t❡❝❤♥♦❧♦❣✐❡s✱ ❛♥ ✐❧❧✉str❛t✐✈❡ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡ ❜✐❣❣❡st ♠✐❧❡
st♦♥❡s✱ ✐s s❤♦✇♥ ✐♥ ✜❣✳✶✳
■♥ ✷✵✶✻ ❧❡❛❞✐♥❣ ❡✉r♦♣❡❛♥ s❝✐❡♥t✐sts ❦✐❝❦ ♦✛ t❤❡ s♦ ❝❛❧❧❡❞ ◗✉❛♥t✉♠ ▼❛♥✐❢❡st♦ ✑✳✳✳t♦ ❧❛✉♥❝❤ ❛♥ ❛♠✲

❜✐t✐♦✉s ❊✉r♦♣❡❛♥ ✐♥✐t✐❛t✐✈❡ ✐♥ q✉❛♥t✉♠ t❡❝❤♥♦❧♦❣✐❡s✱ ♥❡❡❞❡❞ t♦ ❡♥s✉r❡ ❊✉r♦♣❡✬s ❧❡❛❞✐♥❣ r♦❧❡ ✐♥ ❛

t❡❝❤♥♦❧♦❣✐❝❛❧ r❡✈♦❧✉t✐♦♥ ♥♦✇ ✉♥❞❡r ✇❛②✳✑ ❬✶❪
❚❤❡r❡✱ ✐♥ ❛ r♦✉❣❤ ♦✉t❧✐♥❡ ✉♣ t♦ ✷✵✷✵✱ t❤❡② ❡①♣❡❝t❡❞ t❤✐♥❣s ❧✐❦❡ ❛ ❝♦r❡ t❡❝❤♥♦❧♦❣② ♦❢ q✉❛♥t✉♠
r❡♣❡❛t❡rs ❛♥❞ ❛ s❡❝✉r❡ ♣♦✐♥t✲t♦✲♣♦✐♥t q✉❛♥t✉♠ ❧✐♥❦ ❢♦r q✉❛♥t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❛ s✐♠✉❧❛t♦r ❢♦r
t❤❡ ♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ✐♥ ♠❛t❡r✐❛❧s✱ q✉❛♥t✉♠ s❡♥s♦rs ❢♦r ❣r❛✈✐t②✱ ♠❛❣♥❡t✐❝ s❡♥s♦rs ❢♦r ❤❡❛❧t❤ ❝❛r❡✱
❣❡♦s✉r✈❡② ❛♥❞ s❡❝✉r✐t②✱ s♠❛❧❧ q✉❛♥t✉♠ ♣r♦❝❡ss♦rs ❛♥❞ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❛ ❧♦❣✐❝❛❧ q✉❜✐t ♣r♦t❡❝t❡❞
❜② ❡rr♦r ❝♦rr❡❝t✐♦♥ ♦r t♦♣♦❧♦❣✐❝❛❧❧②✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❢❡ ②❡❛rs t❤❡ ❞❡✈❡❧♦♣♠❡♥t ✐s ♣r❡❞✐❝t❡❞ t♦ r❡❛❝❤ q✉❛♥t✉♠ ❝r❡❞✐t ❝❛r❞s✱ q✉❛♥t✉♠
♥❡t✇♦r❦s ❜❡t✇❡❡♥ ❞✐st❛♥t ❝✐t✐❡s✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❞❡s✐❣♥ ♦❢ ♥❡✇ ❝♦♠♣❧❡① ♠❛t❡r✐❛❧s ✇✐t❤ q✉❛♥✲
t✉♠ s✐♠✉❧❛t♦rs✱ q✉❛♥t✉♠ ♥❛✈✐❣❛t✐♦♥ ❞❡✈✐❝❡s ❛♥❞ ❛ q✉❛♥t✉♠ ❝♦♠♣✉t❡r ✇✐t❤ ✉♣ t♦ ✶✵✵ ♣❤②s✐❝❛❧
q✉❜✐ts t♦ s♦❧✈❡ ❝❤❡♠✐str② ❛♥❞ ♠❛t❡r✐❛❧ s❝✐❡♥❝❡ ♣r♦❜❧❡♠s✳
❊✈❡♥ ❢✉rt❤❡r ✐♥ t❤❡ ❢✉t✉r❡ t❤❡ ❣♦❛❧s ❛r❡ s❡t ❛♥❞ ♣r❡❞✐❝t❡❞ t♦ ♠♦✈❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛ s❡✲
❝✉r❡ ❊✉r♦♣❡✲✇✐❞❡ ✐♥t❡r♥❡t ♠❡r❣✐♥❣ q✉❛♥t✉♠ ❛♥❞ ❝❧❛ss✐❝❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ s✐♠✉❧❛t♦rs ♦❢ q✉❛♥✲
t✉♠ ❞②♥❛♠✐❝s ❛♥❞ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ♠❡❝❤❛♥✐s♠s t♦ s✉♣♣♦rt ❞r✉❣ ❞❡s✐❣♥✱ ❣r❛✈✐t② ✐♠❛❣✐♥❣ ❞❡✈✐❝❡s
❜❛s❡❞ ♦♥ ❣r❛✈✐t② s❡♥s♦rs ❛♥❞ q✉❛♥t✉♠ ❝♦♠♣✉t❡rs ❡①❝❡❡❞✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r ♦❢ ❝❧❛ss✐❝❛❧
❝♦♠♣✉t❡rs✳❬✶❪
❆❧❧ t❤❡s❡ t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ✉s❛❣❡ ♦❢ q✉❛♥t✉♠ st❛t❡s✳ ❇❛s❡❞ ♦♥ t❤❡ ❜✐ts ♦❢ ❛ ❝❧❛ss✐❝❛❧
❝♦♠♣✉t❡r✱ ❛❧s♦ t❤❡ ❡❧❡♠❡♥t❛r② ✉♥✐ts ♦❢ ✐♥❢♦r♠❛t✐♦♥ st♦r❛❣❡ ❢♦r ❛ q✉❛♥t✉♠ ❝♦♠♣✉t❡r ❛r❡ ❝❛❧❧❡❞
q✉❜✐ts✳ ❚❤✐s q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ t✇♦✲❧❡✈❡❧✲s②st❡♠s ❝❛♥✱ ✐♥ ❛♥❛❧♦❣② t♦ t❤❡ ✵ ❛♥❞ ✶ st❛t❡ ♦❢ ❛ ❝❧❛s✲
s✐❝❛❧ ❝♦♠♣✉t❡r✱ ❛❧s♦ ♦♣❡r❛t❡ ✇✐t❤ s✉♣❡r♣♦s✐t✐♦♥s ♦❢ t❤❡ t✇♦ st❛t❡s ♦❢ t❤❡ q✉❜✐t✳
❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ❞✐✛❡r❡♥t s②st❡♠s ✐♥ ✇❤✐❝❤ t❤✐s st❛t❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞✳ ❋♦r ❡①❛♠♣❧❡ ♥✉❝❧❡❛r s♣✐♥s✱
s❡❧❡❝t❡❞ ❡❧❡❝tr♦♥ st❛t❡s ♦❢ ❛♥ ✐♦♥ ♦r✱ ❧✐❦❡ ✐♥ ♦✉r ❝❛s❡✱ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐ts✳ ❈✉rr❡♥t❧②✱ ♣❡♦♣❧❡
❛r❡ t❡st✐♥❣ ✇❤✐❝❤ ♦❢ t❤❡s❡ s②st❡♠s ❝❛♥ ❜❡ ✉s❡❞ ❜❡st ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳
■♥ t❤✐s ❝♦♠♣❡t✐t✐♦♥✱ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❜✐ts ❛r❡ ♣r♦♠✐s✐♥❣ ❝❛♥❞✐❞❛t❡s t♦ ♦♣❡r❛t❡ ❛s ❛ q✉❛♥t✉♠
❝♦♠♣✉t❡r✳ ❚❤❡② ❛r❡ s❝❛❧❛❜❧❡ ❛♥❞ t❤❡ q✉❜✐t ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ✢❡①✐❜❧② ❝❤❛♥❣❡❞ ✐♥ ❢❛❜r✐❝❛t✐♦♥✳
❚❤❡ ♥❡❣❛t✐✈❡ ❛s♣❡❝ts ❛r❡✱ t❤❛t t❤❡② ❛r❡ str♦♥❣❧② ❝♦✉♣❧❡❞ t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ t❤❡r❡❢♦r❡ t♦ t❤❡
❡①t❡r♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❋✉rt❤❡r♠♦r❡ t❤❡② ❜r✐♥❣ ❛❧♦♥❣ ✐♥❤❡r❡♥t✱ ❞✐✣❝✉❧t t♦ ❝♦♥tr♦❧ ✈❛r✐❛t✐♦♥s

✶



❞✉❡ t♦ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✳ ❍♦✇❡✈❡r t❤❡r❡ ❛r❡ ❛❧s♦ s♦♠❡ ❜❡♥❡✜ts ❞✉❡ t♦ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐✈✐t②
♦❢ t❤❡✐r ♠❛t❡r✐❛❧✳ ❚✇♦✲❧❡✈❡❧✲s②st❡♠s ❞❡✜♥❡❞ ✐♥ t❤❡ ❡♥❡r❣② ❣❛♣ ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t♦r✱ ❛r❡ ❡✛❡❝✲
t✐✈❡❧② ❞❡❝♦✉♣❧❡❞ ❢r♦♠ q✉❛s✐ ♣❛rt✐❝❧❡s ❛♥❞ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ st❛t❡
✐ts❡❧❢ ❛❧r❡❛❞② ♣r♦✈✐❞❡s ❛ ♥♦♥ ❞❡❣❡♥❡r❛t❡✱ ♠❛❝r♦s❝♦♣✐❝ ❣r♦✉♥❞ st❛t❡✳❬✷❪ ❚❤❡r❡❢♦r❡ ✐t s❡❡♠s t♦ ❜❡ ❛
♣r♦♠✐s✐♥❣ ❝❤♦✐❝❡ t♦ ♣✉t ❡✛♦rt ✐♥t♦ ✐t ❛♥❞ ❣❡t t♦ ❦♥♦✇ ❛♥❞ ❞❡✈❡❧♦♣ t❤✐s t②♣❡ ♦❢ q✉❜✐ts✳ ❉✉r✐♥❣ ♠②
✇♦r❦ ❛s ❛ ♠❛st❡r st✉❞❡♥t ✇❡ tr✐❡❞ t♦ s❡t ✉♣ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡ t❤❡ q✉❜✐t ❢❛❜r✐❝❛t✐♦♥ ✐♥ t❤❡ ♥❡✇ ❝❧❡❛♥
r♦♦♠ ❛t t❤❡ ■◗❖◗■ ✐♥ ■♥♥s❜r✉❝❦✳ ❆ s✉♠♠❛r② ♦❢ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥
t❤✐s t❤❡s✐s✳

✷



✑✳✳✳✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ✇❤❡♥ t❤❡ ✇♦r❧❞ ✇❛s
②♦✉♥❣ t❤❡r❡ ✇❡r❡ ❛ ❣r❡❛t ♠❛♥② t❤♦✉❣❤ts

❜✉t ♥♦ s✉❝❤ t❤✐♥❣ ❛s ❛ tr✉t❤✳✑
❙✳ ❆♥❞❡rs♦♥

❚❤❡ ❜♦♦❦ ♦❢ ❣r♦t❡sq✉❡

✷ ❆ ♣❤✐❧♦s♦♣❤✐❝❛❧ ♠♦t✐✈❛t✐♦♥ ❢♦r s✉♣❡r❝♦♥❞✉❝t✐✈✐t②

❇❛❝❦ ✐♥ ❤✐st♦r② t❤❡ ❧❛✇s ♦❢ ♣❤②s✐❝s ❛r❡ ❡st❛❜❧✐s❤❡❞ ❜② ♦❜s❡r✈✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♥❛t✉r❡ ❛♥❞
t❤❡ t❤✐♥❣s ❛r♦✉♥❞✳ ❲✐t❤ ❣❡♦♠❡tr✐❝ ❛♥❞ ❦✐♥❡♠❛t✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s ◆❡✇t♦♥ ❢♦r ❡①❛♠♣❧❡ ❞❡✈❡❧♦♣❡❞
t❤r❡❡ ♣❤②s✐❝❛❧ ❧❛✇s ✐♥ ✶✻✽✼✱ ❞❡s❝r✐❜✐♥❣ ❢♦r❝❡s t❤❛t ❛❝t ♦♥ ❛ ❜♦❞② ❛♥❞ ✐ts ♠♦t✐♦♥ ❛s r❡s♣♦♥s❡ t♦
t❤♦s❡ ❢♦r❝❡s✱ t❤❛t ❧❛✐❞ t❤❡ ❢♦✉♥❞❛t✐♦♥ ❢♦r t♦❞❛②✬s ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝s✳ ❚♦ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥
❛♥❞ ♥❛t✉r❡ ♦❢ t❤❡s❡ ❢♦r❝❡s✱ ◆❡✇t♦♥ ❣❛✈❡ t❤❡ ❢❛♠♦✉s ❛♥s✇❡r ✑❤②♣♦t❤❡s❡s ♥♦♥ ✜❣♦ ✲ ■ ❢r❛♠❡ ♥♦
❤②♣♦t❤❡s❡s✑✳ ■♥ ✶✻✾✺ ▲❡✐❜♥✐③ ♣r❡s❡♥ts ❤✐s ❙♣❡❝✐♠❡♥ ❉②♥❛♠✐❝✉♠ ❛s ❦✐♥❞ ♦❢ ❛♥ ❛♥s✇❡r t♦ ◆❡✇t♦♥
✇❤❡r❡ ❤❡ ♠✐ss❡❞ t❤❡ s✉❜st❛♥t✐❛t✐♦♥ ♦❢ ♣❤②s✐❝s✳ ❍❡ ♥♦t ❥✉st ❢♦❝✉s❡s ♦♥ t❤❡ ♠♦t✐♦♥ ✐ts❡❧❢ ❜✉t ✐♥
♣❛rt✐❝✉❧❛r ❛❧s♦ ♦♥ t❤❡ ♦r✐❣✐♥✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡✐❜♥✐③ ♣❤②s✐❝s ❤❛s t♦ ❜❡ ❛❜♦✉t t♦ ✉♥❞❡rst❛♥❞ t❤❡
♠♦t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ ✐ts ♦r✐❣✐♥✱ ❡✈❡♥ ✐❢ t❤❡② ♠❛② ❜❡ ❥✉st ❤②♣♦t❤❡s❡s ❛t ✜rst✳
■♥ t❤❡ ✶✾t❤ ❛♥❞ ✷✵t❤ ❝❡♥t✉r②✱ ❛❧s♦ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ♣r♦❣r❡ss✐✈❡ ♠❛t❤❡♠❛t✐③❛t✐♦♥✱ ♣❤②s✐❝s ♠♦r❡ ❛♥❞
♠♦r❡ ♠♦✈❡❞ ❛✇❛② ❢r♦♠ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐r❡❝t❧② ♣❡r❝❡✐✈❡❞✳ ❆❝❝♦♠♣❛♥✐❡❞ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣
❧♦ss ♦❢ ✈✐✈✐❞♥❡ss✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤✐s ♣❡rs♣❡❝t✐✈❡ ❝❤❛♥❣❡ ❛r❡ t❤❡ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞
♠❛❣♥❡t✐❝ ♣❤❡♥♦♠❡♥❛ ♦❜s❡r✈❡❞✳ ❚❤❡② s❡❡♠❡❞ t♦ ❜❡ ❛ ❝♦♠♣❧❡t❡❧② ♥❡✇ t②♣❡ ♦❢ ♣❤②s✐❝❛❧ ✐♥t❡r❛❝t✐♦♥✳
■♥ ❛♥❛❧♦❣② t♦ t❤❡ ❝♦♥t✐♥✉✉♠♠❡❝❤❛♥✐❝s ❛♥❞ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♥♦t t❤❡ ♠♦t✐♦♥ ♦❢ s✐♥❣❧❡ ♣❤②s✐❝❛❧ ♦❜❥❡❝ts
t❤r♦✉❣❤ t❤❡ s♣❛❝❡ ✐s tr❛❝❦❡❞ ♥♦✇✱ ❜✉t t❤❡ t❡♠♣♦r❛❧ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ■t
✇❛s s♦♠❡❤♦✇ t❤❡ ❝❤❛♥❣❡ ❢r♦♠ ❛ ✑♣❛rt✐❝❧❡ t❤❡♦r②✑ ❞❡s❝r✐♣t✐♦♥ t♦ ❛ ✑✜❡❧❞ t❤❡♦r②✑ ❞❡s❝r✐♣t✐♦♥✳ ■♥
✶✾✶✺ ❆❧❜❡rt ❊✐♥st❡✐♥ ❡st❛❜❧✐s❤❡❞ ❛ ✜❡❧❞ t❤❡♦r② ♦❢ ❣r❛✈✐t② ❞❡♣✐❝t❡❞ ❜② t❤❡ ❣❡♦♠❡tr② ♦❢ s♣❛❝❡ ❛♥❞
t✐♠❡✳ ❚❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ r❡❧❛t✐✈✐t②✳ ❚❤❡ ❤♦♣❡ ❣r❡✇ t♦ ♠❡r❣❡ ❜♦t❤ ❦♥♦✇♥ ✐♥t❡r❛❝t✐♦♥s ✭❣r❛✈✐t②
❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠✮ ✐♥t♦ ❛ s✐♥❣❧❡ t❤❡♦r②✳ ❚❤❡ ♦❧❞ ✐❞❡❛ t♦ r❡❞✉❝❡ ❛❧❧ t❤❡ ♣❤②s✐❝s t♦ ❣❡♦♠❡tr②
✐♥✢✉❡♥❝❡❞ ❛❧s♦ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ✷✵t❤ ❝❡♥t✉r② ❛♥❞ ✇❛s ♥♦✇✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❣❡♦♠❡tr✐s❛t✐♦♥ ♦❢
P❧❛t♦♥ ❛♥❞ ❉❡s❝❛rt❡s✱ ♠❛t❤❡♠❛t✐❝❛❧❧② ♠✉❝❤ ♠♦r❡ ♣r❡♣❛r❡❞✳
❚❤❡ tr♦✉❜❧❡s ♦♥ t❤❡ ✇❛② t♦ t❤✐s ✉♥✐✜❡❞ ✜❡❧❞ t❤❡♦r② ❝❛♠❡ ✉♣ ✇❤❡♥ ♣❡♦♣❧❡ ✇❛♥t❡❞ t♦ ❞❡s❝r✐❜❡
♣❤❡♥♦♠❡♥❛ ♦♥ t❤❡ ❛t♦♠✐❝ ❧❡✈❡❧✳ ▼❛♥② ♦❢ t❤❡ ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ❛r❡ ♥♦t ❝♦♥t✐♥✉♦✉s ❛♥②♠♦r❡ ❜✉t
❛♣♣❡❛r ✑st❡♣✇✐s❡✑ ❛s ❛ ♠✉❧t✐♣❧❡ ♦❢ ❛ ❝❡rt❛✐♥ ✈❛❧✉❡✳ ❚❤❡② ❛r❡ q✉❛♥t✐③❡❞✳ ❚❤✐s ❞✐s❝r❡t❡ str✉❝t✉r❡ ✇❛s
❤❛r❞❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✜❡❧❞✲t❤❡♦r❡t✐❝❛❧ ❛♣♣r♦❛❝❤✳
❲❛s ✐t ✜rst ❛ ♣r♦❜❧❡♠ ♦❢ ❞✐r❡❝t ♦❜s❡r✈❛t✐♦♥✱ ♥♦✇ ❛❧s♦ ❛♥❛❧♦❣✐❡s ❧✐❦❡ t❤❡ ❛t♦♠✐❝ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠
♦r ❇♦❤r✬s ❛t♦♠✐❝ ♠♦❞❡❧✱ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ❣②r♦✱ ❣♦t ♣r♦❜❧❡♠❛t✐❝✳ ❋♦r t❤❡ ❞✐r❡❝t✐♦♥❛❧
q✉❛♥t✐③❛t✐♦♥ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❙t❡r♥✲●❡r❧❛❝❤✲❊①♣❡r✐♠❡♥t ❢♦r ❡①❛♠♣❧❡ ❡①✐sts ♥♦ ❝❧❛ss✐❝❛❧ ❛♥❛❧♦❣②✳ ❚♦
❞❡❛❧ ✇✐t❤ ✐t t❤❡② ♣✉t ❛ ✑s♣✐♥✑ ♦♥ t❤❡ ❡❧❡❝tr♦♥✳ ❚❤❡ ❢♦❝✉s ♥♦✇ ✇❛s ♠♦r❡ ♦♥ ✜♥❞✐♥❣ ❛ ♠❛t❤❡♠❛t✐❝❛❧
❢♦r♠❛❧✐s♠ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts t♦ ♠❛❦❡ ❛❝❝✉r❛t❡ ♣r❡❞✐❝t✐♦♥s✳ ■♥ ✶✾✷✺ ❍❡✐s❡♥❜❡r❣ ❛♥❞
❙❝❤rö❞✐♥❣❡r ♣r♦✈✐❞❡❞ t❤❡ ❝❡♥tr❛❧ ❞❡s✐❣♥s ❢♦r ❛ t❤❡♦r② ♥♦✇ ❦♥♦✇♥ ❛s q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳ ❆s ✐♥
❝❧❛ss✐❝❛❧ ♣❤②s✐❝s✱ ❛❧s♦ ✐♥ q✉❛♥t✉♠ ♣❤②s✐❝s✱ t❤❡ st❛t❡ ♦❢ ❛ s②st❡♠ ❛t ❛♥② t✐♠❡ t ❢♦r ❛ ❣✐✈❡♥ ✐♥✐t✐❛❧
st❛t❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❛ ❜❛s✐❝ ❡q✉❛t✐♦♥✳ ■♥ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ s♦ ❝❛❧❧❡❞ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

i~
∂

∂t
Ψ(r, t) = − ~

2

2m

∂2Ψ(r, t)

∂r2
+ VΨ(r, t)

✇✐t❤ t❤❡ r❡❞✉❝❡❞ P❧❛♥❦ ❝♦♥st❛♥t ~✱ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② V ✱ t❤❡ ♠❛ss m ❛♥❞ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥
Ψ(r, t) ♦❢ t❤❡ ♣❛rt✐❝❧❡✳ ■♥ ❣❡♥❡r❛❧ ❛ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❞♦❡s♥✬t ❤❛✈❡ s✐❣♥✐✜❝❛♥❝❡ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❧❞✳
◗✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦✉r ✉s✉❛❧❧② ❞♦❡s♥✬t s❤♦✇ ✉♣ ♦♥ ❧❛r❣❡ s❝❛❧❡s ❡①❝❡♣t ✐♥ t❤❡ st❛♥❞❛r❞
✇❛② t❤❛t ✐t r❡♣r♦❞✉❝❡s ◆❡✇t♦♥✬s ❧❛✇s✳
❲❤❡♥ ❙❝❤rö❞✐♥❣❡r ❞✐s❝♦✈❡r❡❞ ❤✐s ❡q✉❛t✐♦♥ ❤❡ st❛rt❡❞ ❝❛❧❝✉❧❛t✐♥❣ s♦♠❡ ♣r♦❜❧❡♠s ❛♥❞ ❢♦✉♥❞ ♦✉t✱
t❤❛t ✐t ❞♦❡s♥✬t ❛❧✇❛②s ✇♦r❦ ♦✉t q✉✐t❡ r✐❣❤t ❛♥❞ ❞♦❡s♥✬t ✜t t♦ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ❆ s♦❧✉t✐♦♥
t♦ t❤✐s ✐♥❝♦♥s✐st❡♥❝② ❜r♦✉❣❤t ▼❛① ❇♦r♥✳ ❍✐s ✐❞❡❛ ✇❛s t♦ ✐♥t❡r♣r❡t t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝❛❧ ❢♦r♠❛❧✐s♠ ❛s ♣r♦❜❛❜✐❧✐t✐❡s✳❬✸❪ ❚❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ Ψ ✐♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥
✇✐t❤ ✐ts ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡✱ ❢♦r ❡①❛♠♣❧❡✱ s❤♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❡r♠s ♦❢ ❛ ♣r♦❜❛❜✐❧✐t② ❛♠♣❧✐t✉❞❡

P (r, t) = Ψ∗(r, t)Ψ(r, t)

✸



❚❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ Ψ ❞♦❡s♥✬t ❞❡s❝r✐❜❡ ❛ s♠❡❛r❡❞ ♦✉t ❡❧❡❝tr♦♥ ✇✐t❤ ❛ s♠♦♦t❤ ❝❤❛r❣❡ ❞❡♥s✐t② ❛♥②✲
♠♦r❡✱ ❜✉t t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ t❤❡ ❡❧❡❝tr♦♥ s♦♠❡✇❤❡r❡ ✇✐t❤ ✐ts ❡♥t✐r❡ ❝❤❛r❣❡ ❛t t❤❛t ♣♦✐♥t✳
◆♦✇ t❤✐♥❦ ♦❢ ♥♦t ♦♥❧② ♦♥❡ ❡❧❡❝tr♦♥✱ ❜✉t t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❛ ❤✉❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ❡①❛❝t❧② t❤❡
s❛♠❡ st❛t❡ ✇✐t❤ ❡①❛❝t❧② t❤❡ s❛♠❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✳ ❲❡ ✇✐❧❧ ✜♥❞ ❢♦r ❛♥② ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✐♥ ❛♥② ✈♦❧✉♠❡
dxdydz ❛ ♥✉♠❜❡r ❝❧♦s❡ t♦ ΨΨ∗dxdydz✳ ❙♦ ❡✈❡r② s✐♥❣❧❡ ♦♥❡ ♦❢ t❤♦s❡ ♠❛♥② ✐❞❡♥t✐❝❛❧ ❡❧❡❝tr♦♥s ❤❛s
♠♦r❡ ♦r ❧❡ss t❤❡ s❛♠❡ ♣r♦❜❛❜✐❧✐t② t♦ ❜❡ ✐♥ ❛♥② ✈♦❧✉♠❡ dxdydz✳ ❚❤❡ ♣r♦❞✉❝t ΨΨ∗ ❝❛♥ ✐♥ t❤✐s
s✐t✉❛t✐♦♥ t❤❡♥ ❛❣❛✐♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❡❧❡❝tr✐❝ ❝❤❛r❣❡ ❞❡♥s✐t②✳
❚❤❡r❡❢♦r❡ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ②♦✉ ❤❛✈❡ ❛ ❧♦t ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s❛♠❡ st❛t❡✱ t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t②
ρ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ Ψ(r) =

√

ρ(r) · eiϕ(r)✳ ❚❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥
s✉❞❞❡♥❧② t❛❦❡s ♦♥ ❛ ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣ ✇❤✐❝❤ ❡①t❡♥❞s ✐♥t♦ ❝❧❛ss✐❝❛❧✱ ♠❛❝r♦s❝♦♣✐❝ s✐t✉❛t✐♦♥s✳
❆t ❧♦✇ t❡♠♣❡r❛t✉r❡s ❢♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ ♦♥❧② ❛ ✈❡r② s♠❛❧❧ ♥✉♠❜❡r ♦❢ st❛t❡s ♥❡❛r t❤❡ ❣r♦✉♥❞ st❛t❡
❛r❡ ♦❝❝✉♣✐❡❞ ❜② s✉❝❤ ❛ ♣♦ss✐❜❧② ❤✉❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s✱ t❤❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❝❤❛r❛❝t❡r ♦❢
t❤❛t ❣r♦✉♥❞ st❛t❡ ❝❛♥ ❛♣♣❡❛r ♦♥ ❛ ♠❛❝r♦s❝♦♣✐❝ s❝❛❧❡✳ ❚❤✐s t✐♠❡ ♥♦t ✐♥ t❤❡ ✉s✉❛❧ ✇❛② t❤❛t q✉❛♥t✉♠
♠❡❝❤❛♥✐❝s r❡♣r♦❞✉❝❡s ◆❡✇t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s ♦♥ t❤❡ ❛✈❡r❛❣❡✱ ❜✉t ✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ q✉❛♥t✉♠
♠❡❝❤❛♥✐❝s ♣r♦❞✉❝❡ ✐ts ♦✇♥ ❝❤❛r❛❝t❡r✐st✐❝ ❡✛❡❝ts ♦♥ ❛ ✑♠❛❝r♦s❝♦♣✐❝✑ s❝❛❧❡✳❬✹❪
❙✉♣❡r❝♦♥❞✉❝t✐✈✐t② ✐s ❡①❛❝t❧② t❤❛t s✐t✉❛t✐♦♥✳ ❈♦♦❧✐♥❣ ❞♦✇♥ ❛ ♠❡t❛❧ t♦ ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s ❧❡❛❞s
t♦ ❈♦♦♣❡r ♣❛✐r✐♥❣ ✇❤✐❝❤ ❛❧❧♦✇s ❛ ❧♦t ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s❛♠❡ st❛t❡✳ ❚❤❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧
❜❡❤❛✈✐♦✉r ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s ♥♦✇ ❝❛♥ ❛♣♣❡❛r ♦♥ ❛ ♠❛❝r♦s❝♦♣✐❝ s❝❛❧❡ ✲ ✐♥ ♦✉r ❝❛s❡ ✐♥ ❢♦r♠ ♦❢ t❤❡
❏♦s❡♣❤s♦♥ ❊✛❡❝t✳

✹



✑❘❡❛❧ ♥❡✇ t❡rr✐t♦r② ✐♥ s❝✐❡♥❝❡ ❝❛♥
♣r♦❜❛❜❧② ♦♥❧② ❜❡ ❣❛✐♥❡❞ ✐❢ ②♦✉ ❛r❡✱ ❛t

❛ ❝r✉❝✐❛❧ ♣♦✐♥t✱ r❡❛❞② t♦ ❧❡❛✈❡ t❤❡ ❣r♦✉♥❞
♦♥ ✇❤✐❝❤ t❤❡ ♣r❡✈✐♦✉s s❝✐❡♥❝❡ ✐s ❜❛s❡❞✳✑

❲❡r♥❡r ❍❡✐s❡♥❜❡r❣

✸ ❙✉♣❡r❝♦♥❞✉❝t✐✈✐t②

❚❤✐s ❝❤❛♣t❡r st❛rts ✇✐t❤ t❤❡ ❤✐st♦r✐❝❛❧ ❞✐s❝♦✈❡r✐❡s ✇❤✐❝❤ ❧❡❛❞ t♦ ❞✐✛❡r❡♥t t❤❡♦r✐❡s t♦ ❞❡s❝r✐❜❡
s✉♣❡r❝♦♥❞✉❝t✐✈✐t②✳ ❋♦❧❧♦✇❡❞ ❜② t❤❡ ✐❞❡❛s t♦ ❡①♣❧❛✐♥ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ ♥❡✇ ♣❤②s✐❝❛❧ st❛t❡s✱ t❤❡
❇❈❙ ❣r♦✉♥❞ st❛t❡s✱ t❤❛t ❛r❡ ❛♣♣❡❛r✐♥❣✳ ❚❤❡♥ ✇❡ ❝♦♠❡ t♦ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ❢♦r ✇❡❛❦❧② ❝♦✉♣❧❡❞
s✉♣❡r❝♦♥❞✉❝t♦rs✳ ❚❤❡ ❏♦s❡♣❤s♦♥ ❡✛❡❝t t❤❛t ✐s ♦❜s❡r✈❛❜❧❡ ✐♥ t❤✐s ❝❛s❡ ♠♦t✐✈❛t❡s t❤❡ ❢❛❜r✐❝❛t✐♦♥
❛♥❞ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ s♦ ❝❛❧❧❡❞ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥s ✲ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡❛❧✐s❛t✐♦♥s ♦❢ ✇❡❛❦❧② ❝♦✉♣❧❡❞
s✉♣❡r❝♦♥❞✉❝t♦rs✳ ❚❤❡ ❧❛st ♣❛rt ✐s ❛❜♦✉t t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❇❈❙✲t❤❡♦r② ❛♥❞ ❏♦s❡♣❤s♦♥s

t❤❡♦r② t♦ ✇❡❛❦❧② ❝♦✉♣❧❡❞ s✉♣❡r❝♦♥❞✉❝t♦rs✳ ❚❤❡ r❡s✐st❛♥❝❡ ✐♥ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥✱ ♠❡❛s✉r❡❞ ❛t
r♦♦♠ t❡♠♣❡r❛t✉r❡✱ ♣r♦✈✐❞❡s ❛♥ ❡❛s② ❛❝❝❡ss✐❜❧❡ ♣❛r❛♠❡t❡r t♦ ❞r❛✇ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t t❤❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ❋♦r t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ q✉❜✐ts t❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r
t♦ ❝❤❡❝❦ t❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ t❤❡ q✉❜✐ts✳

✸✳✶ ❉✐s❝♦✈❡r② ❛♥❞ t❤❡♦r✐❡s ♦❢ s✉♣❡r❝♦♥❞✉❝t✐✈✐t②

❚❤❡ ❡❧❡❝tr✐❝❛❧ r❡s✐st❛♥❝❡ ♦❢ ♠❡t❛❧s ✐s ❝❛✉s❡❞ ❜② s❝❛tt❡r✐♥❣ ♦❢ t❤❡ ❝♦♥❞✉❝t✐♦♥ ❡❧❡❝tr♦♥s ♦♥ ♣❤♦♥♦♥s
❛♥❞ ❧❛tt✐❝❡ ❞❡❢❡❝ts ❛s ✇❡❧❧ ❛s ❜② s❝❛tt❡r✐♥❣ ❛♠♦♥❣ ❡❛❝❤ ♦t❤❡r✳ ❲✐t❤ ❞❡❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ t❤❡
r❡s✐st❛♥❝❡ s❤♦✉❧❞ ❛❧s♦ ❞❡❝r❡❛s❡ ❞✉❡ t♦ ❢r❡❡③✐♥❣ ♦✉t ♣❤♦♥♦♥s✱ ❜✉t s❤♦✉❧❞ ♥❡✈❡r ❞✐s❛♣♣❡❛r ❝♦♠♣❧❡t❡❧②
❜❡❝❛✉s❡ ♦❢ t❤❡ r❡s✐❞✉❛❧ ❧❛tt✐❝❡ ❞❡❢❡❝ts ❛♥❞ ✐♠♣✉r✐t✐❡s✳
■♥ ✶✾✶✶ ❍❡✐❦❡ ❑❛♠❡r❧✐♥❣❤ ❖♥♥❡s ❞✐s❝♦✈❡r❡❞ t❤❛t ❛t ❛ ❝❡rt❛✐♥ t❡♠♣❡r❛t✉r❡ t❤❡ r❡s✐st❛♥❝❡ s✉❞❞❡♥❧②
✐s♥✬t ♠❡❛s✉r❛❜❧❡ ❛♥②♠♦r❡ ❛♥❞ ❞✐s❛♣♣❡❛rs✳ ❍❡ ✜rst ❞✐s❝♦✈❡r❡❞ ✐t ✐♥ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ♠❡r❝✉r②✳ ✭s❡❡
✜❣✳✷✮✳ ❚❤✐s t❡♠♣❡r❛t✉r❡ ✐s ♥♦✇ ❝❛❧❧❡❞ t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ TC ✳ ■t ✐s ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t
♠❛t❡r✐❛❧s ❛♥❞ ❧✐❡s ❛r♦✉♥❞ ❛ ❢❡✇ t♦ ❛ ❢❡✇ ❤✉♥❞r❡❞ ❑❡❧✈✐♥✳ ■♥ ✶✾✸✸ ❲❛❧t❤❡r ▼❡✐ÿ♥❡r ❛♥❞ ❘♦❜❡rt

❋✐❣✉r❡ ✷✿ ❉❛t❛ ❢r♦♠ t❤❡ ❧❛❜ ❜♦♦❦ ♦❢ ❑❛♠❡r❧✐♥❣❤ ❖♥♥❡s✳ ❚❤❡ r❡s✐st❛♥❝❡ ✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡
t❡♠♣❡r❛t✉r❡ ❢♦r ♠❡r❝✉r②✳ ■t ✇❛s t❤❡ ❞✐s❝♦✈❡r② ♦❢ t❤❡ ✑❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡✑ ❛t ✇❤✐❝❤ s✉❞❞❡♥❧② t❤❡
r❡s✐st❛♥❝❡ ❣♦❡s t♦ ③❡r♦✳❬✺❪

❖❝❤s❡♥❢❡❧❞ ❞✐s❝♦✈❡r❡❞ t❤❛t s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛t❡r✐❛❧s ❛r❡ ❛❧s♦ ♣❡r❢❡❝t ❞✐❛♠❛❣♥❡ts ❛s t❤❡② ❝♦♠✲
♣❧❡t❡❧② ❞✐s♣❧❛❝❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢r♦♠ t❤❡✐r ✐♥s✐❞❡✳
■♥ ❣❡♥❡r❛❧ s✉♣❡r❝♦♥❞✉❝t✐✈✐t② ✐s ❛ ♣❤❡♥♦♠❡♥❛ ✐♥ ✇❤✐❝❤ ❝♦rr❡❧❛t✐♦♥s ✐♥ t❤❡ ❡❧❡❝tr♦♥✐❝ s②st❡♠ ♣❧❛② ❛♥
✐♠♣♦rt❛♥t r♦❧❡✳ ❚❤❡② ❧❡❛❞✱ ❜❡❧♦✇ t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡✱ t♦ ❛ ♥❡✇ ❦✐♥❞ ♦❢ ♦r❞❡r ❛♥❞ ❛r❡ ❞✐✣❝✉❧t
t♦ ❞❡s❝r✐❜❡ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❡✛❡❝t✐✈❡❧② ♥♦t ❥✉st ♦♥❡ ❡❧❡❝tr♦♥ ❛♥②♠♦r❡ t♦ ❞❡s❝r✐❜❡ ❜✉t ❛ ❧♦t ♦❢ t❤❡♠✳
❚❤❛t✬s t❤❡ r❡❛s♦♥ ✇❤② t❤❡r❡ ✐s ✉♣ t♦ ♥♦✇ ♥♦ ❡st❛❜❧✐s❤❡❞ ♠✐❝r♦s❝♦♣✐❝ t❤❡♦r② ❢♦r ❤✐❣❤✲t❡♠♣❡r❛t✉r❡
s✉♣❡r❝♦♥❞✉❝t♦rs ❢♦r ❡①❛♠♣❧❡✳
■♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛ ❧♦t ♦❢ t❤❡♦r✐❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ✇❤✐❝❤ ❝♦✉❧❞ ❞❡s❝r✐❜❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❝♦r✲
r❡❝t❧② ❜✉t ❝♦✉❧❞♥✬t ❡①♣❧❛✐♥ t❤❡♠✳ ❙t❛rt✐♥❣ ✇✐t❤ ❛ ❜✐✢✉✐❞ ♠♦❞❡❧ ❢r♦♠ ❈❛s✐♠✐r ❛♥❞ ●♦rt❡r ❞❡s❝r✐❜✐♥❣
❝♦rr❡❝t❧② t❤❡ ✈❛♥✐s❤✐♥❣ r❡s✐st❛♥❝❡ ❜❡❧♦✇ TC ✱ t❤❡ ♠♦❞❡❧ ♦❢ ❋r✐t③ ❛♥❞ ❍❡✐♥③ ▲♦♥❞♦♥✱ ✇❤❡r❡ t❤❡r❡
✐s ❛ ✜♥✐t❡ ❞❡♥s✐t② ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❡❧❡❝tr♦♥s ✇❤✐❝❤ ❝♦✉❧❞ ♠♦✈❡ ✇✐t❤♦✉t ❢r✐❝t✐♦♥✱ ❝❛♥ ❞❡s❝r✐❜❡
t❤❡ ✐♥✜♥✐t❡❧② ❤✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❛♥❞ t❤❡ ♣❡r❢❡❝t ❞✐❛♠❛❣♥❡t✐s♠✳ ●✐♥③❜✉r❣ ❛♥❞ ▲❛♥❞❛✉ ✐♥tr♦❞✉❝❡❞

✺



❛ ❝♦♠♣❧❡① ♠❛❝r♦s❝♦♣✐❝ ✇❛✈❡❢✉♥❝t✐♦♥ ❛s r❡❣✉❧❛t♦r② ♣❛r❛♠❡t❡r ✇❤✐❝❤ ❞❡s❝r✐❜❡ t❤❡ ❧♦❝❛❧ ❞❡♥s✐t② ♦❢
t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❡❧❡❝tr♦♥s ❛s ρ(r) = |Ψ(r)|2✳ ❚❤✐s t❤❡♦r② ❝♦✉❧❞ ❡①♣❧❛✐♥ ❡s♣❡❝✐❛❧❧② ♣❤❡♥♦♠❡♥❛
✇❤❡r❡ t❤❡ s♣❛t✐❛❧ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❡❧❡❝tr♦♥s ✐s ✐♠♣♦rt❛♥t✳
❚❤❡ r❡❛❧ ❜r❡❛❦t❤r♦✉❣❤ ❝❛♠❡ ✐♥ ✶✾✺✼ ✇✐t❤ t❤❡ ♠✐❝r♦s❝♦♣✐❝ t❤❡♦r② ♦❢ ❇❛r❞❡❡♥✱ ❈♦♦♣❡r ❛♥❞ ❙❝❤r✐✲

❡✛❡r✱ t❤❡ s♦ ❝❛❧❧❡❞ ❇❈❙✲t❤❡♦r②✳ ❚❤❡② r❡❝♦❣♥✐③❡❞ t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❛ttr❛❝t✐✈❡ ✐♥t❡r❛❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥s ♦❢ ❛ ♠❡t❛❧ ❧❡❛❞s t♦ ♣❛✐r✐♥❣ ♦❢ t❤❡ ❡❧❡❝tr♦♥s✳ ❚❤❡ ♣❛✐rs ❛r❡ ❝❛❧❧❡❞ ❈♦♦♣❡r ♣❛✐rs✳
❇❡❧♦✇ t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡ TC t❤❡ ❈♦♦♣❡r ♣❛✐rs ❜✉✐❧❞ ❛ ❝♦❤❡r❡♥t ♠❛♥②✲❜♦❞② st❛t❡ ✇❤✐❝❤ ❛❣❛✐♥
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤ ❛ s✐♥❣❧❡ ♠❛❝r♦s❝♦♣✐❝ ✇❛✈❡ ❢✉♥❝t✐♦♥✳
■♥ ✶✾✻✶ t✇♦ ❡①♣❡r✐♠❡♥t❛❧ ❣r♦✉♣s s✐♠✉❧t❛♥❡♦✉s❧② ♦❜s❡r✈❡❞ t❤❡ q✉❛♥t✐s❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ✐♥
✉♥✐ts ♦❢ t❤❡ ✢✉① q✉❛♥t✉♠ Φ0 = h

2e = 2.0678× 10−15 ❲❜✳ ■t ✇❛s t❤❡ ✜rst t✐♠❡ t❤❛t t❤❡ ❡①✐st❡♥❝❡
♦❢ ❈♦♦♣❡r ♣❛✐rs ✇✐t❤ ❝❤❛r❣❡ −2e ✇❛s ♣r♦✈❡♥✳
❇✉t ❧❡t✬s s❡❡ ❤♦✇ t❤❡ ❈♦♦♣❡r ♣❛✐rs ❝❛♥ ❛♣♣❡❛r ❛♥❞ st❛rt ✇✐t❤ ❛ ❧✐tt❧❡ t❤♦✉❣❤t ❡①♣❡r✐♠❡♥t✳ ❆s✲
s✉♠✐♥❣ t❤❛t ✇❡ ❤❛✈❡ ❛ ❣❛s ♦❢ ❢r❡❡ ❡❧❡❝tr♦♥s ❛t T = 0 ❑ ✇❤❡r❡ ❛❧❧ st❛t❡s ✉♣ t♦ t❤❡ ❋❡r♠✐ ❡♥❡r❣②
EF = ~

2k2F /2m✱ ✇✐t❤ t❤❡ ✇❛✈❡ ✈❡❝t♦r kF ✱ t❤❡ r❡❞✉❝❡❞ P❧❛♥❝❦ ❝♦♥st❛♥t ~ ❛♥❞ t❤❡ ♠❛ss ♦❢ t❤❡ ♣❛r✲
t✐❝❧❡ m✱ ❛r❡ ♦❝❝✉♣✐❡❞✳ ❆❞❞✐♥❣ t✇♦ ❛❞❞✐t✐♦♥❛❧ ❡❧❡❝tr♦♥s ❛❧❧♦✇s t❤❡♠ t♦ ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ✈✐❛
t❤❡ ❝r②st❛❧ ❧❛tt✐❝❡ ❜② ❡①❝❤❛♥❣✐♥❣ ♣❤♦♥♦♥s✳ ❙✐♥❝❡ t❤❡ ♥❡①t ❢r❡❡ st❛t❡s ❢♦r t❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❛❜♦✈❡ EF

❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ❢♦r t❤❡ ♣❤♦♥♦♥s ✐s ~ωD✱ ✇✐t❤ t❤❡ ❉❡❜②❡✲❋r❡q✉❡♥❝② ωD✱ t❤❡ ✐♥t❡r❛❝t✐♦♥
♦❢ t❤❡ ❡❧❡❝tr♦♥s t❛❦❡ ♣❧❛❝❡ ✐♥ t❤❡ r❡❣✐♦♥ ❜❡t✇❡❡♥ EF ❛♥❞ EF + ~ωD ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❛✈❡
✈❡❝t♦rs kF ❛♥❞ ∆k ≃ mωD

~kF
✳ ■♥ t❤✐s ♠♦♠❡♥t✉♠ r❡❣✐♦♥ ❈♦♦♣❡r ♣❛✐rs ❛r❡ s❝❛tt❡r❡❞ ♣❡r♠❛♥❡♥t❧② ✐♥t♦

♥❡✇ st❛t❡s s♦ t❤❛t ✇❡ ❝❤♦♦s❡ ❢♦r t❤❡ ♣❛✐r✲✇❛✈❡✲❢✉♥❝t✐♦♥ t♦ ❞❡s❝r✐❜❡ ❛ ❈♦♦♣❡r ♣❛✐r t❤❡ ❛♥s❛t③ ♦❢ ❛
s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t✲✇❛✈❡✲❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✐♥t❡r✈❛❧ ❬kF , kF +∆k❪

Ψ(r1, r2) =

kF+∆k∑

k=kF

ake
tk1r1etk2r2 =

kF+∆k∑

k=kF

ake
tkr

❲✐t❤ t❤✐s ❛♥s❛t③ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡❧❡❝tr♦♥ ♣❛✐r

− ~
2

2m

(
∆2

1 +∆2
2

)
Ψ(r1, r2) + V (r)Ψ(r1, r2) = EΨ(r1, r2).

❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ V (r) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❡❧❛t✐✈❡ ❝♦♦r❞✐♥❛t❡ r ❛♥❞ ✐♥❝❧✉❞❡s t❤❡ ❈♦✉❧♦♠❜
✐♥t❡r❛❝t✐♦♥ ✈✐❛ t❤❡ ❧❛tt✐❝❡ ❛s t❤❡ ❛ttr❛❝t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥s✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡
s❦✐♣♣❡❞ ❤❡r❡✱ ✇❤✐❝❤ ❝❛♥ ❢♦r ❡①❛♠♣❧❡ ❜❡ ❧♦♦❦❡❞ ✉♣ ✐♥ ❬✺❪ ♣✳✽✹✾ ✛✳✱ ❛♥❞ ✇❡ ❣♦ ❞✐r❡❝t❧② t♦ t❤❡ s♦❧✉t✐♦♥
❢♦r t❤❡ ❛♣♣r♦♣r✐❛t❡ ❝❛s❡ ♦❢ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥

E ≃ 2EF − 2~ωDe−4/D(EF )V0 .

❉✉r✐♥❣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❛ ❢❡✇ ❛ss✉♠♣t✐♦♥s ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥s ✇❡r❡ ♠❛❞❡✱ ❜✉t ❢♦r ♥♦✇ ❧❡t✬s ❥✉st
❞❡✜♥❡ ✇❤❛t t❤❡ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s ♠❡❛♥ ❛♥❞ ♥♦t ✇❤❡r❡ t❤❡② ❝♦♠❡ ❢r♦♠✳ D(EF ) ✐s t❤❡ ❞❡♥s✐t② ♦❢
st❛t❡s ❛t t❤❡ ❋❡r♠✐ ❡♥❡r❣② ❛♥❞ V0 ✐s t❤❡ ✐♥t❡r❛❝t✐♦♥ ♣♦t❡♥t✐❛❧ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛♥ ✐s♦tr♦♣✐❝
✐♥t❡r❛❝t✐♦♥✳
❲❡ s❡❡ t❤❛t t❤❡ ❡♥❡r❣② ✐s s♠❛❧❧❡r t❤❛♥ 2EF ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❤❛✈❡ ❛ ❜♦✉♥❞ t✇♦✲❡❧❡❝tr♦♥
st❛t❡✱ ❛ ❈♦♦♣❡r ♣❛✐r✳ ■t ❧❡❛❞s t♦ ❛ r❡❞✉❝❡❞ ❡♥❡r❣② ✐♥ ❝♦♥tr❛st t♦ ❢r❡❡ ❡❧❡❝tr♦♥s✳ ❚❤❡r❡❜② t❤❡ ❣❛s
♦❢ ✐♥t❡r❛❝t✐♦♥✲❢r❡❡ ❡❧❡❝tr♦♥s ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♣❛✐r❡❞ ❡❧❡❝tr♦♥s✳ ❚❤✐s ✐♥st❛❜✐❧✐t②
❝❛✉s❡s ❛ tr❛♥s✐t✐♦♥ t♦ ❛ ♥❡✇ ❣r♦✉♥❞ st❛t❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥ s②st❡♠✱ t❤❡ s♦ ❝❛❧❧❡❞ ❇❈❙ ❣r♦✉♥❞ st❛t❡✳❬✺❪
❚❤✐s ♥❡✇ ❝♦❤❡r❡♥t ♠❛♥② ❜♦❞② st❛t❡ ♦❢ t❤❡ ❡❧❡❝tr♦♥s ❛s ✇❡ ❤❡❛r❞ ❜❡❢♦r❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤ ❛
s✐♥❣❧❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ t❤r♦✉❣❤ t❤❡ ❝❤❛r❣❡ ❞❡♥s✐t② ρ ❛♥❞ ❛ ♣❤❛s❡ ϕ

Ψ =
√
ρ · eiϕ

✸✳✷ ❏♦s❡♣❤s♦♥ ❊✛❡❝t

■♥ ✶✾✻✷ ✐♥t❡r❡st✐♥❣ ♣❤❡♥♦♠❡♥❛ ❢♦r ✇❡❛❦❧② ❝♦✉♣❧❡❞ s✉♣❡r❝♦♥❞✉❝t♦rs ✇❤❡r❡ ♣r❡❞✐❝t❡❞ ❜② ❇r✐❛♥ ❉✳
❏♦s❡♣❤s♦♥✳ ■❢ t✇♦ s✉♣❡r❝♦♥❞✉❝t♦rs ❛r❡ ❝♦✉♣❧❡❞ ✇❡❛❦❧②✱ ❜② ❢♦r ❡①❛♠♣❧❡ ❛ t❤✐♥ ✐♥s✉❧❛t✐♥❣ ❧❛②❡r✱
t❤❡✐r ✇❛✈❡ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❛ ✜♥✐t❡ ♦✈❡r❧❛♣✳ ❙✐♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ s✐♥❣❧❡ ❡❧❡❝tr♦♥ t♦ t✉♥♥❡❧
✐♥ ❛ s✉♣❡r❝♦♥❞✉❝t♦r✲✐♥s✉❧❛t♦r✲s✉♣❡r❝♦♥❞✉❝t♦r ✭❙■❙✮ ❝♦♥t❛❝t ✐s ❛❧r❡❛❞② s♠❛❧❧❡r t❤❛♥ 10−4 ✐t ✇❛s
❡①♣❡❝t❡❞ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ♣❛✐r ♦❢ ❡❧❡❝tr♦♥s t♦ t✉♥♥❡❧ ❤❛s t♦ ❜❡ ✉♥♠❡❛s✉r❛❜❧❡ s♠❛❧❧✱ ❛❜♦✉t

✻



(10−4)2✳ ❏♦s❡♣❤s♦♥ ❜r♦❦❡ t❤✐s ♠✐♥❞s❡t ❛♥❞ ♣♦st✉❧❛t❡s t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❈♦♦♣❡r ♣❛✐r t♦
t✉♥♥❡❧ ✐s t❤❡ s❛♠❡ ❛s ❢♦r ❛ s✐♥❣❧❡ ❡❧❡❝tr♦♥✳
❍❡ ♣r❡❞✐❝t❡❞ t✇♦ ❡✛❡❝ts✳ ❆ ♣♦ss✐❜❧❡ s✉♣❡r❝✉rr❡♥t Is ❛t ③❡r♦ ✈♦❧t❛❣❡ ❛♥❞ ❛♥ ♦s❝✐❧❧❛t✐♥❣ s✉♣❡r❝✉rr❡♥t✱
❛t ❛♥ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ V ❛❝r♦ss t❤❡ ❥✉♥❝t✐♦♥✱ ✇✐t❤ ❛ ❢r❡q✉❡♥❝② 2e

h V ✱ ✇❤❡r❡ h ✐s t❤❡ P❧❛♥❝❦ ❝♦♥st❛♥t✳
■♥ ✜❣✳✸ t❤❡ ❝✉rr❡♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈♦❧t❛❣❡ ❛❝r♦ss ❛ ❙■❙ t✉♥♥❡❧ ❥✉♥❝t✐♦♥ ✐s ♣❧♦tt❡❞ ❢♦r ❞✐✛❡r❡♥t

❋✐❣✉r❡ ✸✿ ❈✉rr❡♥t I ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈♦❧t❛❣❡ V ❛❝r♦ss t❤❡ ❥✉♥❝t✐♦♥✳ ❖♥ t❤❡ ✈❡r② ❧❡❢t✱ t❤❡
♣r❡❞✐❝t❡❞ s✉♣❡r❝✉rr❡♥t IC ❛t ③❡r♦ ✈♦❧t❛❣❡ ✐s s❤♦✇♥✳ ❚❤❡ ❧✐♥❡❛r s❧♦♣❡ ❛t t❤❡ ❝r✐t✐❝❛❧ t❡♠♣❡r❛t✉r❡
T = TC ✐♥❞✐❝❛t❡s t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ♥♦r♠❛❧ st❛t❡ ✭t❤❡ r❡s✐st❛♥❝❡ ❢♦❧❧♦✇s ❖❤♠s ❧❛✇✮ t♦ t❤❡
s✉♣❡r❝♦♥❞✉❝t✐♥❣ st❛t❡ ✭r❡s✐st❛♥❝❡ ❞♦❡s♥✬t ❢♦❧❧♦✇ ❖❤♠s ❧❛✇ ❛♥②♠♦r❡✮✳ ❆t t❤❡ ❛❜s♦❧✉t❡ ③❡r♦ ♣♦✐♥t
T = 0✱ ❛ ❝✉rr❡♥t ❥✉st ❛♣♣❡❛rs ❛t ❛♥ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ 2∆✳ ❚❤❡r❡✱ ♦♥❡ ❝❛♥ ❞✐r❡❝t❧② r❡❛❞ ♦✉t t❤❡
✈❛❧✉❡ ❢♦r t❤❡ ❜❛♥❞ ❣❛♣ ∆ ♦❢ t❤❡ ✉s❡❞ ♠❛t❡r✐❛❧✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✻❪ ❛♥❞ ♠♦❞✐✜❡❞✳

t❡♠♣❡r❛t✉r❡s✳ ❖♥ t❤❡ ✈❡r② ❧❡❢t✱ t❤❡ ♣r❡❞✐❝t❡❞ s✉♣❡r❝✉rr❡♥t IC ♦❢ ❈♦♦♣❡r ♣❛✐rs ❛t ③❡r♦ ✈♦❧t❛❣❡ ✐s
✈✐s✐❜❧❡✳ ❚❤❡ ❜❧❛❝❦ ❧✐♥❡❛r ❧✐♥❡ ❢♦r T = TC ✐♥❞✐❝❛t❡s t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ♥♦r♠❛❧ st❛t❡ t♦ t❤❡
s✉♣❡r❝♦♥❞✉❝t✐♥❣ st❛t❡✳ ▲❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ❧✐♥❡✱ t❤❡ ❧✐♥❡❛r ■✲❱ ❞❡♣❡♥❞❡♥❝❡ ❝♦rr❡s♣♦♥❞ t♦ ❖❤♠s
❧❛✇✳ ❚❤❡ ❝✉rr❡♥t ❥✉st ❝♦♥s✐sts ♦❢ s✐♥❣❧❡ ❡❧❡❝tr♦♥s✳ ❘✐❣❤t ❤❛♥❞ s✐❞❡✱ t❤❡ ❡❧❡❝tr♦♥s ❜❡❣✐♥ t♦ ♣❛✐r
❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝✉rr❡♥t ♦❢ ❈♦♦♣❡r ♣❛✐rs ❝♦♥tr✐❜✉t❡✳ ❋♦r s♠❛❧❧ ✈♦❧t❛❣❡s ♦❢ ❛ ❢❡✇ ♠❡❱ t❤❡ ■✲❱
❞❡♣❡♥❞❡♥❝❡ ✐s ♥♦t ❧✐♥❡❛r ❛♥②♠♦r❡✳
▲❡t✬s st❛rt ✐♥ ❛ ♣✉r❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ st❛t❡ ❛t ❛ t❡♠♣❡r❛t✉r❡ T = 0✳ ❋♦r T = 0 t❤❡ t✉♥♥❡❧ ❝✉rr❡♥t
♦♥❧② st❛rts ✇❤❡♥ r❡❛❝❤✐♥❣ ❛ ✈♦❧t❛❣❡ eV = 2∆(0)✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❜❛♥❞ ❣❛♣ ∆ ♦❢ t❤❡ ❥✉♥❝t✐♦♥
♠❛t❡r✐❛❧✳ ❚❤❡r❡✱ ❛t T = 0✱ ♦♥❡ ❝❛♥ ❞✐r❡❝t❧② r❡❛❞ ♦✉t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❜❛♥❞ ❣❛♣ ♦❢ t❤❡ ✉s❡❞ s✉♣❡r✲
❝♦♥❞✉❝t♦rs ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ ■✲❱✲❝✉r✈❡✳❬✺❪ ■s t❤❡ ✈♦❧t❛❣❡ ❛❝r♦ss t❤❡ ❥✉♥❝t✐♦♥ ♠✉❝❤ ❤✐❣❤❡r t❤❛♥
t❤❡ ❣❛♣ ✈❛❧✉❡✱ ❛ ❈♦♦♣❡r ♣❛✐r ❜r❡❛❦s ✉♣ ❛♥❞ ♦♥❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ s✐♥❣❧❡ ❡❧❡❝tr♦♥s✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞
q✉❛s✐♣❛rt✐❝❧❡s✱ ❝❛♥ ♣❛ss t♦ t❤❡ ♦t❤❡r ❡❧❡❝tr♦❞❡✳ ❚❤✐s ❝✉rr❡♥t ♦❢ q✉❛s✐♣❛rt✐❝❧❡s ✐s ❝❛❧❧❡❞ t❤❡ ♥♦r♠❛❧

❝✉rr❡♥t IN ❛♥❞ ❝♦♥tr✐❜✉t❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ s✉♣❡r❝✉rr❡♥t t♦ t❤❡ t♦t❛❧ ❝✉rr❡♥t I = IN + IC ✳ ❚❤❡
❣r❡❛t❡r t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♥♦r♠❛❧ ❝✉rr❡♥t✱ t❤❡ ♠♦r❡ t❤❡ ■✲❱✲❝✉r✈❡ ❜❡❝♦♠❡s ❧✐♥❡❛r ❛❣❛✐♥✱ ❧✐❦❡ ❢♦r t❤❡
❝❧❛ss✐❝❛❧ ❖❤♠✬s ❧❛✇ ✇✐t❤♦✉t ❈♦♦♣❡r ♣❛✐rs✳
❋♦r t❡♠♣❡r❛t✉r❡s T > 0 t❤❡r❡ ✐s s♦♠❡ t❤❡r♠❛❧ ♠♦t✐♦♥ ♦❢ ❝❤❛r❣❡ ❝❛rr✐❡rs ✇✐t❤ ❛♥ ❡♥❡r❣② ♦❢ ❛❜♦✉t
t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t t✐♠❡s t❤❡ t❡♠♣❡r❛t✉r❡ kBT ✳ ❚❤✐s ♠♦t✐♦♥ ❝❛♥ ❛❧s♦ ❜r❡❛❦ ✉♣ ❈♦♦♣❡r ♣❛✐rs
❛♥❞ ❝r❡❛t❡ q✉❛s✐♣❛rt✐❝❧❡s✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ t❤❡ t❤❡r♠❛❧ ❡♥❡r❣② kBT ❛❧s♦ ✐♥❝r❡❛s❡s✳ ■❢
t❤❡ t❤❡r♠❛❧ ❡♥❡r❣② ❜❡❝♦♠❡s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ♦❢ t❤❡ ❈♦♦♣❡r ♣❛✐rs✱ ♠✉❝❤ ♠♦r❡
s✐♥❣❧❡ ❡❧❡❝tr♦♥s t❤❛♥ ❈♦♦♣❡r ♣❛✐rs ❛r❡ ❛r♦✉♥❞✳ ❚❤❡r❡❢♦r❡✱ ❛t t❡♠♣❡r❛t✉r❡s ❝❧♦s❡r ❛♥❞ ❝❧♦s❡r t♦ TC ✱
❛s s❤♦✇♥ ✐♥ ✜❣✳✸✱ ♠♦r❡ s✐♥❣❧❡ ❡❧❡❝tr♦♥s t❤❛♥ ❈♦♦♣❡r ♣❛✐rs ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❝✉rr❡♥t ❛♥❞ t❤❡ ■✲❱
❝✉r✈❡ ❛❧s♦ ✐♥ t❤✐s ❝❛s❡ ❣❡ts ❝❧♦s❡r ❛♥❞ ❝❧♦s❡r t♦ ❖❤♠s ❧❛✇✳❬✼❪
❚♦ ❞❡s❝r✐❜❡ t❤❡ ♦❜s❡r✈❡❞ ❡✛❡❝ts ❢♦r ✇❡❛❦❧② ❝♦✉♣❧❡❞ ❙■❙ ❥✉♥❝t✐♦♥s ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s✱ ❏♦s❡♣❤s♦♥
❞❡r✐✈❡❞ t✇♦ ❡q✉❛t✐♦♥s✳ ■♥ ✜❣✳✹ t❤❡ t✇♦ s✉♣❡r❝♦♥❞✉❝t♦rs✱ ❞❡s❝r✐❜❡❞ ✇✐t❤ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥s Ψ1

❛♥❞ Ψ2 ❛♥❞ s❡♣❛r❛t❡❞ ❜② ❛ t✉♥♥❡❧ ❜❛rr✐❡r ♦❢ t❤✐❝❦♥❡ss d✱ ❛r❡ s❤♦✇♥✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡ t✉♥♥❡❧
❜❛rr✐❡r ✐s ❝♦♥s✐❞❡r❛❜❧② t❤✐♥♥❡r t❤❛♥ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤✱ t❤❡ t❤❡♦r② t♦ ❡①♣❧❛✐♥
t❤❡ ♣r❡❞✐❝t❡❞ ❡✛❡❝ts ❛❝r♦ss t❤❡ ❥✉♥❝t✐♦♥ ✐s✱ t❤❛t t❤❡② ❛♣♣❡❛r ❜❡❝❛✉s❡ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ Ψ1 ❛♥❞ Ψ2

❢♦r t❤❡ ❝♦♥❞❡♥s❡❞ ❡❧❡❝tr♦♥ ♣❛✐rs ♠❛② ♦✈❡r❧❛♣ ✐♥ t❤❡ ♦①✐❞❡ ❧❛②❡r✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❡✈❡♥ t❤♦✉❣❤ t❤❡
❜❛♥❞ ❣❛♣ ✐s ❡ss❡♥t✐❛❧❧② ③❡r♦ t❤❡r❡✳❬✽❪
❚❤❡ ✜rst ❡q✉❛t✐♦♥ ❏♦s❡♣❤s♦♥ ❞❡r✐✈❡❞✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❝✉rr❡♥t✲♣❤❛s❡✲r❡❧❛t✐♦♥✱ s❛②s✱ t❤❛t t❤❡ s✉♣❡r✲

✼



❋✐❣✉r❡ ✹✿ ❙❝❤❡♠❛t✐❝s ♦❢ ❛ s✉♣❡r❝♦♥❞✉❝t♦r✲✐♥s✉❧❛t♦r✲s✉♣❡r❝♦♥❞✉❝t♦r ❝♦♥t❛❝t✱ ❛ s♦ ❝❛❧❧❡❞ ❏♦s❡♣❤s♦♥
❝♦♥t❛❝t✳ ❚❤❡ ✐♥s✉❧❛t♦r ✐s t❤❡ t✉♥♥❡❧ ❜❛rr✐❡r ✇✐t❤ t❤✐❝❦♥❡ss d✳ ❚❤❡ t✇♦ s✉♣❡r❝♦♥❞✉❝t♦rs ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ✇✐t❤ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥s Ψ1 ❛♥❞ Ψ2✳❬✺❪

❝✉rr❡♥t ❞❡♥s✐t② J ✈❛r✐❡s s✐♥✉s♦✐❞❛❧ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝♦♥t❛❝t ❡❧❡❝tr♦❞❡s ✇✐t❤ ❛ ♣❤❛s❡ ❞✐✛❡r❡♥❝❡ ϕ
❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❛❝r♦s❝♦♣✐❝ ✇❛✈❡ ❢✉♥❝t✐♦♥s Ψ1 ❛♥❞ Ψ2 ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t♦rs✳

J(ϕ) = Jc sin(ϕ) ✭✶✮

❚❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ t❤❡ ✈♦❧t❛❣❡✲♣❤❛s❡✲r❡❧❛t✐♦♥✱ r❡❛❞s

∂ϕ

∂t
=

2π

Φ0
V ✭✷✮

❛♥❞ ❞❡s❝r✐❜❡s t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♣❤❛s❡ ϕ ♦✈❡r t✐♠❡ ❛♥❞ t❤❡ ✈♦❧t❛❣❡ ❛❝r♦ss
t❤❡ ❥✉♥❝t✐♦♥✳❬✺❪

✸✳✸ ❆♠❜❡❣❛♦❦❛r✲❇❛r❛t♦✛ ❢♦r♠✉❧❛

■♥ ✶✾✻✸ ❱✐♥❛② ❆♠❜❡❣❛♦❦❛r ❛♥❞ ❆❧❡①✐s ❇❛r❛t♦✛ ❣❡♥❡r❛❧✐③❡❞ ❏♦s❡♣❤s♦♥s ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ r❡❧❛t❡❞
t❤❡♠ t♦ t❤❡ ❇❈❙✲t❤❡♦r②✳ ❋♦r s②♠♠❡tr✐❝❛❧ ❥✉♥❝t✐♦♥s✱ ✇✐t❤ t❤❡ s❛♠❡ ❡❧❡❝tr♦❞❡ ♠❛t❡r✐❛❧s✱ t❤❡② ❝❛❧❝✉✲
❧❛t❡❞ ❛ q✉✐t❡ s✐♠♣❧❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ s✉♣❡r❝✉rr❡♥t IC ✱ ✉s✐♥❣ t❤❡ ✑❇❈❙✲t❡♠♣❡r❛t✉r❡✲
❞❡♣❡♥❞❡♥❝❡✑ ♦❢ t❤❡ ❣❛♣

ICRn =
π

2e
∆(T ) tanh

(
∆(T )

2kBT

)

✭✸✮

❬✼❪✳ IC ✐s t❤❡ ♠❛①✐♠✉♠ s✉♣❡r❝✉rr❡♥t ❛♥❞ Rn t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡✳ ■♥ ♦✉r ❝❛s❡ t❤❡ t❡♠♣❡r✲
❛t✉r❡ ✐s s♦ s♠❛❧❧✱ t❤❛t tanh (∆(T )/2kBT ) ≈ 1 ❛♥❞ t❤❡ ❜❛♥❞ ❣❛♣ ∆(T ) ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❛
❝♦♥st❛♥t✳ ❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s t♦ ♠② q✉❜✐ts✱ ■ t❤❡r❡❢♦r❡ ✉s❡❞ t❤❡ ❢♦r♠✉❧❛

IC =
π∆

2e

1

Rn
· 0, 87. ✭✹✮

❚❤❡ ❝♦♥st❛♥t ✈❛❧✉❡ 0, 87 ✐s ❛♥ ❡①♣❡r✐♠❡♥t❛❧❧② ❡✈❛❧✉❛t❡❞ ✈❛❧✉❡✳ ■t ❝♦rr❡❝ts t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ r❡s✐st❛♥❝❡
♠❡❛s✉r❡❞ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❛t ❛ ❢❡✇ ♠❑ ✭s❡❡ ❛❧s♦ ❬✾❪✱ ✇❤❡r❡ t❤❡ r❡s✐st❛♥❝❡ ❝❤❛♥❣❡❞ ❢r♦♠
✸✵✵ t♦ ✼✼ ❑ ❜② ❛❜♦✉t ✶✺%✮✳ ■♥ s❡❝✳✶✶✳✸✳✷ ✇❡ ♣❧♦tt❡❞ t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t IC ♦❢ ♦✉r q✉❜✐ts ❛❣❛✐♥st
t❤❡✐r ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ Rn ❛♥❞ ❝♦✉❧❞ ❝❛❧❝✉❧❛t❡ ❛ ✈❛❧✉❡ ♦❢ ∆ = 1, 57 ± 0, 06 · 10−4

❡❱ ❢♦r t❤❡ ❜❛♥❞ ❣❛♣ ♦❢ t❤❡ ✉s❡❞ ❛❧✉♠✐♥✐✉♠✳
❋♦r ❢✉rt❤❡r ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥ ✇❡ ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ❛❞❞✐t✐♦♥❛❧
❞✐♠❡♥s✐♦♥s ❧✐❦❡ t❤❡ ❏♦s❡♣❤s♦♥ ❝♦✉♣❧✐♥❣ ❡♥❡r❣② EJ ♦r t❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② EC ✳❬✶✵❪ ❍♦✇ ✇❡ ❣❡t
t❤❡♠✱ ✇❤❛t t❤❡② ♠❡❛♥ ❛♥❞ ❢♦r ✇❤❛t t❤❡② ❛r❡ ✉s❡❢✉❧ ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✳

✽



✑❚❤❡ r❡❛❧ ♣r♦❜❧❡♠ ✇✐t❤ t✐♠❡ tr❛✈❡❧ ✐s ♥♦t
t❤❛t ②♦✉ ❝❛♥ ❜❡❝♦♠❡ ②♦✉r ♦✇♥ ❢❛t❤❡r✳
❆ ❣♦♦❞ ❢❛♠✐❧② t❤❡r❛♣② ❝♦♣❡s ✇✐t❤ t❤✐s✳

❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❡ ❣r❛♠♠❛r✳✑
❉♦✉❣❧❛s ❆❞❛♠s

✹ ◗✉❜✐t ❉❡s❝r✐♣t✐♦♥

❚❤✐s ❝❤❛♣t❡r st❛rts ✇✐t❤ ❛ s❤♦rt r❡♠✐♥❞❡r t♦ t❤❡ ❍❛♠✐❧t♦♥ ❢♦r♠❛❧✐s♠ ✇❤✐❝❤ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡
t❤❡ q✉❜✐ts ❛s ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐ts✳ ❋♦❧❧♦✇❡❞ ❜② t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ▲❈ r❡s♦♥❛♥t
❝✐r❝✉✐t✱ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠✳ ❚❤❡♥ ✇❡✬❧❧ ❣♦ ❢✉rt❤❡r✱ q✉❛♥t✐③❡ ✐t ❛♥❞ ❣♦ t♦
t❤❡ ❛♥❤❛r♠♦♥✐❝ ❝❛s❡ ♦❢ t❤❡ ♥♦♥✲❧✐♥❡❛r ❝✐r❝✉✐t ✇✐t❤ t❤❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥✳ ■♥ s❡❝✳✼ ✐t ✐s ❞✐s❝✉ss❡❞
❤♦✇ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ t❤❡♦r② ❝❛♥ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❞❡s✐❣♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣❤②s✐❝❛❧ q✉❜✐t
✐♥ t❤❡ ❡①♣❡r✐♠❡♥t✳

✹✳✶ ❙❤♦rt r❡♠✐♥❞❡r t♦ ❍❛♠✐❧t♦♥ ❢♦r♠❛❧✐s♠

❆ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✇✐t❤ s ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② s ❣❡♥❡r❛❧ ❝♦♦r❞✐♥❛t❡s

q = {qα}α=1,...,s

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡r✐✈❛t✐✈❡s
q̇ = {q̇α}α=1,...,s

❚♦❣❡t❤❡r ✇✐t❤ t❤❡ t✐♠❡ t❤❡② ❛r❡ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ▲❛❣r❛♥❣❡ ❢✉♥❝t✐♦♥ L(t, q, q̇) = T − U ✱ ✇✐t❤
t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② T ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② U ✱ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ ✇❤♦❧❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛ s②st❡♠✳
❖♥❡ ❝❛♥ ❞❡✜♥❡ t♦ ❡❛❝❤ ❝♦♦r❞✐♥❛t❡ qα ✐ts ❝♦♥❥✉❣❛t❡ ✈❛r✐❛❜❧❡✱ t❤❡ ♠♦♠❡♥t✉♠ pα

pα ≡ ∂L(t, q, q̇)
∂q̇α

◆♦✇ t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ❛t t✐♠❡ t ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ♥♦t ❥✉st ✇✐t❤ t❤❡ ❝♦♦r❞✐✲
♥❛t❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❧♦❝✐t✐❡s✱ ❜✉t ❛❧s♦ ✈✐❛ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s ❛♥❞ t❤❡ ♠♦♠❡♥t❛
❝♦♥❥✉❣❛t❡❞ t♦ t❤❡♠✳ ❚♦ ❞♦ s♦✱ ♦♥❡ ♥❡❡❞s ✐♥st❡❛❞ ♦❢ t❤❡ ▲❛❣r❛♥❣❡ ❢✉♥❝t✐♦♥ L(t, q, q̇) ❛ ♥❡✇ ❢✉♥❝t✐♦♥
✇✐t❤ t❤❡ ✑♥❡✇✑ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ♥❡✇ ❢✉♥❝t✐♦♥✱ t❤❡ ❍❛♠✐❧t♦♥ ❢✉♥❝t✐♦♥✱ ❞❡✜♥❡❞ ❛s

H(t, q, p) ≡
s∑

α=1

pαq̇
α − L(t, q, q̇)

❤❛s t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ❛s t❤❡ ▲❛♥❣r❛♥❣❡ ❢✉♥❝t✐♦♥✱ ❥✉st ✇✐t❤ ♦t❤❡r ✈❛r✐❛❜❧❡s✳❬✶✶❪

✹✳✷ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❜✐ts ❛s ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐ts

❙✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❜✐ts ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐ts✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ s✉❝❤ ❛ ❝✐r❝✉✐t ❝❛♥
❜❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❧✐♥❡❛r ❡❧❡♠❡♥ts✱ r❡s✐st♦rs ✭❘✮✱ ❝❛♣❛❝✐t♦rs ✭❈✮ ❛♥❞ ✐♥❞✉❝t♦rs ✭▲✮✱ ♦r t❤❡ ❏♦s❡♣❤s♦♥
❡❧❡♠❡♥t✱ ✇❤✐❝❤ ❛❝ts ❛s ❛ ♥♦♥✲❧✐♥❡❛r ✐♥❞✉❝t♦r✳ ■♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ t❤❡ s✐♠♣❧❡st ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤♦s❡
❡❧❡♠❡♥ts ✐s t❤❡ ▲❈ ❝✐r❝✉✐t✳ ❯s✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛t❡r✐❛❧s ❢♦r t❤✐s ❝✐r❝✉✐t ❛♥❞ ♦♣❡r❛t✐♥❣ ✐t ❛t ❧♦✇
❡♥♦✉❣❤ t❡♠♣❡r❛t✉r❡s ✭❁ ✶✵✵ ♠❑✮✱ t❤❡ ❝✐r❝✉✐t ❣❡ts ♥❛t✉r❛❧❧② ♣r❡♣❛r❡❞ ✐♥ ❛ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧
❣r♦✉♥❞ st❛t❡ ✭t❤❡ ❇❈❙✲❣r♦✉♥❞✲st❛t❡✱ ❞✐s❝✉ss❡❞ ❜❡❢♦r❡✮✳ ❆❧t❤♦✉❣❤ ✇❡ ♥♦✇ ❤❛✈❡ ❛ q✉❛♥t✉♠ s②st❡♠✱
✐t st✐❧❧ ❜❡❤❛✈❡s ❝❧❛ss✐❝❛❧ ❛♥❞ ✇❡ ❣❡t ❝♦❤❡r❡♥t st❛t❡s✳ ❚♦ ❛❝❤✐❡✈❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦✉r
❛♥❞ ❣❡t✱ ❢♦r ❡①❛♠♣❧❡✱ q✉❜✐t st❛t❡s✱ ✇❡ ♥❡❡❞ t♦ r❡❛❧✐③❡ ❛♥❤❛r♠♦♥✐❝ ❡♥❡r❣② ❧❡✈❡❧s✳ ❚❤✐s ✇❡ ❝❛♥ ❞♦ ❜②
✐♥❝❧✉❞✐♥❣ ❛ ♥♦♥✲❧✐♥❡❛r ❡❧❡♠❡♥t ✐♥ t❤❡ ❝✐r❝✉✐t✳
❚❤❡r❡❢♦r❡ ✇❡ r❡♣❧❛❝❡ t❤❡ ❧✐♥❡❛r ✐♥❞✉❝t♦r ❡❧❡♠❡♥t ✇✐t❤ t❤❡ ♥♦♥✲❧✐♥❡❛r ✐♥❞✉❝t♦r ❡❧❡♠❡♥t✱ t❤❡ ❏♦s❡♣❤✲
s♦♥ ❥✉♥❝t✐♦♥✳ ❚❤✐s ❝r❡❛t❡s ❛♥ ❛♥❤❛r♠♦♥✐❝ q✉❛♥t✉♠ ♦s❝✐❧❧❛t♦r ♣♦t❡♥t✐❛❧ ✇❤♦s❡ ❧♦✇❡st ❡♥❡r❣② ❧❡✈❡❧s
❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ q✉❜✐t✳ ❬✶✷❪
■♥ ✜❣✳ ✺ t❤❡ ❧✐♥❡❛r ▲❈ ❝✐r❝✉✐t ❛♥❞ ✐ts ❡♥❡r❣② ❧❡✈❡❧s ♦♥ t❤❡ ❧❡❢t s✐❞❡ ✭✐♥ ✭❛✮ ❛♥❞ ✭❜✮✮ ❛♥❞ t❤❡ ♥♦♥✲
❧✐♥❡❛r ❝✐r✉✐t ❛♥❞ ✐ts ❡♥❡r❣② ❧❡✈❡❧s ♦♥ t❤❡ r✐❣❤t s✐❞❡ ✭✐♥ ✭❝✮ ❛♥❞ ✭❞✮✮ ❛r❡ s❤♦✇♥✳ ❇✉t ❧❡t✬s st❛rt ✇✐t❤

✾



❋✐❣✉r❡ ✺✿ ✭❛✮ ❈✐r❝✉✐t ❞✐❛❣r❛♠ ♦❢ ❛ s✐♠♣❧❡ ❤❛r♠♦♥✐❝ r❡s♦♥❛♥t ❝✐r❝✉✐t ✇✐t❤ t❤❡ ✐♥❞✉❝t♦r Lr ❛♥❞ t❤❡
❝❛♣❛❝✐t♦r Cr✳ I ✐s t❤❡ ❝✉rr❡♥t ✢♦✇✐♥❣ t❤r♦✉❣❤ t❤❡ ❝✐r❝✉✐t✱ ϕ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♣❤❛s❡ ❛♥❞ V t❤❡
✈♦❧t❛❣❡ t❤r♦✉❣❤ t❤❡ ❝❛♣❛❝✐t♦r✳ ✭❜✮ ❚❤❡ ❡♥❡r❣② ❞✐❛❣r❛♠ ♦❢ t❤❡ ❝✐r❝✉✐t s❤♦✇♥ ✐♥ ✭❛✮✳ ■t✬s ❛ q✉❛♥t✉♠
❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✭◗❍❖✮ q✉❛❞r❛t✐❝ ♣♦t❡♥t✐❛❧ ✇✐t❤ ❡q✉✐❞✐st❛♥t❧② s♣❛❝❡❞ ❡♥❡r❣② ❧❡✈❡❧s✳ ✭❝✮ ❈✐r❝✉✐t
❞✐❛❣r❛♠ ♦❢ ❛♥ ❛♥❤❛r♠♦♥✐❝ ❝✐r❝✉✐t✱ ✇❤❡r❡ t❤❡ ❧✐♥❡❛r ✐♥❞✉❝t♦r ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥
✇❤✐❝❤ ❛❝ts ❛s ♥♦♥❧✐♥❡❛r ✐♥❞✉❝t♦r LJ ❛♥❞ ❜r✐♥❣s ❛♥♦t❤❡r ❝❛♣❛❝✐t❛♥❝❡ CJ t♦ t❤❡ ❝✐r❝✉✐t✳ ❞✮ ❙❤♦✇s
t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♣❧♦t ♦❢ t❤❡ ❝✐r❝✉✐t ✐♥ ✭❝✮ ✇✐t❤ t❤❡ ♥♦t ❡q✉✐❞✐st❛♥t❧② s♣❛❝❡❞ ❡♥❡r❣② ❧❡✈❡❧s✳ ❚❤❡
✜rst t✇♦ ❡♥❡r❣② ❧❡✈❡❧s ❜✉✐❧❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ s✉❜s♣❛❝❡ ✐♥ ✇❤✐❝❤ ♠♦st ♦❢ t❤❡ q✉❜✐t ♦♣❡r❛t✐♦♥s t❛❦❡
♣❧❛❝❡✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✶✸❪ ❛♥❞ ♠♦❞✐✜❡❞✳

✭❛✮ ❛♥❞ s❡❡ ❤♦✇ ✭❜✮✱ ✭❝✮ ❛♥❞ ✭❞✮ ❢♦❧❧♦✇✳
■♥ ❛ ❧✐♥❡❛r ▲❈ r❡s♦♥❛♥t ❝✐r❝✉✐t t❤❡ ❡❧❡❝tr✐❝❛❧ ❛♥❞ ♠❛❣♥❡t✐❝ ❡♥❡r❣✐❡s ♦s❝✐❧❧❛t❡ ❜❡t✇❡❡♥ t❤❡ ❝❛♣❛❝✐t♦r
C ❛♥❞ t❤❡ ✐♥❞✉❝t♦r L✳ ❚❤❡ ✐♥st❛♥t❛♥❡♦✉s✱ t✐♠❡✲❞❡♣❡♥❞❡♥t ❡♥❡r❣② ✐♥ ❡❛❝❤ ❡❧❡♠❡♥t ✐s ❣✐✈❡♥ ❜② t❤❡
✈♦❧t❛❣❡ V (t) ❛♥❞ t❤❡ ❝✉rr❡♥t I(t) r❡❧❛t❡❞ t♦ t❤❡ ❝❛♣❛❝✐t♦r ❛♥❞ t❤❡ ✐♥❞✉❝t♦r

E(t) =

∫ t

−∞
V (t′)I(t′)dt′ ✭✺✮

❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r

■♥ ❛♥② s②st❡♠✱ ❝❧❛ss✐❝❛❧ ♦r q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧✱ t♦ ❞❡r✐✈❡ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r✱ ♦♥❡ ♥❡❡❞s t❤❡
❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❝✐r❝✉✐t ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❝✐r❝✉✐t ❛r❡ ❝❤❛r❣❡ ❛♥❞ ✢✉①✳
❚❤❡② ❛r❡ ❞❡✜♥❡❞ t❤r♦✉❣❤ ❝✉rr❡♥t ❛♥❞ ✈♦❧t❛❣❡ ❛s

Φ(t) =

∫ t

−∞
V (t′)dt′

Q(t) =

∫ t

−∞
I(t′)dt′.

✭✻✮

❲❡ ❛r❜✐tr❛r✐❧② ♣✐❝❦ ✢✉① ❛s ♦✉r ✈❛r✐❛❜❧❡ t♦ ❞❡r✐✈❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ t❤r♦✉❣❤ t❤❡ ❝❧❛ss✐❝❛❧ ▲❛❣r❛♥❣❡✲
❍❛♠✐❧t♦♥✲❢♦r♠❛❧✐s♠✳ ❖♥❡ ❣❡ts t❤❡ s❛♠❡ r❡s✉❧t ❢♦r ❝❤❛r❣❡✳ ❲✐t❤ t❤❡ r❡❧❛t✐♦♥s

I = C
dV

dt

V = L
dI

dt

✶✵



❛♥❞ ❡q✉❛t✐♦♥s ✭✺✮ ❛♥❞ ✭✻✮ ✇❡ ❝❛♥ ✜♥❞ t❤❡ ❡♥❡r❣② t❡r♠s ❢♦r t❤❡ ❝❛♣❛❝✐t♦r

E(t) =

∫ t

−∞
V (t′)C

dV

dt′
dt′ = C

(

[V (t′)V (t′)]
t
−∞ −

∫ t

−∞

dV (t′)

dt′
V (t′)dt′

)

2

∫ t

−∞
CV (t′)

dV (t′)

dt′
dt′ = CV (t′)2

∫ t

−∞
CV (t′)

dV (t′)

dt′
dt′ =

1

2
CΦ̇(t)

2
= EC(t)

❛♥❞ t❤❡ ✐♥❞✉❝t♦r

E(t) =

∫ t

−∞
L
dI

dt′
I(t′)dt′ =

1

2
LQ̇(t)

2
=

1

2
LI(t)2 = [Φ = −LI] =

L

2

Φ2

L2
=

1

2L
Φ2 = EL(t) .

❈♦♠♣❛r✐♥❣ t❤❡s❡ ❡♥❡r❣✐❡s t♦ t❤❛t ♦❢ ❛ ❝❧❛ss✐❝❛❧ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✇❡ ❝❛♥ s❡❡ s♦♠❡ ❛♥❛❧♦❣✐❡s✳
❚❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❝❛♣❛❝✐t♦r ❧♦♦❦s ❧✐❦❡ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② t❡r♠ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❛♥❞ t❤❡
❡♥❡r❣② t❡r♠ ♦❢ t❤❡ ✐♥❞✉❝t♦r ❧♦♦❦s ❧✐❦❡ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② t❡r♠ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✳ ❲✐t❤
t❤❡s❡ t✇♦ ❡♥❡r❣② t❡r♠s ✇❡ ❝❛♥ ♥♦✇ ❜✉✐❧❞ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❞❡r✐✈❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠✳

L =
1

2
CΦ̇2 − 1

2L
Φ2

H =
∂L
∂Φ̇

Φ̇− L = CΦ̇
︸︷︷︸

Q

Φ̇− 1

2
CΦ̇2 +

1

2L
Φ2 = CΦ̇2 · C

C
− 1

2
CΦ̇2 · C

C
+

1

2L
Φ2 =

Q2

2C
+

Φ2

2L
= H

❲✐t❤ t❤❡ r❡❧❛t✐♦♥s Q = CΦ̇ ❛♥❞ Φ̇(t) = V (t) t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ❛s

H = C
V 2

2
+ L

I2

2
. ✭✼✮

❙♦ ❢❛r✱ t❤❡r❡ ✇❛s ♥♦ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝ ♥❡❝❡ss❛r② t♦ ❣❡t t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ s②st❡♠✳ ❚♦ ❞❡s❝r✐❜❡
t❤❡ ♣❤❡♥♦♠❡♥❛ ♦❜s❡r✈❡❞ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡s ❛♥❞ s♠❛❧❧ s❝❛❧❡s✱ ✇❤❡r❡ ❛ ❝❧❛ss✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ✐s ♥♦t
✈❛❧✐❞ ❛♥②♠♦r❡✱ ✇❡ ❤❛✈❡ t♦ ❡①t❡♥t t❤❡ t❤❡♦r② ❛♥❞ q✉❛♥t✐③❡ t❤❡ ❝✐r❝✉✐t✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ s❡❝♦♥❞ ♣♦st✉❧❛t❡ ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❡❛❝❤ ♦❜s❡r✈❛❜❧❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②
❛♥ ♦♣❡r❛t♦r✳ ❲❡ t❤❡r❡❢♦r❡ ✑♠❛❦❡✑ ♦✉r ✈❛r✐❛❜❧❡s ♦❢ t❤❡ s②st❡♠✱ t❤❡ ✢✉① ❛♥❞ ❝❤❛r❣❡ ❝♦♦r❞✐♥❛t❡✱ t♦
♦♣❡r❛t♦rs ❜② ♣✉tt✐♥❣ ❛ ❤❛t ♦♥ t❤❡♠✳ ❚❤❡ ✢✉① ❛♥❞ t❤❡ ❝❤❛r❣❡ ❛r❡ ❝❛♥♦♥✐❝❛❧❧② ❝♦♥❥✉❣❛t❡ ✈❛r✐❛❜❧❡s
([

Φ̂, Q̂
]

=
[

Φ̂,−i~ ∂
∂Φ

]

= i~
)

✱ ❥✉st ❧✐❦❡ ✐♥ t❤❡ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✭◗❍❖✮ ❝❛s❡ ✇✐t❤ t❤❡

✈❛r✐❛❜❧❡s ♣♦s✐t✐♦♥ x ❛♥❞ ♠♦♠❡♥t✉♠ p✳
❉❡✜♥✐♥❣ t❤❡ r❡❞✉❝❡❞ ✢✉① φ ≡ 2π Φ

Φ0

✱ ✇✐t❤ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ✢✉① q✉❛♥t✉♠ Φ0 = h
2e ✱ ❛♥❞ t❤❡

r❡❞✉❝❡❞ ❝❤❛r❣❡ n ≡ Q
2e = n̂ − ng ✇✐t❤ t❤❡ ❝❤❛r❣❡ ♥✉♠❜❡r ♦♣❡r❛t♦r n̂ = Q̂

2e ❛♥❞ ❛ ♣♦ss✐❜❧❡ ♦✛s❡t

❝❤❛r❣❡ ng =
Qg

2e ❝♦♠✐♥❣ ❢r♦♠ ❝❛♣❛❝✐t✐✈❡ ❝♦✉♣❧✐♥❣s t♦ ❡①t❡r♥❛❧ ❝❤❛r❣❡s✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
❛s

H =
Q̂2

2C
+

Φ̂2

2L
= 4

e2

2C
︸︷︷︸

EC

n2 +
φ̂2

2

Φ2
0

4π2L
︸ ︷︷ ︸

EL

= 4ECn
2 +

1

2
ELφ̂

2 = H . ✭✽✮

■♥ t❤✐s ❢♦r♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✇❡ ❝❛♥ ✐♥t❡r♣r❡t e2

2C = EC ❛s t❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② ♦❢ t❤❡ ❝❛♣❛❝✐t♦r

♥❡❡❞❡❞ t♦ ❛❞❞ ♦♥❡ ❡❧❡❝tr♦♥ ❛♥❞
(
Φ0

2π

)2 1
L = EL ❛s t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✐♥❞✉❝t♦r t♦ ❝❛rr② ♦♥❡ ✢✉①

q✉❛♥t✉♠✳
❙♦❧✈✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ♦❢ t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ♦♥❡ ✜♥❞s ❡✐❣❡♥❡♥❡r❣✐❡s Ek t♦ t❤❡ ❡✐❣❡♥st❛t❡s
|k >✱ (k = 0, 1, 2, ...)✱ s♣❛❝❡❞ ❡q✉✐❞✐st❛♥t❧② ✇✐t❤ Ek+1 − Ek = ~ωr✳ ❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ωr ♦❢
t❤❡ s②st❡♠ ✐s ❣✐✈❡♥ ❜②

ωr =
√

8ECEL/~ =
1√
LC

. ✭✾✮

❋✐❣✳✺ ✭❜✮ s❤♦✇s t❤❡ ❡♥❡r❣② ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ▲❈ ❝✐r❝✉✐t ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✇✐t❤ ✐ts ❡q✉✐❞✐st❛♥t
❡♥❡r❣② ❧❡✈❡❧s✳ ❚♦ ♥♦t ❡①❝✐t❡ ❛❧❧ ♦❢ t❤❡ ❧❡✈❡❧s ❛t t❤❡ s❛♠❡ t✐♠❡ ❜② s❡♥❞✐♥❣ ❛ ✇❛✈❡ ✇✐t❤ t❤❡ r❡s♦♥❛♥t
❢r❡q✉❡♥❝② ωr ❛♥❞ ❝r❡❛t✐♥❣ ❛ ❝♦❤❡r❡♥t st❛t❡✱ ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ t❤❡ ♣♦t❡♥t✐❛❧ ❛♥❤❛r♠♦♥✐❝✳ ❚♦ ❛❝❤✐❡✈❡
t❤❡ ❛♥❤❛r♠♦♥✐❝✐t② ❜❡t✇❡❡♥ t❤❡ st❛t❡s ✇❡ ❤❛✈❡ t♦ ✐♥❝❧✉❞❡ ❛ ♥♦♥✲❧✐♥❡❛r ❡❧❡♠❡♥t ✐♥ ♦✉r ❝✐r❝✉✐t✳ ❲❡
❡①❝❤❛♥❣❡ t❤❡ ❧✐♥❡❛r ✐♥❞✉❝t♦r ✇✐t❤ ❛ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥ ✭s❡❡ ✜❣✳ ✺ ✭❝✮✮✳
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❆♥❤❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r ✲ ◗✉❜✐t ❂ ❚r❛♥s♠♦♥

▲❡t✬s s❡❡ ❤♦✇ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝❤❛♥❣❡s ✇❤❡♥ ❡①❝❤❛♥❣✐♥❣ t❤❡ ❧✐♥❡❛r ✐♥❞✉❝t♦r ✇✐t❤ t❤❡ ♥♦♥✲❧✐♥❡❛r
✐♥❞✉❝t♦r ✐♥ ♦✉r ❝✐r❝✉✐t✳ ❆s ✇❡ s❛✇ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❜❡❢♦r❡✱ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✐♥❞✉❝t♦r ❝❛♥ ❜❡
s❡❡♥ ❛s t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ❛♥❞ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❝❛♣❛❝✐t♦r ❛s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣②✳
❚♦ ✜♥❞ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤✐s ♥❡✇ s②st❡♠ ✇✐t❤ t❤❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥ ✇❡ ♣r♦❝❡❡❞ ❥✉st ❛s ❜❡❢♦r❡✳
❋♦r t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ✇❡ ✜♥❞ ❛❣❛✐♥ t❤❡ ❡q✉❛t✐♦♥ Ekin = 1

2CΦ̇(t)2✳ ❆❧s♦ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② t❡r♠
❝❛❧❝✉❧❛t❡s ✐♥ t❤❡ s❛♠❡ ✇❛② ❢r♦♠ ❡q✉✳✺ ✱ ❜✉t ♥♦✇ ✇✐t❤ t❤❡ t✇♦ ❏♦s❡♣❤s♦♥ r❡❧❛t✐♦♥s ✭s❡❡ ❡q✉✳✶ ❛♥❞
✷✮

I = IC sin(ϕ), V =
Φ0

2π

dϕ

dt
✭✶✵✮

Epot(t) =

∫
Φ0

2π

dϕ

dt′
· IC sin(ϕ)dt′ = IC

Φ0

2π

∫

sin(ϕ)dϕ = −IC
Φ0

2π
cos(ϕ)

❚❤❡ ▲❛❣r❛♥❣✐❛♥ ♥♦✇ r❡❛❞s

L =
1

2
CΦ̇2 + IC

Φ0

2π
cos(ϕ)

❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

H =
1

2
CΦ̇2 −

(
1

2
CΦ̇2 + IC

Φ0

2π
cos(ϕ)

)

= 4ECn
2 − IC

Φ0

2π
︸ ︷︷ ︸

EJ

cos(ϕ)

H = 4ECn
2 − EJ cos(ϕ) ✭✶✶✮

❈♦♥s✐❞❡r❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧✱ t❤❡ ❥✉♥❝t✐♦♥ ✐ts❡❧❢ ❛❧s♦ ❤❛s ❛ s♠❛❧❧ ❝❛♣❛❝✐t♦r✳ ❚❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✐♥ EC ✐s
t❤❡r❡❢♦r❡ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡ CS ❛♥❞ t❤❡ s❡❧❢✲❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ CJ ✱
CΣ = CS + CJ ✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✳ ✺ ✭❝✮✳ ❚❤❡ ♣❛rt IC

Φ0

2π =: EJ ✱ ✇✐t❤ t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ♦❢ t❤❡
❥✉♥❝t✐♦♥ IC ✱ ✇❡ ♥❛♠❡ t❤❡ ❏♦s❡♣❤s♦♥ ❡♥❡r❣② EJ ✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s ♥♦♥✲❧✐♥❡❛r s②st❡♠ ❞❡♣❡♥❞s
♦♥ t❤❡ ❞♦♠✐♥❛♥t ❡♥❡r❣② t❡r♠ ✐♥ ❡q✉✳✶✶✱ r❡✢❡❝t❡❞ ✐♥ t❤❡ r❛t✐♦ EJ/EC ✳ ❬✶✸❪
■♥ t❤❡ ♣❤❛s❡ ❜❛s✐s t❤✐s ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ❡①❛❝t❧② ✐♥ t❡r♠s ♦❢ t❤❡ ▼❛t❤✐❡✉ ❢✉♥❝t✐♦♥s✳ ❚❤❡
✜rst t❤r❡❡ ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ♣❧♦tt❡❞ ✐♥ ✜❣✳ ✻ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ♦✛s❡t ❝❤❛r❣❡ ng ❢♦r
❞✐✛❡r❡♥t r❛t✐♦s EJ/EC ✳ ❬✶✹❪ ■❢ t❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② ❞♦♠✐♥❛t❡s✱ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥
❛r❡ ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜② t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❝❤❛r❣❡ ♦♣❡r❛t♦r n̂✳ ❚❤❡ ♣❛r❛❜❧❡s ♦❢ t❤✐s ✑q✉❛❞r❛t✐❝
✐♥ n✑ ❦✐♥❡t✐❝ ❡♥❡r❣② ♣❛rt ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳✻ ✭❛✮✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ ✇❤❡r❡
EJ ≈ EC ✱ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❣❛t❡ ❝❤❛r❣❡ ng ❤❛s ❧❛r❣❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ t❤❡
❞❡✈✐❝❡✱ ❛s t❤❡ ❡♥❡r❣② ❝❤❛♥❣❡s q✉✐❝❦❧② ✇✐t❤ ❥✉st s♠❛❧❧ ✑✢✉❝t✉❛t✐♦♥s✑ ✐♥ ng✳ ❬✶✺❪ ❚❤❡ s❡❝♦♥❞ t❡r♠

❋✐❣✉r❡ ✻✿ ❋✐rst t❤r❡❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✶✶✮ ✐♥ ✉♥✐ts ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❡♥❡r❣② E01 ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ♦✛s❡t ❝❤❛r❣❡ ng ❢♦r t❤❡ r❛t✐♦s EJ/EC = ✶✱ ✺✱ ✶✵ ❛♥❞ ✺✵✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣
r❛t✐♦ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ✢❛tt❡♥ ♠♦r❡ ❛♥❞ ♠♦r❡ ✉♥t✐❧ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ EJ ≫ EC ❛♥❞ t❤❡② ❧♦♦❦ ❧✐❦❡
❞✐s❝r❡t❡ ❧❡✈❡❧s✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤❛r❣❡✳❬✶✹❪

♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥✱ ✐s ✑r❡s♣♦♥s✐❜❧❡✑ ❢♦r t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡
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❡♥❡r❣② ❧❡✈❡❧s✳ ■t ❧✐❢ts t❤❡ ❞❡❣❡♥❡r❛❝②✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ r❛t✐♦ ♦❢ EJ t♦ EC ✱ ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ ✜❣✳✻
✭❜✮✲✭❞✮✱ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s s♣❧✐t ♠♦r❡ ❛♣❛rt ❛♥❞ t❤❡✐r ✇✐❣❣❧❡s ✢❛tt❡♥ ♦✉t ♠♦r❡ ❛♥❞ ♠♦r❡✳
❈♦♥s✐❞❡r✐♥❣ ❥✉st t❤❡ ❝♦s✐♥❡✲♣♦t❡♥t✐❛❧ ✐♥ ❡q✉✳✶✶✱ ✐♥❝r❡❛s✐♥❣ EJ ♠❡❛♥s ❤✐❣❤❡r ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡
❝♦s✐♥❡✳ ❍✐❣❤❡r ❛♠♣❧✐t✉❞❡s ♠❡❛♥s ❤✐❣❤❡r ♣♦t❡♥t✐❛❧ ✇❛❧❧s ❢♦r t❤❡ ♣❛rt✐❝❧❡s ❧✐✈✐♥❣ ✐♥ t❤❡ ♣♦t❡♥t✐❛❧
♠✐♥✐♠❛✳ ❚❤❡r❡❢♦r❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❤♦♣ ♦✈❡r ♦r t✉♥♥❡❧ t❤r♦✉❣❤ t❤❡ ♣♦t❡♥t✐❛❧ t♦ t❤❡ ♥❡①t ♠✐♥✐♠❛
❞❡❝r❡❛s❡s✳ ❚❤❡ st❛t❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❜❡❝♦♠❡ ❧♦❝❛❧✐③❡❞ ✐♥ ♦♥❡ ♦❢ t❤❡ ♠✐♠✐♥❛✳
■♥ t❤❡ r❡❣✐♠❡ ✇❤❡r❡ EJ ≫ EC t❤❡ ❡♥❡r❣② ❧❡✈❡❧s✱ ❛❣❛✐♥ ♦❢ t❤❡ ✇❤♦❧❡ ♣♦t❡♥t✐❛❧ ✐♥ ✜❣✳✻✱ ❧♦♦❦ ❧✐❦❡
❞✐s❝r❡t❡ ❧❡✈❡❧s✳ ❲✐t❤ t❤❡ ❧♦❝❛❧✐③❡❞ st❛t❡s ✐♥ t❤❡ ♣❡r✐♦❞✐❝ ♣♦t❡♥t✐❛❧ t❤❡② ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❇❧♦❝❤
❜❛♥❞s✳ ❚❤❡② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤❛r❣❡✱ ❛♥❞ ❛r❡ t❤❡r❡❢♦r❡ q✉✐t❡ ✐♥s❡♥s✐t✐✈❡ t♦ ❝❤❛r❣❡ ♥♦✐s❡✳❬✶✹❪

❖♥❡ ✇❛② t♦ r❡❛❝❤ t❤✐s EJ ≫ EC ❧✐♠✐t ✐s t♦ ♠❛❦❡ EC = e2

2(CS+CJ )
s♠❛❧❧ ❜② s❤✉♥t✐♥❣ t❤❡ ❥✉♥❝t✐♦♥

✇✐t❤ ❛ ❜✐❣ ❝❛♣❛❝✐t❛♥❝❡ CS ≫ CJ ✳ ❚❤❡ ❝✐r❝✉✐t ♦♣❡r❛t❡❞ ✐♥ t❤✐s r❡❣✐♠❡✱ ✐s ❝❛❧❧❡❞ ❛ tr❛♥s♠♦♥ q✉❜✐t✳
■♥ t❤✐s ❧✐♠✐t✱ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♣❤❛s❡ ϕ ✐s ❛ ❣♦♦❞ q✉❛♥t✉♠ ♥✉♠❜❡r✱ ✐✳❡✳ t❤❡ s♣r❡❛❞ ♦❢ ϕ ✈❛❧✉❡s
r❡♣r❡s❡♥t❡❞ ❜② t❤❡ q✉❛♥t✉♠ ✇❛✈❡❢✉♥❝t✐♦♥ ✐s s♠❛❧❧ ❛♥❞ t❤❡r❡❢♦r❡✱ ❛s ♣❧♦tt❡❞ ✐♥ ✜❣✳✺ ✭❞✮ t❤❡ ❧♦✇✲
❡♥❡r❣② ❡✐❣❡♥st❛t❡s ❛r❡✱ t♦ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❧♦❝❛❧✐③❡❞ st❛t❡s ✐♥ t❤❡ ♣♦t❡♥t✐❛❧ ✇❡❧❧✳❬✶✸❪ ❉✉❡ t♦
t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❛t ϕ ✐s s♠❛❧❧✱ ✇❡ ❝❛♥ ❡①♣❛♥❞ t❤❡ ❝♦s✲t❡r♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐♥t♦ ❛ ♣♦✇❡r
s❡r✐❡s

EJ cos(ϕ) = −EJ +
1

2
EJϕ

2 − 1

24
EJϕ

4 +O(ϕ6).

❲❡ ❝❛♥ ♥❡❣❧❡❝t ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❡❧✐♠✐♥❛t❡ t❤❡ n2 t❡r♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❜② ❛
❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥✳ ❑❡❡♣✐♥❣ t❤❡ t❡r♠s ✉♣ t♦ ❢♦✉rt❤ ♦r❞❡r✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛
❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✇✐t❤ ❛ q✉❛rt✐❝ ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❢♦r♠ ♦❢ ❛ s♦ ❝❛❧❧❡❞ ❉✉✣♥❣

♦s❝✐❧❧❛t♦r

H =
√

8ECEJ(b̂
†b̂+

1

2
)− EJ − EC

12
(b̂+ b̂†)4

✇✐t❤ t❤❡ ❛♥♥✐❤✐❧❛t✐♦♥ ❛♥❞ ❝r❡❛t✐♦♥ ♦♣❡r❛t♦rs b̂ ❛♥❞ b̂†✳ ❙♦❧✈✐♥❣ t❤✐s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ ✜rst✲♦r❞❡r
❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ q✉❛rt✐❝ t❡r♠ ❧❡❛❞s t♦ t❤❡ mth ❡✐❣❡♥❡♥❡r❣② ❬✶✹❪

Em ≈ −EJ +
√

8ECEJ

(

m+
1

2

)

− EC

12

(
6m2 + 6m+ 3

)
. ✭✶✷✮

❚♦ ❣❡t ❛ ❢❡❡❧✐♥❣ ❤♦✇ t❤✐s ❡♥❡r❣② ❧❡✈❡❧s ❧♦♦❦ ❧✐❦❡✱ ❧❡t✬s ✇r✐t❡ ♦✉t t❤❡ ❡♥❡r❣② t❡r♠s ❢♦r t❤❡ ✜rst ❢♦✉r
st❛t❡s✳
❇② s❡tt✐♥❣ m = 0 ✇❡ ❣❡t ❛❧❧ t❤❡ ❝♦♥st❛♥t ♣❛rts ♦❢ t❤❡ ❡♥❡r❣②

E0 = −EJ +
1

2

√

8ECEJ − EC

4
.

❚♦ s✐♠♣❧✐❢② t❤❡ ❡q✉❛t✐♦♥ ✇❡ ❝❛♥ ❞❡✜♥❡ ♦✉r ③❡r♦ ♣♦✐♥t ❛t t❤✐s ❡♥❡r❣② ❛♥❞ s❡t E0 = 0✳ ❲❡ ❛r❡ t❤❡♥
❧❡❢t ✇✐t❤

Em ≈ −
√

8ECEJm− EC

2
(m2 +m) ✭✶✸✮

❚❤❡r❡❢♦r❡ t❤❡ ✜rst ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤✐s ♥♦✇ ❛♥❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r r❡❛❞

E1 =
√

8ECEJ − EC

E2 = 2
√

8ECEJ − 3EC

E3 = 3
√

8ECEJ − 6EC

E4 = 4
√

8ECEJ − 10EC

❈♦♠♣❛r✐♥❣ t❤❡ ❡♥❡r❣✐❡s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✇✐t❤ t❤✐s ❡♥❡r❣✐❡s ♦❢ t❤❡ ❛♥❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✇❡
s❡❡✱ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❞♦❡s♥✬t ❣r♦✇ ❧✐♥❡❛r❧②✳ ■t ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ECs s✉❜tr❛❝t❡❞
❢r♦♠ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❡♥❡r❣✐❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ♦❢ ❤✐❣❤❡r ❧②✐♥❣
❡♥❡r❣② ❧❡✈❡❧s ❣❡ts s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r✱ ❛s s❤♦✇♥ ✐♥ ✜❣✳✺✭❞✮✳ ■♥ ❡①♣❡r✐♠❡♥ts ♥♦r♠❛❧❧② t❤❡ ✜rst t✇♦
st❛t❡s ❛r❡ ✉s❡❞ ❛s t❤❡ q✉❜✐t st❛t❡s✳ ❋♦r t❤♦s❡ st❛t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❡♥❡r❣② ❜❡t✇❡❡♥ ❤❛r♠♦♥✐❝ ❛♥❞
❛♥❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ✐s ♦♥❡ EC ✳ ❊①♣r❡ss❡❞ ✐♥ ❢r❡q✉❡♥❝✐❡s ✭ω = E/~✮ ✇❡ ❣❡t

ω01 =
√

8ECEJ/~− EC/~.

✶✸



❈♦♠♣❛r✐♥❣ t❤✐s t♦ ❡q✉❛t✐♦♥ ✭✾✮ ❛♥❞ ❞❡✜♥✐♥❣ α := EC/~✱ ✐t r❡❛❞s

ω01 = ωr − α . ✭✶✹✮

α ✐s ❝❛❧❧❡❞ t❤❡ ❛♥❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ q✉❜✐t✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❞❡✜♥❡❞ ❥✉st ✇✐t❤✐♥ t❤❡ ❛♥❤❛r♠♦♥✐❝
♣♦t❡♥✐❛❧✱ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❢r♦♠ E1 t♦ E2 ❛♥❞ ❢r♦♠ E0 t♦ E1

α = ω12 − ω01 . ✭✶✺✮

■♥ ❣❡♥❡r❛❧ ✇❡ ✇❛♥t ❛ ❧❛r❣❡ ❛♥❤❛r♠♦♥✐❝✐t② t♦ ♠❛❦❡ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ ♦✉r q✉❜✐t t♦ t❤❡
tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♦t❤❡r ❧❡✈❡❧s ♠♦r❡ ❞✐st✐♥❣✉✐s❤❛❜❧❡✳ ❚❤❡ ♠♦r❡ ❞✐st✐♥❣✉✐s❤❛❜❧❡ t❤❡② ❛r❡✱
t❤❡ s❤♦rt❡r t❤❡ ♠✐❝r♦✇❛✈❡ ♣✉❧s❡s t♦ ❞r✐✈❡ t❤❡ q✉❜✐t ❝❛♥ ❜❡✳❬✶✸❪ ❚❤❡ ❧✐♠✐t ✐s t❤❡ ❝♦♥❞✐t✐♦♥ EJ ≫ EC

t♦ ❣❡t ❛ ❚r❛♥s♠♦♥✱ ✇❤✐❝❤ st✐❧❧ ❤❛s t♦ ❜❡ ❢✉❧✜❧❧❡❞✳ ■♥ t❤❛t s❡♥s❡ ✇❡ ❛r❡ ❧✐♠✐t❡❞ ❜② t❤❡ ❢❛❜r✐❝❛t✐♦♥
✇❤❡r❡ ✇❡ ❝❛♥✬t ♠❛❦❡ ❛r❜✐tr❛r② s♠❛❧❧ ❥✉♥❝t✐♦♥s t♦ ✐♥❝r❡❛s❡ EJ ✳

✶✹



✑❇❡ ❧❡ss ❝✉r✐♦✉s ❛❜♦✉t ♣❡♦♣❧❡
❛♥❞ ♠♦r❡ ❝✉r✐♦✉s ❛❜♦✉t ✐❞❡❛s✳✑

▼❛r✐❡ ❈✉r✐❡

✺ ■❞❡❛ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t

❚❤✐s s❡❝t✐♦♥ s❤♦✇s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t ✉♣ ❛♥❞ t❤❡ ❣♦❛❧ ✇❤❛t ✇❡ ✇❛♥t t♦ s❡❡✱
✜♥❞ ❛♥❞ ♠❡❛s✉r❡ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡ ❝❤❛♣t❡r st❛rts ✇✐t❤ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ❛♥❞ t❤❡ s❡t
✉♣✳ ❋♦❧❧♦✇❡❞ ❜② ❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ ✇❛✈❡❣✉✐❞❡s✱ ❤♦✇ t❤❡② ✇♦r❦ ❛♥❞ ❤♦✇ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ t♦
♠❡❛s✉r❡ q✉❜✐ts✳ ■♥ t❤❡ ❡♥❞ ❛ s❤♦rt ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✇♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ ❛ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r ✐s
❣✐✈❡♥✳

✺✳✶ ❊①♣❡r✐♠❡♥t❛❧ s❡t ✉♣

❚❤❡ ✐❞❡❛ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❣❡t t❤❡ ❢❛❜r✐❝❛t✐♦♥ ✐♥ t❤❡ ♥❡✇ ❝❧❡❛♥ r♦♦♠ r✉♥♥✐♥❣✱ ❢❛❜r✐❝❛t❡ s✐♥❣❧❡
q✉❜✐ts✱ s❡❡ ❤♦✇ r❡♣r♦❞✉❝✐❜❧❡ t❤❡② ❛r❡✱ ❝♦♦❧ t❤❡♠ ❞♦✇♥ ❛♥❞ s❡❡ ❤♦✇ t❤❡② ✜t t♦ t❤❡♦r②✳ ■♥ t❤❡ ♣r❡✈✐✲
♦✉s ❝❤❛♣t❡rs ✐t ✇❛s ♠♦t✐✈❛t❡❞ ✇❤② ♣❡♦♣❧❡ ✐♥ ❣❡♥❡r❛❧ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❢❛❜r✐❝❛t✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣
q✉❜✐ts ❛♥❞ ❤♦✇ q✉❜✐ts ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ t❤❡♦r❡t✐❝❛❧❧②✳ ■♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡①♣❡r✐♠❡♥t❛❧
♣❛rts✱ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ t❤❡ ❢r✐❞❣❡✱ ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ❢❛❜r✐❝❛t❡❞ q✉❜✐ts ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❋♦r
t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ q✉❜✐ts ■ r❡❢❡r t♦ s❡❝✳✶✵ ✇❤❡r❡ ✐t ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❤♦✇ t♦ ❢❛❜r✐❝❛t❡
s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❞❡✈✐❝❡s✱ ❡s♣❡❝✐❛❧❧② q✉❜✐ts✳ ❚❤❡ t❤r❡❡ ♠❛✐♥ ♣❛rts ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t ❛r❡ t❤❡r❡❢♦r❡
t❤❡ q✉❜✐ts ❢❛❜r✐❝❛t❡❞ ♦♥ s❛♣♣❤✐r❡✱ s❤♦✇♥ ✐♥ ✜❣✳✼ ✭❛✮✱ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇❤❡r❡ t❤❡ q✉❜✐t ❝❤✐♣s ❛r❡
♠♦✉♥t❡❞ ✭✜❣✳✼ ✭❜✮✮ ❛♥❞ t❤❡ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r t♦ ❝♦♦❧ ❞♦✇♥ t❤❡ ✇❤♦❧❡ s②st❡♠ t♦ t❡♠♣❡r❛t✉r❡s
♦❢ ❛❜♦✉t ✷✵ ♠❑ ✭❜♦tt♦♠ ♣❛rt ♦❢ t❤❡ r❡❢r✐❣❡r❛t♦r s❤♦✇♥ ✐♥ ✜❣✳✼ ✭❝✮✮✳

❋✐❣✉r❡ ✼✿ ✭❛✮ ❚❤❡ q✉❜✐ts ❢❛❜r✐❝❛t❡❞ ♦♥ s❛♣♣❤✐r❡ ❝❤✐♣s ❛r❡ s❤♦✇♥ ✉♥❞❡r ❛♥ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡✳ ✭❜✮
❙❤♦✇s ❤♦✇ t❤❡ ❝❤✐♣s ❛r❡ ♠♦✉♥t❡❞ ✐♥ t❤❡ ✉s❡❞ ✇❛✈❡❣✉✐❞❡✳ ✭❝✮ ❇♦tt♦♠ ♣❛rt ♦❢ t❤❡ ♦♣❡♥ r❡❢r✐❣❡r❛t♦r
✇❤❡r❡ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐s ♠♦✉♥t❡❞✳

✺✳✷ ❘❡❝t❛♥❣✉❧❛r ✇❛✈❡❣✉✐❞❡

❖♥❡ ♦❢ t❤❡ ❡❛r❧✐❡st tr❛♥s♠✐ss✐♦♥ ❧✐♥❡s t♦ tr❛♥s♣♦rt ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧s ✇❡r❡ r❡❝t❛♥❣✉❧❛r ✇❛✈❡❣✉✐❞❡s✳
❬✶✻❪ ❚❤❡ ✇❛✈❡❣✉✐❞❡ ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ q✉❜✐ts ❢♦r t❤✐s t❤❡s✐s ✐s ❛ r❡❝t❛♥❣✉❧❛r ✇❛✈❡❣✉✐❞❡✳ ■t ✇❛s
❢❛❜r✐❝❛t❡❞ ❛♥❞ ✉s❡❞ ❜❡❢♦r❡ ❢♦r ♠❡❛s✉r❡♠❡♥ts t♦ ❝❤❛r❛❝t❡r✐③❡ str✐♣❧✐♥❡ r❡s♦♥❛t♦rs✳ ❚❤❡ ❞♦❝✉♠❡♥t❛✲
t✐♦♥ ❛❜♦✉t t❤✐s ❛♥❞ t❤❡ ❞❡t❛✐❧❡❞ ✇❛✈❡❣✉✐❞❡ ♣❛r❛♠❡t❡rs ❛♥❞ ❞✐♠❡♥s✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✼❪✳ ❍❡r❡
■ ✇❛♥t t♦ ❣✐✈❡ ❛ s❤♦rt s✉♠♠❛r② ♦❢ t❤❡ ✇♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ ❛ ✇❛✈❡❣✉✐❞❡ ✇✐t❤♦✉t q✉❜✐ts ❛♥❞ ✇❤② ✐t
✐s ❤❡❧♣❢✉❧ t♦ s✐♠✉❧❛t❡ t❤❡ s②st❡♠ ✬✇❛✈❡❣✉✐❞❡ ✇✐t❤ q✉❜✐t✬✱ ❜❡❢♦r❡ ❢❛❜r✐❝❛t✐♥❣ t❤❡ q✉❜✐t✳

✶✺



✺✳✷✳✶ ❲❛✈❡❣✉✐❞❡ ✇✐t❤♦✉t q✉❜✐ts

▲❡t✬s ❞❡✜♥❡ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐♥ x✲❞✐r❡❝t✐♦♥ ❛s a ❛♥❞ t❤❡ ❤✐❣❤t ✐♥ y✲❞✐r❡❝t✐♦♥ ❛s b✳ ■♥
③✲❞✐r❡❝t✐♦♥ t❤❡ ❧❡♥❣t❤ ✐s ♥♦t ❧✐♠✐t❡❞✳ ❚❤❡ ✇❛✈❡s ❝❛♥ t❤❡r❡❢♦r❡ tr❛✈❡❧ ✐♥ z✲❞✐r❡❝t✐♦♥✱ ❜✉t ❛r❡ ❝♦♥✜♥❡❞
✐♥ x✲ ❛♥❞ y✲❞✐r❡❝t✐♦♥ ❜② t❤❡ ✇❛❧❧s ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❚❤♦s❡ ❛r❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ❧❡❛❞
t♦ ❥✉st t✇♦ t②♣❡s ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡s t❤❛t ❝❛♥ ♣r♦♣❛❣❛t❡✳ ❲❛✈❡s ✇❤❡r❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
❝♦♠♣♦♥❡♥t ♣❛r❛❧❧❡❧ t♦ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐s ③❡r♦ ✭ ~E = (Ex, Ey, 0) ❛♥❞ ~B = (Bx, By, Bz)✮✱ t❤❡ s♦ ❝❛❧❧❡❞
❚❊ ✭tr❛♥s✈❡rs❡ ❡❧❡❝tr✐❝✮ ♠♦❞❡s✱ ❛♥❞ ✇❛✈❡s ✇❤❡r❡ t❤❡ ♣❛r❛❧❧❡❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣♦♥❡♥t ✈❛♥✐s❤❡s

✭ ~E = (Ex, Ey, Ez) ❛♥❞ ~B = (Bx, By, 0)✮✱ t❤❡ ❚▼ ✭tr❛♥s✈❡rs❡ ♠❛❣♥❡t✐❝✮ ♠♦❞❡s✳ ❬✶✽❪ ■♥ ✜❣✳✽ t❤❡
✜rst ♠♦❞❡s ❢♦r t❤❡ ♣♦ss✐❜❧❡ ✇❛✈❡s ❛r❡ s❦❡t❝❤❡❞ ✐♥ t❤❡ ①✲②✲♣❧❛♥❡✳ ❚❤❡ ❝♦❧♦✉rs ✐♥❞✐❝❛t❡ t❤❡ ✇❛✈❡
✈❡❝t♦rs ♣♦✐♥t✐♥❣ ♦✉t ♦❢ t❤❡ ♣❧❛♥❡ ❛♥❞ ✐♥t♦ t❤❡ ♣❧❛♥❡✳ ❋♦r t❤❡ r❡❞ ❝♦❧♦✉r t❤❡ ✇❛✈❡s ❝♦♠❡ ♦✉t ♦❢ t❤❡
♣❧❛♥❡ ❛♥❞ ♣♦✐♥t ✐♥ ③✲❞✐r❡❝t✐♦♥✳ ❋♦r t❤❡ ❜❧✉❡ ❝♦❧♦✉r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ③❡r♦ E = 0✳ ❋♦r ❡❛❝❤ ♠♦❞❡

❋✐❣✉r❡ ✽✿ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ x✲y✲♣❧❛♥❡ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ❢♦r t❤❡ ✜rst ✻ ♠♦❞❡s
✭s♦rt❡❞ ❜② t❤❡✐r ❝✉t♦✛ ❢r❡q✉❡♥❝②✮✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✶✾❪ ❛♥❞ ♠♦❞✐✜❡❞✳

t❤❡r❡ ❡①✐st ❛ ❝✉t♦✛ ❢r❡q✉❡♥❝② fc✳ ❇❡❧♦✇ fc ♣r♦♣❛❣❛t✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❖♥❧② ✇❛✈❡s ✇✐t❤ ❢r❡q✉❡♥❝✐❡s
f > fc ✇✐❧❧ ♣r♦♣❛❣❛t❡✳ ❲❛✈❡s ✇✐t❤ ❢r❡q✉❡♥❝✐❡s f < fc ❜❡❡✐♥❣ ❜❡❧♦✇ ❝✉t♦✛ ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧❧②
❛✇❛② ❢r♦♠ t❤❡ s♦✉r❝❡ ♦❢ ❡①❝✐t❛t✐♦♥✳ ■♥ t❤❡ ❚❊ ❝❛s❡✱ t❤❡ ❝✉t♦✛ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❣✐✈❡♥ ❜②

fcmn
=

1

2π
√
µǫ

√
(mπ

a

)2

+
(nπ

b

)2

✇✐t❤ ❡❛❝❤ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ n,m ∈ Z r❡♣r❡s❡♥t✐♥❣ ♦♥❡ ♠♦❞❡✱ t❤❡ ♣❡r♠❡❛❜✐❧✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧ t❤❛t
✜❧❧s t❤❡ ✇❛✈❡❣✉✐❞❡ µ✱ t❤❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧ t❤❛t ✜❧❧s t❤❡ ✇❛✈❡❣✉✐❞❡ ǫ ❛♥❞ t❤❡ ✇❛✈❡❣✉✐❞❡
❞✐♠❡♥s✐♦♥s a ❛♥❞ b✳ ❚❤❡ ♠♦❞❡ ✇✐t❤ t❤❡ ❧♦✇❡st ❝✉t♦✛ ❢r❡q✉❡♥❝② ✐s ❝❛❧❧❡❞ t❤❡ ❞♦♠✐♥❛♥t ♠♦❞❡✳ ■♥
t❤❡ ❝❛s❡ ♦❢ ❚❊ ♠♦❞❡s t❤✐s ✐s t❤❡ ♠♦❞❡ ✇✐t❤ m = 1 ❛♥❞ n = 0✱ t❤❡ TE01✱ ❛♥❞ t❤❡ ❝✉t♦✛ ❢r❡q✉❡♥❝②

fc01 =
1

2a
√
µǫ

.

■♥ t❤❡ ❚▼ ❝❛s❡✱ t❤❡ ❧♦✇❡st ♣r♦♣❛❣❛t✐♥❣ ♠♦❞❡ ✐s t❤❡ TM11 ♠♦❞❡ ✇✐t❤ t❤❡ ❝✉t♦✛ ❢r❡q✉❡♥❝②

fc11 =
1

2π
√
µǫ

√
(π

a

)2

+
(π

b

)2

.

❖♥❡ ❝❛♥ s❡❡✱ t❤❛t ✐t ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ❝✉t ♦✛ ❢r❡q✉❡♥❝② ♦❢ t❤❡ TE01 ♠♦❞❡✳ ❚❤❡ ♣r❡❢❡rr❡❞ ♠♦❞❡
❢♦r ❛ ✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❛ ✇❛✈❡❣✉✐❞❡ ✐s t❤❡r❡❢♦r❡ ❛ ❚❊ ♠♦❞❡✳ ❬✶✻❪ ■♥ ♦✉r ❝❛s❡ ✇❡ ✇❛♥t t♦ ❞❡s✐❣♥
t❤❡ q✉❜✐ts t❤❛t ✇❛②✱ t❤❛t t❤❡② ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ✇✐t❤✐♥ t❤❡ ✜rst ♠♦❞❡ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✱ t❤❡ TE10

♠♦❞❡✳

✺✳✷✳✷ ❲❛✈❡❣✉✐❞❡ ✇✐t❤ q✉❜✐ts

❋r♦♠ t❤❡ q✉❜✐ts ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐s t❤❡ ❡♥✈✐r♦♥♠❡♥t ♦❢ t❤❡ q✉❜✐t✳ ■♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ q✉❜✐t ❛♥❞ t❤❡ ✇❛✈❡❣✉✐❞❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✱ ✐❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ♣r♦✈✐❞❡s ❛ ❢r❡q✉❡♥❝② t❤❛t ✜ts t❤❡
r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ q✉❜✐t✱ ♦r ✈✐s ✈❡rs❛✱ ✐❢ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ q✉❜✐t ✐s ✇✐t❤✐♥
t❤❡ ♣r♦♣❛❣❛t✐♥❣ ♠♦❞❡s ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❚❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ ✐ts ❝✉t♦✛ ❢r❡q✉❡♥❝② fc
❤❛s t♦ ♠❛t❝❤ t❤❡ ❞❡s✐❣♥❡❞ q✉❜✐t ❢r❡q✉❡♥❝② f01✱ s✉❝❤ t❤❛t f01 > fc✳ ❋♦r t❤❡ q✉❜✐t✱ t❤❡ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② ❞❡♣❡♥❞s ♦♥ EC ❧✐❦❡ f01 = 1

2π~

(√
8EJEC − EC

)
✳ ❋♦r EC ❛❧❧ ♣♦ss✐❜❧❡ ❝❛♣❛❝✐t❛♥❝❡s ♦❢

✶✻



t❤❡ s②st❡♠ ❤❛✈❡ t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❋♦r ❥✉st t❤❡ q✉❜✐t t❤✐s ♠❡❛♥s t❤❡ s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡
Cs ❛♥❞ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ CJ ✳ ❋♦r t❤❡ q✉❜✐t ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐t ❛❧s♦ ❞❡♣❡♥❞s ♦♥
t❤❡ ❝❛♣❛❝✐t❛♥❝❡ t❤❛t ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ✇❛❧❧s ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ CWG✳ ❚❤✐s ❝❛♣❛❝✐t❛♥❝❡ ❞❡♣❡♥❞s
♦♥ t❤❡ ♣♦s✐t✐♦♥ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❲✐t❤ ❛ s✐♠✉❧❛t✐♦♥ ✇❡ ❝❛♥ ✜♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡
q✉❜✐t ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✇✐t❤ C = 1

L(2πf)2 ✳

❚❤✐s ✐s t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✐♥❝❧✉❞✐♥❣ t❤❡ s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡ ❛♥❞ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ❢r♦♠ t❤❡ ✇❛✈❡❣✉✐❞❡
Csim = Cs + CWG✱ ❛s ✇❡ ❞✐❞♥✬t ❛❝❝♦✉♥t ❛ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❋r♦♠ t❤❡
♠❡❛s✉r❡❞ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ q✉❜✐t f01 ❛♥❞ f12 ✭α = f01 − f12 = EC✮ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t

✇❡ ❝❛♥ ❛❧s♦ ❝❛❧❝✉❧❛t❡ ❛ ❝❛♣❛❝✐t❛♥❝❡ C = e2

2EC
✳ ❚❤✐s t✐♠❡ ✐t ✐s t❤❡ s✉♠ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝❛♣❛❝✐t❛♥❝❡s

✐♥ t❤❡ s②st❡♠ CΣ = Cs + CWG + CJ ✳ ❈♦♠♣❛r✐♥❣ Csim ❛♥❞ CΣ ✇❡ ❝❛♥ ✜♥❞ t❤❡ ♣r♦♣♦rt✐♦♥
♦❢ ❝❛♣❛❝✐t❛♥❝❡ t❤❡ ❥✉♥❝t✐♦♥ ✐ts❡❧❢ ♣r♦✈✐❞❡s✳ ❲❤❡♥ ❞❡s✐❣♥✐♥❣ ❛ q✉❜✐t ❢♦r ❛ ♣❛rt✐❝✉❧❛r r❡s♦♥❛♥t
❢r❡q✉❡♥❝②✱ t❤✐s ❝❛♣❛❝✐t❛♥❝❡ s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
■♥ ❣❡♥❡r❛❧ ♦♥❡ s❤♦✉❧❞ ❤❛✈❡ ✐♥ ♠✐♥❞✱ t❤❛t t❤❡ ✇❛✈❡❣✉✐❞❡ ❡♥✈✐r♦♥♠❡♥t ✐ts❡❧❢ ❝❤❛♥❣❡s t❤❡ ❡♥❡r❣②
❧❡✈❡❧s ♦❢ t❤❡ q✉❜✐t ✭❧✐❦❡ ❤❡r❡✿ CWG → EC → f01✮✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ❛❧s♦ t❤❡ ❛♣♣❧✐❡❞ ♠✐❝r♦✇❛✈❡
t♦♥❡ ❝♦✉♣❧❡s t♦ t❤❡ q✉❜✐t ❛♥❞ ❧❡❛❞s t♦ s❤✐❢ts ♦❢ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s✱ ❧✐❦❡ t❤❡ s♦ ❝❛❧❧❡❞ ❙t❛r❦ s❤✐❢t ♦r
t❤❡ ▲❛♠❜ s❤✐❢t✳

✺✳✸ ❉✐❧✉t✐♦♥ ❘❡❢r✐❣❡r❛t♦r

❚♦ ❝♦♦❧ ❞♦✇♥ t❤❡ s❛♠♣❧❡s t♦ ❛ ❢❡✇ ❑ ✇❡ ✉s❡ ❛ ❞✐❧✉t✐♦♥ r❡❢r✐❣❡r❛t♦r✳ ❚❤❡ ♠❛✐♥ ♣r✐♥❝✐♣❧❡ ♦❢ ❛ ❞✐❧✉t✐♦♥
r❡❢r✐❣❡r❛t♦r ✐s ❡✈❛♣♦r❛t✐✈❡ ❝♦♦❧✐♥❣ ♦❢ ❧✐q✉✐❞ ❤❡❧✐✉♠✳ ❆ ✑♣♦t✑ ✐♥ ✇❤✐❝❤ t❤❡ ♣r❡ss✉r❡ ✐s r❡❞✉❝❡❞ t♦
❛❜♦✉t ✵✱✶ ♠❜❛r ✐s ❝♦♥t✐♥✉♦✉s❧② ❢❡❞ ✇✐t❤ ❧✐q✉✐❞ ❤❡❧✐✉♠ ❢r♦♠ ❛ ♠❛✐♥ ❜❛t❤✳ ❚❤❡ ❧✐q✉✐❞ ❤❡❧✐✉♠
❡✈❛♣♦r❛t❡s ✐♥ t❤❡ ♣♦t✳ ❉✉❡ t♦ t❤❡ ❧❛t❡♥t ❤❡❛t ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ❧✐q✉✐❞ ❝♦♦❧✐♥❣ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ❆s
s❤♦✇♥ ✐♥ ✜❣✳✾ ✭❛✮ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝r❡❛s✐♥❣ ✈❛♣♦✉r ♣r❡ss✉r❡✳ ❆t
✈❡r② ❧♦✇ ♣r❡ss✉r❡ t❤❡r❡ ❛r❡ ♥♦t ❡♥♦✉❣❤ ♠♦❧❡❝✉❧❡s ❛♥②♠♦r❡ t♦ ❝♦♦❧ t❤❡ ♣♦t ❢✉rt❤❡r✳ ❲✐t❤ ♣✉♠♣✐♥❣

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✾✿ ✭❛✮ ❱❛♣♦✉r ♣r❡ss✉r❡ ♦❢ ❤❡❧✐✉♠ ❛❣❛✐♥st t❤❡ t❡♠♣❡r❛t✉r❡✳ 3❍❡ ❤❛s ♠✉❝❤ ❤✐❣❤❡r ✈❛♣♦✉r
♣r❡ss✉r❡ t❤❛♥ 4❍❡ ❛♥❞ ❝❛♥ t❤❡r❡❢♦r❡ r❡❛❝❤ ❧♦✇❡r t❡♠♣❡r❛t✉r❡s✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✷✵❪✳ ✭❜✮

♦♥ 4❍❡ t❡♠♣❡r❛t✉r❡s ♦❢ ❛❜♦✉t ✶✱✷ ❑ ❝❛♥ ❜❡ r❡❛❝❤❡❞✳ ❚❤✐s ✐s ❛❧r❡❛❞② ❝♦❧❞❡r t❤❛♥ t❤❡ t❡♠♣❡r❛t✉r❡
✐♥ ♦✉t❡r s♣❛❝❡ ♦❢ ❛❜♦✉t ✷✱✼ ❑✳ ❆❝❝♦r❞✐♥❣ t♦ ✜❣✳✾ ✭❛✮ ❡✈❡♥ ❧♦✇❡r t❡♠♣❡r❛t✉r❡s ♦❢ ❛r♦✉♥❞ ✵✱✷✺ ❑ ❝❛♥
❜❡ r❡❛❝❤❡❞ ❜② ♣✉♠♣✐♥❣ 3❍❡✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❡ ♥✉❝❧❡❛r s♣✐♥ ♦❢ t❤❡ t✇♦ ♠♦❧❡❝✉❧❡s✳ 4❍❡ ❤❛s ❛ ♥✉❝❧❡❛r
s♣✐♥ ♦❢ ■❂✵ ✱ ❢♦❧❧♦✇s t❤❡ ❇♦s♦♥ st❛t✐st✐❝s ❛♥❞ r❡❛❝❤❡s t❤❡ tr❛♥s✐t✐♦♥ t♦ ❛ s✉♣❡r✢✉✐❞ ❛t ❚❂✷✱✶✼ ❑✳
3❍❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❤❛s ❛ ♥✉❝❧❡❛r s♣✐♥ ♦❢ ■❂✶✴✷ ❛♥❞ t❤❡r❡❢♦r❡ ❢♦❧❧♦✇s t❤❡ ❋❡r♠✐ st❛t✐st✐❝s✳ ❉✉❡
t♦ t❤❡ P❛✉❧✐ ❡①❝❧✉s✐♦♥ ♣r✐♥❝✐♣❧❡ 3❍❡ r❡❛❝❤❡s t❤❡ s✉♣❡r✢✉✐❞ tr❛♥s✐t✐♦♥✱ ❛t ✇❤✐❝❤ t❤❡ s♣✐♥s ♣❛✐r ✉♣
❛♥❞ ♦❜❡② ❇♦s♦♥ st❛t✐st✐❝s✱ ❛t ♠✉❝❤ ❧♦✇❡r t❡♠♣❡r❛t✉r❡s✳ ▼♦st ♦❢ t❤❡ t✐♠❡ ♣❡♦♣❧❡ ✉s❡ ❛ ♠✐① ♦❢ 4❍❡
❛♥❞ 3❍❡✳ ■♥ t❤❡ ♠✐①t✉r❡ ♦❢ t❤❡ t✇♦ ✐s♦t♦♣❡s✱ t❤❡ s✉♣❡r✢✉✐❞ tr❛♥s✐t✐♦♥ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞s ♦♥ t❤❡
3❍❡ ❝♦♥❝❡♥tr❛t✐♦♥✳ ■♥ ✜❣✳✾ ✭❜✮ t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ❢r❛❝t✐♦♥ ♦❢ 3❍❡✳ ❙t❛rt✐♥❣
❢r♦♠ ♣♦✐♥t ❆ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ ♥♦r♠❛❧ 3❍❡✲4❍❡✲♠✐①t✉r❡✱ ✇❡ ❝❛♥ r❡❛❝❤ ♣♦✐♥t ❇ ❜② ❝♦♦❧✐♥❣ ❞♦✇♥
t❤❡ ♠✐①t✉r❡✳ ❚❤❡r❡ t❤❡ ♠✐①t✉r❡ ❜❡❝♦♠❡s s✉♣❡r✢✉✐❞✳ ❈♦♦❧✐♥❣ t❤❡ ♠✐①t✉r❡ ❡✈❡♥ ❢✉rt❤❡r✱ ❛t s♦♠❡
♣♦✐♥t ✭♣♦✐♥t ❈ ✐♥ ✜❣✳✾ ✭❜✮✮ t❤❡ ♠✐①t✉r❡ s❡♣❛r❛t❡s ✐♥ t✇♦ ♣❤❛s❡s ✭✐♥❞✐❝❛t❡❞ ✇✐t❤ t❤❡ ❤♦r✐③♦♥t❛❧ ❧✐♥❡
st❛rt✐♥❣ ❢r♦♠ ♣♦✐♥t ❈✮✳ ❖♥❡ 4❍❡✲r✐❝❤ ♣❤❛s❡ ✇❤✐❝❤ ❛❧✇❛②s ❝♦♥t❛✐♥s ♠✐♥✐♠✉♠ ✻✱✹% 3❍❡ ❛❧❧ t❤❡ ✇❛②
❞♦✇♥ t♦ ✵ ❑ ❛♥❞ t❤❡ 3❍❡✲r✐❝❤ ♣❤❛s❡✳ ❚❤❡ 3❍❡ r✐❝❤ ♣❤❛s❡ ✢♦❛ts ♦♥ t❤❡ ❤❡❛✈✐❡r 4❍❡ r✐❝❤ ♣❤❛s❡✳ ❬✷✵❪
❆t t❤❡ tr✐❝r✐t✐❝❛❧ ♣♦✐♥t ✇❡ ❝❛♥ s❡❡✱ t❤❛t 4❍❡ s✉♣❡r✢✉✐❞✐t② t❡r♠✐♥❛t❡s ❢♦r 3❍❡ ❝♦♥❝❡♥tr❛t✐♦♥s ❤✐❣❤❡r

✶✼



t❤❛♥ ✻✼✱✺%✳ ❇❡❧♦✇ t❤✐s ♣♦✐♥t ❥✉st ♠✐①t✉r❡s ❢♦r ♣❛rt✐❝✉❧❛r ❝♦♥❝❡♥tr❛t✐♦♥s ♦❢ t❤❡ t✇♦ ✐s♦t♦♣❡s ❛r❡
♣♦ss✐❜❧❡✳ ❚❤❡ r❡❣✐♦♥ ✇✐t❤ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s t❤❛t ❛r❡ ♥♦t ♠✐s❝✐❜❧❡ ✐s ❝❛❧❧❡❞ t❤❡ ❢♦r❜✐❞❞❡♥ r❡❣✐♦♥✱
✐♥❞✐❝❛t❡❞ ✐♥ ❣r❛② ✐♥ ✜❣✳✾ ✭❜✮✳ ❬✷✶❪

✶✽



✑❨♦✉ ❝❛♥ ♥❡✈❡r s♦❧✈❡ ♣r♦❜❧❡♠s ✇✐t❤ t❤❡
s❛♠❡ ♠✐♥❞s❡t t❤❛t ❝r❡❛t❡❞ t❤❡♠✳✑

❆❧❜❡rt ❊✐♥st❡✐♥

✻ ❙✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ q✉❜✐ts ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡

❚❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛ q✉✐❝❦ s✉♠♠❛r② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ t❤❛t ✇❛s ❞♦♥❡✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r t❤❡
t❤❡♦r② ❡①♣❧❛✐♥❡❞ s♦ ❢❛r ✇✐❧❧ ❜❡ ✜❧❧❡❞ ✇✐t❤ s♦♠❡ ♥✉♠❜❡rs r❡s✉❧t✐♥❣ ❢r♦♠ t❤✐s s✐♠✉❧❛t✐♦♥✳ ❲✐t❤ t❤✐s
♥✉♠❜❡rs ✇❡ ❝❛♥ s❡❡ ❤♦✇ t♦ ❡st✐♠❛t❡ ✐❢ t❤❡ ❞❡s✐❣♥❡❞ q✉❜✐t ✐s ❣♦✐♥❣ t♦ ✇♦r❦ ✐♥ t❤❡ ✉s❡❞ ✇❛✈❡❣✉✐❞❡✳

✻✳✶ ❙✐♠✉❧❛t✐♦♥ s❡t ✉♣

❚❤❡ s✐♠✉❧❛t✐♦♥ ✇❛s ❞♦♥❡ ✇✐t❤ t❤❡ ♣r♦❣r❛♠ ❍❋❙❙ ✭❍✐❣❤ ❋r❡q✉❡♥❝② ❙tr✉❝t✉r❡ ❙✐♠✉❧❛t♦r✮✳ ❚❤❡
✇❛✈❡❣✉✐❞❡ ✇❛s ♠♦❞❡❧❧❡❞ ❛s ❛ ❜♦① ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥s ✷✸ ① ✷✵ ① ✶✶ ♠♠ ✐♥ ❳✲✱ ❨✲ ❛♥❞ ❩✲❞✐r❡❝t✐♦♥
✭s❡❡ ✜❣✳✶✵✮✳ ❚❤❡ ❨✲❞✐♠❡♥s✐♦♥ r❡♣r❡s❡♥t t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ■t ✐s ♥♦t t❤❡ r❡❛❧ s✐③❡ ♦❢

❋✐❣✉r❡ ✶✵✿ ▼♦❞❡❧ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥✳ ❖♥ t❤❡ r✐❣❤t t❤❡ t❤r❡❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ q✉❜✐t ❝❤✐♣ r❡❧❛t✐✈❡ t♦
t❤❡ ✇❛❧❧ ❛r❡ s❦❡t❝❤❡❞✳

t❤❡ ✇❛✈❡❣✉✐❞❡✱ ❜✉t ❢♦r t❤❡ ❛♣♣❧✐❡❞ ✬❊✐❣❡♥♠♦❞❡✬✲s✐♠✉❧❛t✐♦♥✱ ✇❡ ♥❡❡❞ t✇♦ ✇❛❧❧s ❛t ❡❛❝❤ s✐❞❡ ♦❢ t❤❡
✐♥♣✉t ❛♥❞ t❤❡ ♦✉t♣✉t✳ ❚❤✐s ✑❛❞❞✐t✐♦♥❛❧✑ ✇❛❧❧s ❧❡❛❞ t♦ ❛❞❞✐t✐♦♥❛❧ ♠♦❞❡s ✇❤✐❝❤ ❛r❡ ✑❛rt❡❢❛❝ts✑ ✐♥
t❤✐s s✐♠✉❧❛t✐♦♥ ❛♥❞ ♥♦t ✑r❡❛❧✑ t❤✐♥❣s t❤❛t ✇❡ ❝❛♥ ✜♥❞ ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ♦t❤❡r ❞✐♠❡♥s✐♦♥s
❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❡❛❧ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✐♥s✐❞❡ ✇❛❧❧ ♦❢ t❤❡ ✉s❡❞ ✇❛✈❡❣✉✐❞❡✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡
✇❛✈❡❣✉✐❞❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✼❪✳ ❖♥ t♦♣ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ t❤❡r❡ ❛r❡ s❧♦ts ❛t ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s t♦
♣✉t t❤❡ q✉❜✐t ❝❤✐♣ ✐♥s✐❞❡✳ ❚❤❡ ❞✐✛❡r❡♥t ❞✐st❛♥❝❡s t♦ t❤❡ ✇❛❧❧s ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✱ ❧❡❛❞ t♦ ❞✐✛❡r❡♥t
❝♦✉♣❧✐♥❣ str❡♥❣t❤s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ✇❛s ❞♦♥❡ ❢♦r ♦♥❡ q✉❜✐t ❝❤✐♣ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t
❞✐st❛♥❝❡s t♦ t❤❡ ✇❛❧❧✱ s❤♦✇♥ ✐♥ ✜❣✳✶✵✳ ❋r♦♠ t❤❡ r❡s✉❧ts ✇❡ ❝❛♥ s❡❡ ❤♦✇ t❤❡ ♣♦s✐t✐♦♥s ❝❤❛♥❣❡ t❤❡
r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②✳
❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✱ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ q✉❜✐t ❝❤✐♣✱ ✐♥ t❤✐s ❝❛s❡ ❛ s❛♣♣❤✐r❡ ❝❤✐♣✱
❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ q✉❜✐t ✐ts❡❧❢ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳✶✳ ❚❤❡ q✉❜✐t ♣❛rts ❛r❡ ♠♦❞❡❧❧❡❞ ❛s
✷❉ ✑s❤❡❡ts✑✱ s❡t ❛s ♣❡r❢❡❝t ❝♦♥❞✉❝t♦rs ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ✜❡❧❞✳ ❚❤❡ ❥✉♥❝t✐♦♥ ✐s ♠♦❞❡❧❧❡❞ ❛s ❛ ❧✉♠♣❡❞
❡❧❡♠❡♥t ✇✐t❤ ❛♥ ✐♥❞✉❝t❛♥❝❡ Lj ✳ ❋♦r ❡❛❝❤ ♣♦s✐t✐♦♥ ♦❢ t❤❡ q✉❜✐t ❝❤✐♣✱ t❤❡ s✐♠✉❧❛t✐♦♥ s✇❡❡♣s t❤❡
✐♥❞✉❝t❛♥❝❡ ❢r♦♠ ✸ ♥❍ t♦ ✼ ♥❍ ✇✐t❤ ❛ st❡♣s✐③❡ ♦❢ ✵✱✷ ♥❍✱ ❛♥❞ ✜♥❞s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥t
❢r❡q✉❡♥❝✐❡s✳ ■♥ ✜❣✳✶✶ t❤❡ ✜rst t❤r❡❡ ❊✐❣❡♥♠♦❞❡s ♦❢ t❤❡ s②st❡♠✱ s✐♠✉❧❛t❡❞ ❢♦r t❤❡ t❤r❡❡ q✉❜✐t
♣♦s✐t✐♦♥s ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✱ s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t ✐♥ ✜❣✳✶✵✱ ❛r❡ ♣❧♦tt❡❞✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ q✉❜✐t ♣❧❛❝❡❞ ❞✐r❡❝t❧② ♥❡①t t♦ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇❛❧❧✱ t❤❡ ❣r❡❡♥ ❧✐♥❡ s❤♦✇s t❤❡ ❊✐❣❡♥♠♦❞❡s ♦❢
t❤❡ q✉❜✐t ♣❧❛❝❡❞ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ t❤❡ ♦r❛♥❣❡ ❧✐♥❡ ✐s t❤❡ r❡s✉❧t ❢♦r ❛ q✉❜✐t ♣❧❛❝❡❞
❛t ❛ ♣♦s✐t✐♦♥ ✷ ♠♠ ❛✇❛② ❢r♦♠ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇❛❧❧✳ ❚❤❡ s❡❝♦♥❞ ♠♦❞❡ ✇❤♦s❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②
❞❡❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✐♥❞✉❝t❛♥❝❡✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ q✉❜✐t✳ ❚❤❡ ♦t❤❡r t✇♦ ♠♦❞❡s ❛r❡ ♥♦ r❡❛❧

✶✾



❚❛❜❧❡ ✶✿ ❉✐♠❡♥s✐♦♥s ♦❢ t❤❡ s✐♠✉❧❛t❡❞ q✉❜✐t ♦♥ ❛ s❛♣♣❤✐r❡ ❝❤✐♣ ✐♥ ❛ ✇❛✈❡❣✉✐❞❡✳ ❚❤❡ ✇❛✈❡❣✉✐❞❡ ✐s
♠♦❞❡❧❧❡❞ ❛s ❛ ❜♦① ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥s ❣✐✈❡♥ ✐♥ t❤✐s t❛❜❧❡✳

❲❛✈❡❣✉✐❞❡ ❙❛♣♣❤✐r❡❝❤✐♣ ◗✉❜✐t
✭P❛❞✮ ❍❡✐❣❤t ✶✶ ♠♠ ✶✶ ♠♠ ✹✵✵ µ♠
✭P❛❞✮ ❲✐❞t❤ ✷✸ ♠♠ ✸✱✷ ♠♠ ✸✵✵ µ♠
▲❡♥❣t❤✴❚❤✐❝❦♥❡ss ✷✵ ♠♠ ✵✱✹✸ ♠♠ ✑s❤❡❡t✑
P❛❞ ❉✐st❛♥❝❡ ✷✵✵ µ♠
▲✉♠♣❡❞ ❡❧❡♠❡♥t ❞✐♠❡♥s✐♦♥s ✷✵✵ ① ✶✵ µ♠
■♥❞✉❝t❛♥❝❡ ❙✇❡❡♣ LJ ✸✲✼ ♥❍

❋✐❣✉r❡ ✶✶✿ ❋✐rst t❤r❡❡ r❡s♦♥s❛♥t ♠♦❞❡s ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ✇❛✈❡❣✉✐❞❡✲q✉❜✐t✲s②st❡♠ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t
♣♦s✐t✐♦♥s ♦❢ t❤❡ q✉❜✐t ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❖♥❡ ♣♦s✐t✐♦♥ ✐s ❛t t❤❡ ✇❛❧❧✱ ❛ s❡❝♦♥❞ ✐s ✐♥ t❤❡ ❝❡♥t❡r ♦❢
t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ❛ t❤✐r❞ ♦♥❡ ✐s ❧♦❝❛t❡❞ ✷ ♠♠ ❛✇❛② ❢r♦♠ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇❛❧❧✳

♠♦❞❡s✳ ❚❤❡② ❛r❡ t❤❡ ✑❛rt✐✜❝✐❛❧✑ ♠♦❞❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❝♦♥✜♥❡♠❡♥t ✐♥ ②✲❞✐r❡❝t✐♦♥✳ ❲❤❛t ✇❡ ❝❛♥
s❡❡ ✐s✱ t❤❛t ✇❤❡♥ t❤❡ ❡♥❡r❣✐❡s ♦❢ t❤❡ q✉❜✐t ❛♥❞ t❤❡ ✈✐rt✉❛❧ ✇❛✈❡❣✉✐❞❡ ♠♦❞❡ ❝♦♠❡ ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r
♦r r❡❛❝❤ r❡s♦♥❛♥❝❡✱ t❤❡ ❡♥❡r❣✐❡s s❤✐❢t✳ ■♥ ✜❣✳✶✶ t❤✐s s♦ ❝❛❧❧❡❞ ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣s ❢♦r t❤❡ q✉❜✐t ❛♥❞
t❤❡ ✜rst ❛rt✐✜❝✐❛❧ ♠♦❞❡ ✐s ✈✐s✐❜❧❡ ❢♦r t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s ♦❢ t❤❡ q✉❜✐t ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳

✷✵



✑■❢ ■ ❤❛✈❡ s❡❡♥ ❢✉rt❤❡r t❤❛♥ ♦t❤❡rs
✐t ✐s ♦♥❧② ❜❡❝❛✉s❡ ■ st♦♦❞

♦♥ t❤❡ s❤♦✉❧❞❡rs ♦❢ ❣✐❛♥ts✑
■s❛❛❝ ◆❡✇t♦♥

✼ ❋r♦♠ ❚❤❡♦r② t♦ ❋❛❜r✐❝❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡♦r② t♦ ❝r❡❛t❡ ❛ ✇♦r❦✐♥❣ q✉❜✐t
❛♥❞ tr❛♥s❧❛t❡ t❤❡♠ t♦ ❞❡s✐❣♥ ❛♥❞ ❢❛❜r✐❝❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ❛ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡
t♦ ✜♥❞ t❤❡ r✐❣❤t ♣❛r❛♠❡t❡rs ✐s ❣✐✈❡♥✳

✼✳✶ ◗✉❜✐t P❛r❛♠❡t❡r

❲✐t❤ ❛❧❧ t❤❡ t❤❡♦r② ✐♥ t❤❡ ❜❛❝❦ ♦❢ ♦✉r ♠✐♥❞ ✇❡ ❝❛♥ ♥♦✇ t❤✐♥❦ ♦❢ ✇❤❛t ♣r♦♣❡rt✐❡s ✇❡ ✇❛♥t ❢r♦♠ ♦✉r
q✉❜✐t ❛♥❞ ❤♦✇ ✇❡ ❝❛♥ ❛❝❤✐❡✈❡ t❤❡♠✳ ❍♦✇ s❤♦✉❧❞ ✇❡ ❞❡s✐❣♥ ♦✉r q✉❜✐ts t♦ ❣❡t t❤❡ r✐❣❤t ♣❛r❛♠❡t❡rs
s♦ t❤❛t ✇❡ ❝❛♥ ♠❡❛s✉r❡ t❤❡♠ ✐♥ ❛ ✇❛✈❡❣✉✐❞❡ ♦r ❝❛✈✐t②❄
■♥ ✜❣✳✶✷ t❤❡ ❝✐r❝✉✐t ❞✐❛❣r❛♠ ♦❢ t❤❡ ❛♥❤❛r♠♦♥✐❝ ❝✐r❝✉✐t ❛♥❞ ❤♦✇ ✐t ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ q✉❜✐t
❞❡s✐❣♥✱ ✐s s❤♦✇♥✳ ❚❤❡ ❣r❡❡♥ ❛♥❞ t❤❡ ❞❛s❤❡❞ r❡❞ ❧✐♥❡ ✐♥❞✐❝❛t❡ t❤❡ ✐♥❞✉❝t❛♥❝❡ ❛♥❞ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡

❋✐❣✉r❡ ✶✷✿ ❙❝❤❡♠❛t✐❝s ♦❢ ❤♦✇ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ✇✐t❤ t❤❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥ ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞
✐♥t♦ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ q✉❜✐t✳ ❚❤❡ ♣❛❞ ✇✐❞t❤s ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡♠ ❞❡✜♥❡ t❤❡ s❤✉♥t
❝❛♣❛❝✐t❛♥❝❡ CS ✭r❡❞ ❧✐♥❡✮✳ ❚❤❡ ❥✉♥❝t✐♦♥ ✐ts❡❧❢ ❞❡✜♥❡s t❤❡ ♥♦♥❧✐♥❡❛r ✐♥❞✉❝t❛♥❝❡ LJ ✭❣r❡❡♥ ❧✐♥❡✮ ❛♥❞
✐s ❛❧s♦ ❛s ❛ s♠❛❧❧ ❝❛♣❛❝✐t♦r ✇✐t❤ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ CJ ✭r❡❞ ❞❛s❤❡❞ ❧✐♥❡✮✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✇❤♦❧❡
q✉❜✐t✱ ♠❛r❦❡❞ ✇✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇✱ ❛❝ts ❛s ❛ ❞✐♣♦❧ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ q✉❜✐t t♦ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳

❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥✳ ❚❤❡ ♦r❛♥❣❡ ❝♦❧♦✉r ♠❛r❦s t❤❡ s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡✳ ❇② ❝❤❛♥❣✐♥❣ t❤❡s❡ ❡❧❡♠❡♥ts
✐♥ t❤❡ q✉❜✐t ❞❡s✐❣♥ ✇❡ ❝❤❛♥❣❡ t❤❡ ✐♥❞✉❝t❛♥❝❡ ❛♥❞ ❝❛♣❛❝✐t❛♥❝❡s ✐♥ t❤❡ ❝✐r❝✉✐t ❛♥❞ t❤❡r❡❢♦r❡ t❤❡
r❡s✉❧t✐♥❣ ❡♥❡r❣✐❡s ♦❢ t❤❡ s②st❡♠✳ ❲❡ ❝❛♥ t❤✐♥❦ ❢♦r ❡①❛♠♣❧❡ ❛❜♦✉t t❤❡ s✐③❡ ♦❢ t❤❡ q✉❜✐t ♣❛❞s APad

❛♥❞ t❤❡✐r ❞✐st❛♥❝❡ dPad t♦ t✉♥❡ t❤❡ s❤✉♥t ❝❛♣❛❝✐t❛♥❝❡✳ ■♥ ❛❞❞✐t✐♦♥ t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ q✉❜✐t
ltot ❛❝t ❛s ❛ ❞✐♣♦❧ ❛♥❞ ♣❧❛②s ❛ r♦❧❡ ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥
❛r❡❛ ❤❛s ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ✐♥❞✉❝t❛♥❝❡ LJ ❛♥❞ ❝♦♥tr✐❜✉t❡s ✇✐t❤ ❛ s♠❛❧❧ ❝❛♣❛❝✐t❛♥❝❡ CJ t♦ t❤❡
t♦t❛❧ ❝❛♣❛❝✐t❛♥❝❡✳ ❚❤♦s❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞ ❤♦✇ t♦ ❝❤❛♥❣❡ t❤❡♠✱ ❛r❡ s✉♠♠❛r✐③❡❞✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡
♦①✐❞❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ✭s❡❡ s❡❝✳✾✳✹✳✶✮✱ ✐♥ t❛❜✳✷✳
❍♦✇❡✈❡r✱ t♦ ❜✉✐❧❞ ❛ ❚r❛♥s♠♦♥✱ ✇❡ ❝❛♥✬t ❛r❜✐tr❛r✐❧② ❝❤❛♥❣❡ t❤❡ ❡♥❡r❣✐❡s✳ ❆s ✇❡ s❛✇ ✐♥ s❡❝t✐♦♥ ✹✳✷✱

❚❛❜❧❡ ✷✿ P❛r❛♠❡t❡r t♦ t✉♥❡ t❤❡ q✉❜✐t✳

❉❡s✐❣♥ ❛♥❞ ❢❛❜r✐❝❛t✐♦♥ ♣❛r❛♠❡t❡r ❆✛❡❝t❡❞ q✉❜✐t ♣❛r❛♠❡t❡r
P❛❞ ❞✐st❛♥❝❡ dPad CsP❛❞ s✐③❡ APad

❚♦t❛❧ ❧❡♥❣t❤ ltot ❈♦✉♣❧✐♥❣ t♦ ❲●
❏✉♥❝t✐♦♥ ❛r❡❛ A 1

A ∝ Rn ∝ LJ

❖①✐❞❛t✐♦♥ ✐♥ ❢❛❜✳ tox✱ pox (tox.pox)
x ∝ Rn

t❤❡ ❝♦♥❞✐t✐♦♥ t♦ r❡❛❝❤ t❤❡ ❚r❛♥s♠♦♥ ❧✐♠✐t ✐s EJ ≫ EC ✱ ♦r ♠♦r❡ ❝♦♥❝r❡t❡ EJ

EC
> 50✱ ❛❝❝♦r❞✐♥❣ t♦

❬✶✹❪✳ ❋r♦♠ t❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ωr = 1
~

√
8EJEC ♦♥❡

✷✶



❝❛♥ r❡✇r✐t❡ t❤✐s ❝♦♥❞✐t✐♦♥ ✐♥ t❡r♠s ♦❢ EC ❛♥❞ ❣❡t

EJ

EC
=

~
2ω2

r

8E2
C

> 50 → ~
2ω2

r

E2
C

> 400 → ~ωr

EC
> 20 → ~ωr

20
> EC ✭✶✻✮

❚❤❡ ✑♥❡✇✑ ❝♦♥❞✐t✐♦♥ ♥♦✇ ✐s✱ t❤❛t t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❞✐✈✐❞❡❞ ❜② ✷✵ ❤❛s t♦ ❜❡ ❧❛r❣❡r t❤❛♥
EC ≈ α✳
■♥ ❛❞❞✐t✐♦♥ t♦ ❛ s✐♠✉❧❛t✐♦♥✱ ❛ t❛♥❣✐❜❧❡ ✈❛❧✉❡ ✇❤✐❝❤ ❝❛♥ ❞✐r❡❝t❧② ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❢❛❜r✐❝❛t✐♦♥
♣❛r❛♠❡t❡rs ❛♥❞ ❡♥❛❜❧❡s ❛ ❧♦♦❦ ❛t t❤❡ q✉❜✐t ♣❛r❛♠❡t❡rs✱ ❡✈❡♥ ❜❡❢♦r❡ ❝♦♦❧❞♦✇♥✱ ✐s t❤❡ ♥♦r♠❛❧ st❛t❡
r❡s✐st❛♥❝❡ Rn✳ ■♥ ✜❣✳✶✸ t❤❡ ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ❢♦r ❞✐✛❡r❡♥t ❞❡s✐❣♥ ❛♥❞ ❢❛❜r✐❝❛t✐♦♥
♣❛r❛♠❡t❡rs ♦❢ t❤❡ q✉❜✐ts ❛r❡ ♣❧♦tt❡❞✳ ❚❤❡ ❛r❡❛ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s s❝❛❧❡s ✐♥❞✐r❡❝t ♣r♦♣♦rt✐♦♥❛❧ t♦

❋✐❣✉r❡ ✶✸✿ ❏✉♥❝t✐♦♥ ❛r❡❛s ♦❢ ❞✐✛❡r❡♥t q✉❜✐t ❜❛t❝❤❡s ❛♥❞ t❤❡✐r ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s✳ ❚❤❡ ✜t ❧✐♥❡
✭y = (2, 47± 0, 64) · x(−1,06±0,25)✮ r❡♣r❡s❡♥ts t❤❡ 1

A ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ r❡s✐st❛♥❝❡ Rn✳

t❤❡ r❡s✐st❛♥❝❡✳ ❆ ❜✐❣❣❡r ❥✉♥❝t✐♦♥ ❛r❡❛ ❧❡❛❞s t♦ ❛ s♠❛❧❧❡r ✈❛❧✉❡ ❢♦r t❤❡ r❡s✐st❛♥❝❡ ❛♥❞ ❛ s♠❛❧❧❡r
✐♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳
❚♦ ♠❛❦❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡s✐st❛♥❝❡ Rn ❛♥❞ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ LJ ✇❡ ❝❛♥
st❛rt ✇✐t❤ t✇♦ r❡❧❛t✐♦♥s ❢♦r t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t✳ ❖♥❡ ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ✐♥❞✉❝t♦r

t❡r♠ EL = 1
L

(
Φ0

2π

)2
✭s❡❡ ❡q✉✳✭✽✮✮ ❛♥❞ t❤❡ ❛♥❤❛r♠♦♥✐❝ ✐♥❞✉❝t♦r t❡r♠ EJ = IC

Φ0

2π ✭s❡❡ ❡q✉✳✭✶✶✮✮✱
✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ❛♥❞ ✐♥❞✉❝t❛♥❝❡

IC =
Φ0

2πL
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❆♠❜❡❣❛♦❦❛r✲❇❛r❛t♦✛ ❢♦r♠✉❧❛ ✭s❡❡ ❡q✉✳✹✮✱ ✇❤✐❝❤ ❝♦♥♥❡❝ts t❤❡
❝r✐t✐❝❛❧ ❝✉rr❡♥t ✇✐t❤ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡

IC =
π∆

2e

1

Rn
· 0, 87. ✭✶✼✮

❇② ❝♦♠❜✐♥✐♥❣ t❤♦s❡ ❢♦r♠✉❧❛s ✇❡ ✜♥❞ t❤❡ ❡q✉❛t✐♦♥

Rn =
π∆

6 2e · 0.87 · 6 2πLj

Φ0
.

❈♦❧❧❡❝t✐♥❣ ❛❧❧ t❤❡ ❝♦♥st❛♥t ♣❛r❛♠❡t❡rs t♦ ❛ ✈❛❧✉❡ β

Rn =
0.87π2∆

eΦ0
︸ ︷︷ ︸

β

·Lj ✭✶✽✮

✷✷



❛♥❞ ❝❛❧❝✉❧❛t✐♥❣ β = 847 ·109 ✶✴s✱ ✇❡ ✜♥❞ t❤❡ ❧✐♥❡❛r ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡
❛♥❞ t❤❡ ✐♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥

Rn [kΩ] = 0.847

[
1

s

]

· Lj [nH] ✭✶✾✮

❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦♥st❛♥ts ✐♥ t❤❡ ❆♠❜❡❣❛♦❦❛r✲❇❛r❛t♦✛ ❢♦r♠✉❧❛ ❛r❡ e = 1, 602 · 10−19 ❈ ✱ Φ0 =
2, 068 · 10−15 ❲❜ ❛♥❞ t❤❡ ❜❛♥❞ ❣❛♣ ✐s ❝❤♦s❡♥ t♦ ∆ = 2, 04 · 10−4 ❡❱ ✭t❤✐s ✐s ❛ ✈❛❧✉❡ t❤❡ ❣r♦✉♣ ♦❢
■♦❛♥ P♦♣ ♠❡❛s✉r❡❞ ❛t ❑■❚✮✳ ❋♦r t❤❡ ❛❧✉♠✐♥✐✉♠ ✇❡ ❛r❡ ✉s✐♥❣ ✇❡ ❤❛✈❡♥✬t ♠❡❛s✉r❡❞ t❤❡ ❜❛♥❞ ❣❛♣
❞✐r❡❝t❧② s♦ ❢❛r✱ ❜✉t ✇❡ ❞❡t❡r♠✐♥❡❞ t❤❡ ✈❛❧✉❡ ❢♦r t❤❡ ♣r♦❞✉❝t ∆ ·0, 87 ❢r♦♠ ❡q✉✳✶✼✳ ■♥ s❡❝t✐♦♥ ✶✶✳✸✳✷
✜❣✳✽✶ ✇❡ ♣❧♦tt❡❞ IC ❛❣❛✐♥st t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ❛♥❞ ❣♦t ∆ · 0, 87 = 1, 966± 0, 073 · 10−4

❡❱✳ ❚r✉st✐♥❣ t❤❡ ❝♦♥st❛♥t ✈❛❧✉❡ ✵✱✽✼ ✇❡ ❣❡t ❛ ❜❛♥❞ ❣❛♣ ♦❢ ∆ = 2, 26± 0, 08 · 10−4 ❡❱✳

✼✳✷ ◆✉♠❜❡rs ❢♦r ❛ s✐♠✉❧❛t❡❞ q✉❜✐t

▲❡t✬s s❛② ✇❡ ✇❛♥t t♦ ❢❛❜r✐❝❛t❡ ❛ q✉❜✐t t❤❛t ✇♦r❦s ❛t ❛❜♦✉t ✽ ●❍③✱ ❛s t❤❡ ✇❛✈❡❣✉✐❞❡ ❤❛s ✐ts ✉s❛❜❧❡
❢r❡q✉❡♥❝② r❛♥❣❡ ❛r♦✉♥❞ ✽ ●❍③✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ s✐♠✉❧❛t✐♦♥ ✭s❡❡ ✜❣✳✶✶✮✱ ✇❡ t❤❡r❡❢♦r❡ ♥❡❡❞ ❛♥
✐♥❞✉❝t❛♥❝❡ ♦❢ ❛❜♦✉t ✼ ♥❍✳ ❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ q✉❜✐t ♠♦❞❡ ❛t ✼ ♥❍✱ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡
s✐♠✉❧❛t✐♦♥ ✐s f1 = 8, 28 ●❍③✳
❚❤❡ s✐♠✉❧❛t✐♦♥ ❞♦❡s♥✬t s♦❧✈❡ ❢♦r t❤❡ r❡❛❧ s②st❡♠✱ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥ ❛♥❞ t❤❡
t❤❡r❡❢♦r❡ ❛♥❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧✱ ❜✉t ❢♦r ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✳ ❆s ✇❡ s❛✇ ✐♥ t❤❡♦r②✱ t❤❡ ❞✐✛❡r❡♥❝❡
✐♥ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ❛♥❞ t❤❡ ❛♥❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ✑❝♦rr❡❝t❡❞✑ ❜② EC ✳ ❇②

❦♥♦✇✐♥❣ EC ✇❡ ❝❛♥ r❡❝❛❧❝✉❧❛t❡ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ r❡❛❧ s②st❡♠✳ ❋♦r EC = e2

2CΣ

✇❡ ✜rst
♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ❝❛♣❛❝✐t❛♥❝❡

CΣ =
1

Lj(2πf1)2
=

1

7.10−9(2π · 8, 28.109)2 = 52, 78fF

❛♥❞ ❝❛♥ t❤❡♥ ❝❛❧❝✉❧❛t❡

EC =
(1, 602.10−19)2

2 · 52, 78.10−15
= 366, 9MHz.

❲❡ ❝❛♥ ❝❤❡❝❦✱ ✐❢ t❤✐s ✈❛❧✉❡ ❢♦r EC ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ❚r❛♥s♠♦♥✱ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✻✮

8, 28GHz

20
> 366, 9MHz → 414MHz > 366, 9MHz.

❚❤❡ ❝♦♥❞✐t✐♦♥ ✐s t❤❡r❡❢♦r❡ ❢✉❧✜❧❧❡❞ ❛♥❞ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡s❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② ♦❢ t❤❡ ❛♥❤❛r♠♦♥✐❝ q✉❜✐t ❝❛♥✱ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉✳✶✹✱ ❜❡ ❡①♣❡❝t❡❞ t♦ ❜❡

ω01 = 7, 91GHz.

❋r♦♠ ❡q✉❛t✐♦♥ ✶✾ ✇❡ ❦♥♦✇ ✇❤❛t t❤❡ r❡s✐st❛♥❝❡ ♦❢ t❤❡ q✉❜✐ts ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ s❤♦✉❧❞ ❜❡

Rn = 0.847
kΩ

nH
· Lj = 5, 93kΩ.

❋r♦♠ t❤❡ ❣r❛♣❤ ✐♥ ✜❣✳✶✸ ✇❡ ❝❛♥ ❣❡t ❛ ✜rst ❣✉❡ss ❢♦r t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ♥❡❡❞ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡
❢❛❜r✐❝❛t✐♦♥✳ ❲❡ ❝❛♥ s❡❡ ✇❤❛t t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ A s❤♦✉❧❞ ❜❡ ❛♥❞ ✇❤❛t t♦ ❝❤♦♦s❡ ❢♦r t❤❡ ♦①✐❞❛t✐♦♥
♣❛r❛♠❡t❡rs✱ ♣r❡ss✉r❡ pOx ❛♥❞ t✐♠❡ tOx✱ t♦ ❝r❡❛t❡ t❤❡ t✉♥♥❡❧ ❜❛rr✐❡r ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳ ▼♦r❡ ❛❜♦✉t
t❤✐s ✐♥ s❡❝t✳✾✳✹✳✶✳ ❋♦r ❛ r❡s✐st❛♥❝❡ ♦❢ ❛❜♦✉t ✻ kΩ t❤✐s ❝♦✉❧❞ ❜❡ ❢♦r ❡①❛♠♣❧❡ A = 0, 25µ♠2✱ pOx = 35
♠❜❛r ❛♥❞ tOx = 21 ♠✐♥✳

✷✸



✑❲❤❛t r❡❛❧❧② ♠❛tt❡rs ✐s ✐♥t✉✐t✐♦♥✳✑
❆❧❜❡rt ❊✐♥st❡✐♥

✽ ❉✐✛❡r❡♥t ✇❛②s t♦ ❢❛❜r✐❝❛t❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥s

❇❡❢♦r❡ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ q✉❜✐ts✱ t❤✐s s❡❝t✐♦♥ ❣✐✈❡s ❛ q✉✐❝❦ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♠♦st
❝♦♠♠♦♥ ❞❡s✐❣♥s ♦❢ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥s t❤❛t ❛r❡ ✉s❡❞ ❢♦r ♣❛tt❡r♥✐♥❣ t❤❡ str✉❝t✉r❡s ✇✐t❤ ❛♥ ❡❧❡❝tr♦♥✲
❜❡❛♠✳ ❚❤❡ ✜rst ♣❛rt ❡①♣❧❛✐♥s t❤❡ s♦ ❝❛❧❧❡❞ ❉♦❧❡♥✲❇r✐❞❣❡ ❥✉♥❝t✐♦♥✱ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ❇r✐❞❣❡✲❢r❡❡

❥✉♥❝t✐♦♥ ✇❤❡r❡ ♦♥❡ ❛❧s♦ ❝❛♥ ✜♥❞ s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r t❤❡ ❛♥❣❧❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❥✉♥❝t✐♦♥ s❤♦✉❧❞
❜❡ ❡✈❛♣♦r❛t❡❞✳ ❚❤❡ ❧❛st ♣❛rt s❤♦rt❧② ✐♥tr♦❞✉❝❡s ❛ ✈❡r② s✐♠♣❧❡ ❞❡s✐❣♥ t♦ ❝r❡❛t❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥s✱
t❤❡ s♦ ❝❛❧❧❡❞ ❈r♦sst②♣❡ ❥✉♥❝t✐♦♥s✳

✽✳✶ ❉♦❧❛♥✲❇r✐❞❣❡ ❥✉♥❝t✐♦♥

❋♦r ❝♦♠♣❧❡t❡♥❡ss ■ ❛❧s♦ ❞❡s❝r✐❜❡ ❤❡r❡ t❤❡ ❉♦❧❛♥✲❇r✐❞❣❡ t❡❝❤♥✐q✉❡ t♦ ❝r❡❛t❡ ❛ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥✱
❛❧t❤♦✉❣❤ ■ ♥❡✈❡r ✉s❡❞ t❤✐s t❡❝❤♥✐q✉❡ ❢♦r t❤❡ ❥✉♥❝t✐♦♥s s♦ ❢❛r✳
❆s t❤❡ ♥❛♠❡ ✐♥❞✐❝❛t❡s✱ ❢♦r ❛ ❥✉♥❝t✐♦♥ ❢❛❜r✐❝❛t❡❞ ✇✐t❤ t❤❡ ❉♦❧❛♥✲❇r✐❞❣❡ t❡❝❤♥✐q✉❡✱ t❤❡ ❡✈❛♣♦r❛t✐♦♥
♠❛s❦ ✐♥❝❧✉❞❡s ❛ ❜r✐❞❣❡✳ ■♥ ✜❣✳✶✹ ✐✐✮ t❤❡ ❜r✐❞❣❡ ✐s s❤♦✇♥ ❢r♦♠ ❛ s✐❞❡ ✈✐❡✇✳ ❚❤✐s s✉s♣❡♥❞❡❞ ❜r✐❞❣❡ ✐s
✉s❡❞ t♦ ❞✐s❝♦♥♥❡❝t t❤❡ t✇♦ ❡✈❛♣♦r❛t❡❞ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❧❛②❡rs ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❚♦
❝r❡❛t❡ t❤❡ ✉♥❞❡r❝✉t str✉❝t✉r❡ ♦❢ t❤❡ ❜r✐❞❣❡✱ t✇♦ ❞✐✛❡r❡♥t ♣♦❧②♠❡r ❧❛②❡rs ✇✐t❤ ❞✐✛❡r❡♥t s❡♥s✐t✐✈✐t✐❡s
t♦ t❤❡ ❡❧❡❝tr♦♥✲❜❡❛♠ ❛r❡ ✉s❡❞✳ ■♥ ✜❣✳✶✹ t❤✐s ✐s ✐♥❞✐❝❛t❡❞ ✇✐t❤ t❤❡ ♦r❛♥❣❡ ❛♥❞ ❣r❛② ❧❛②❡rs✳❆❢t❡r t❤❡
❧✐t❤♦❣r❛♣❤② t❤❡ ❧❛②❡rs ♦❢ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ♠❛t❡r✐❛❧ ❛r❡ ❡✈❛♣♦r❛t❡❞ ✐♥ t❤❡ ♣❛tt❡r♥✳ ❚❤❡② ❝♦♠❡ ❢r♦♠
t✇♦ ❞✐✛❡r❡♥t ❛♥❣❧❡s ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥ ❜✉✐❧❞s ✉♣ ✉♥❞❡r t❤❡ ❜r✐❞❣❡ ✭s❡❡ ✜❣✳✶✹ ✐✐✐✮✲✈✐✮✮✳ ❙♦♠❡ s❛②✱ t❤❛t

❋✐❣✉r❡ ✶✹✿ ■♥ ✐✮✲✈✐✮ t❤❡ ❢❛❜r✐❝❛t✐♦♥ st❡♣s ❢♦r ❛ ❉♦❧❛♥✲❇r✐❞❣❡ ❥✉♥❝t✐♦♥ ❛r❡ s❤♦✇♥✳ ❚❤❡ ♣✐❝t✉r❡s
❛r❡ t❛❦❡♥ ❢r♦♠ ❬✷✷❪✳ ❚❤❡② ✉s❡❞ ❛ ❧❛②❡r ♦❢ P▼▼❆✴▼❆ ✭♣♦❧②♠❡t❤②❧ ♠❡t❤❛❝r②❧❛t❡✴♠❡t❤❛❝r②❧❛t❡✮✱
❝♦❧♦✉r❡❞ ✐♥ ❣r❛②✱ ❛♥❞ ♦♥ t♦♣ ❛ ❧❛②❡r ♦❢ P▼▼❆ ✭♦r❛♥❣❡✮✳ ✐✮ s❤♦✇s t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ❧✐t❤♦❣r❛♣❤②
st❡♣ ✇❤❡r❡ t❤❡ ❞❡s✐❣♥ ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ♣♦❧②♠❡r✳ ✐✐✮ s❤♦✇s t❤❡ r❡s✉❧t✐♥❣ ❡✈❛♣♦r❛t✐♦♥ ♠❛s❦ ❛❢t❡r
❞❡✈❡❧♦♣✐♥❣✳ ■♥ ✐✐✐✮ t❤❡ ✜rst ❡✈❛♣♦r❛t✐♦♥ ✐s s❤♦✇♥✳ ❋♦❧❧♦✇❡❞ ❜② ❛♥ ♦①✐❞❛t✐♦♥ st❡♣ ✐♥ ✐✈✮ ❛♥❞ t❤❡
s❡❝♦♥❞ ❡✈❛♣♦r❛t✐♦♥ ♦❢ ❛❧✉♠✐♥✐✉♠ s❤♦✇♥ ✐♥ ✈✮✳ ■♥ ✈✐✮ t❤❡ ❥✉♥❝t✐♦♥ ❛❢t❡r t❤❡ ❧✐❢t ♦✛ ✐s ♠❛r❦❡❞ ✇✐t❤
t❤❡ r❡❞ ❝✐r❝❧❡✳ ■♥ ✈✐✐✮ ❛ t♦♣ ✈✐❡✇ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ✉♥❞❡r ❛♥ ❡❧❡❝tr♦♥ ♠✐❝r♦s❝♦♣❡ ✐s s❤♦✇♥✳

t❤✐s ✐s ♦♥❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❉♦❧❛♥✲❇r✐❞❣❡ t❡❝❤♥✐q✉❡✱ t❤❛t t❤❡ ❥✉♥❝t✐♦♥ ✐s ♣r♦t❡❝t❡❞ ❜② t❤❡ ❜r✐❞❣❡
❢r♦♠ ❢♦r ❡①❛♠♣❧❡ ❢❛❧❧✐♥❣ ❞✐rt ❡t❝✳ ❋❛❜r✐❝❛t✐♦♥ ✇✐s❡ t❤❡ ❉♦❧❛♥✲❇r✐❞❣❡ ♠❛s❦ ❤❛s ✐ts ❛❞✈❛♥t❛❣❡s ✐♥
t❤❡ ✐♥s❡♥s✐t✐✈✐t② t♦ ❡①❛❝t ✉♥❞❡r❝✉ts✳ ■t t❤❡r❡❢♦r❡ ✐s ❧❡ss s❡♥s✐t✐✈❡ t♦ ❞♦s❡ ✈❛r✐❛t✐♦♥s✱ ❝♦♠♣❛r❡❞ t♦
t❤❡ ❜r✐❞❣❡ ❢r❡❡ t❡❝❤♥✐q✉❡ ✇❤❡r❡ t❤❡ ❞❡✜♥❡❞ ✉♥❞❡r❝✉t ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r t♦ ❣❡t ❛ ✇♦r❦✐♥❣
❥✉♥❝t✐♦♥✳ ❋♦r t❤❡ ❉♦❧❛♥✲❇r✐❞❣❡ t❤❡ ❥✉♥❝t✐♦♥ s❤♦✉❧❞ ✇♦r❦✱ ❛s ❧♦♥❣ ❛s ❛ s✉s♣❡♥❞❡❞ ❜r✐❞❣❡ ✐s ❝r❡❛t❡❞
❛♥❞ st❛❜❧❡ ❡♥♦✉❣❤ t♦ ♥♦t ❝♦❧❧❛♣s❡ ❞✉r✐♥❣ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✳ ■♥ ✜❣✳✶✹ ✈✐✐✮ t❤❡ t♦♣ ✈✐❡✇ ♦❢ ❛
❉♦❧❛♥✲❇r✐❞❣❡ ❥✉♥❝t✐♦♥ ✉♥❞❡r t❤❡ ♠✐❝r♦s❝♦♣❡ ✐s s❤♦✇♥✳

✽✳✷ ❇r✐❞❣❡✲❢r❡❡ ❥✉♥❝t✐♦♥

❚❤❡ ❥✉♥❝t✐♦♥s ❢❛❜r✐❝❛t❡❞ ❞✉r✐♥❣ ♠② ♠❛st❡r t❤❡s✐s ❛r❡ ♥❡❛r❧② ❛❧❧ ❢❛❜r✐❝❛t❡❞ ✇✐t❤ t❤❡ ❇r✐❞❣❡✲❢r❡❡
t❡❝❤♥✐q✉❡✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ❉♦❧❛♥✲❇r✐❞❣❡✳ ❆ ♠❛s❦ ♦❢ t✇♦ ♣♦❧②♠❡r ❧❛②❡rs ✇✐t❤
❞✐✛❡r❡♥t s❡♥s✐t✐✈✐t✐❡s t♦ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ✐s ❝♦❛t❡❞ ❜② ❡✲❜❡❛♠ ❡✈❛♣♦r❛t✐♦♥ ✇✐t❤ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣
♠❛t❡r✐❛❧ ❢r♦♠ t✇♦ ❛♥❣❧❡s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ st❡♣s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ✜❣✳✶✺✳ ■♥ ✐✐✮ t❤❡ ❞❡s✐❣♥ ❢♦r t❤❡
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❥✉♥❝t✐♦♥ ✐s s❤♦✇♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ ❉♦❧❡♥✲❇r✐❞❣❡ ✐s t♦ ❛✈♦✐❞ t❤❡ s✉s♣❡♥❞❡❞ ❜r✐❞❣❡✳ ❚❤✐s ❤❛s
t❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ ❤✐❣❤❡r s❡♥s✐t✐✈✐t② t♦ ❞♦s❡ ✈❛r✐❛t✐♦♥s✳ ❚❤❡ ✉♥❞❡r❝✉t✱ ❝r❡❛t❡❞ ❛t t❤❡ ❧♦❝❛t✐♦♥s ♦❢
t❤❡ ❝❛❜❧❡s✱ ❛♥❞ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ❤❛✈❡ t♦ ✜t q✉✐t❡ ✇❡❧❧ t♦ ❡❛❝❤ ♦t❤❡r✳ ❋♦r t❤❡ ❉♦❧❛♥✲❇r✐❞❣❡ t❤❡
❥✉♥❝t✐♦♥ ✐s ❡✈❛♣♦r❛t❡❞ ✐♥t♦ t❤❡ ✉♥❞❡r❝✉t✳ ❋♦r t❤❡ ❇r✐❞❣❡✲❢r❡❡ ❥✉♥❝t✐♦♥s✱ t❤❡ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡ ❢r♦♠
t❤❡ ❥✉♥❝t✐♦♥ t♦ t❤❡ ♣❛❞s ✐s ❡✈❛♣♦r❛t❡❞ ✐♥t♦ t❤❡ ✉♥❞❡r❝✉t✱ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ✐s ♥♦t ❝♦✈❡r❡❞ ❛t ❛❧❧✳
❚❤❡r❡❢♦r❡ ❛ ❜❡tt❡r ❝❧❡❛♥✐♥❣ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❜r✐❞❣❡ ❢r❡❡ ❝❛s❡✳ ❆♥♦t❤❡r
❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❇r✐❞❣❡✲❢r❡❡ t❡❝❤♥✐q✉❡ ✐s t❤❡ ❡❛s✐❡r s✐③❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡
❉♦❧❛♥✲❇r✐❞❣❡ t❡❝❤♥✐q✉❡✳ ❆ ❣♦♦❞ ❝♦♥tr♦❧✱ ❦♥♦✇❧❡❞❣❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❞♦s❡s ❢♦r ❞✐✛❡r❡♥t
♣♦❧②♠❡rs✱ t❤✐❝❦♥❡ss❡s ❛♥❞ ❞❡s✐❣♥s ✐s ❛❞✈❛♥t❛❣❡♦✉s t♦ q✉✐❝❦❧② ❣❡t ❣♦♦❞ r❡s✉❧ts✳

❋✐❣✉r❡ ✶✺✿ ✐✮ ❚❤❡ t✇♦ ♣♦❧②♠❡r ❧❛②❡rs ❛r❡ ❛❧r❡❛❞② s♣✐♥❝♦❛t❡❞ ♦♥ t❤❡ s✉❜str❛t❡✱ ❤❡r❡ s✐❧✐❝♦♥ ✭❙✐✮✳
❲✐t❤ ❞✐✛❡r❡♥t ❞♦s❡s ❞✉r✐♥❣ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ❧✐t❤♦❣r❛♣❤② ❛♥ ✉♥❞❡r❝✉t ❝❛♥ ❜❡ ❝r❡❛t❡❞ ❛t t❤❡
❧♦❝❛t✐♦♥s ♦❢ t❤❡ ❝❛❜❧❡s✳ ■♥ ✐✐✮ t❤❡ r❡s✉❧t✐♥❣ ♠❛s❦ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ✐s s❤♦✇♥✳ ❖♥ t❤❡ ❧❡❢t ❛ ❝✉t
t❤r♦✉❣❤ t❤❡ ♠❛s❦ ♥❡❛r t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ✐s s❤♦✇♥✳ ❖♥ t❤❡ r✐❣❤t ❛ t♦♣ ✈✐❡✇ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛
❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ✐s s❤♦✇♥ ✉♥❞❡r ❛♥ ❡✲❜❡❛♠ ♠✐❝r♦s❝♦♣❡✳ ■♥ ✐✐✐✮ t❤❡ ✜rst ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ❡✈❛♣♦r❛t❡❞
✉♥❞❡r ❛♥ ❛♥❣❧❡ Θ ✇✐t❤ ♦♥❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡ ♦♥ t❤❡ s✉❜str❛t❡ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ♦♥ t❤❡ ♣♦❧②♠❡r
✇❛❧❧ ✐s s❦❡t❝❤❡❞✳ ✐✈✮ s❤♦✇s t❤❡ s❡❝♦♥❞ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r✱ ❛❢t❡r ♦①✐❞❛t✐♦♥✱ ❡✈❛♣♦r❛t❡❞ ✉♥❞❡r ❛♥ ❛♥❣❧❡
−Θ✳ ■♥ ✈✮ t❤❡ ✜♥❛❧ ❥✉♥❝t✐♦♥ ❛❢t❡r t❤❡ ❧✐❢t ♦✛ ✐s s❦❡t❝❤❡❞✳ ❚❤❡ ♣✉r♣❧❡ ❛r❡❛ ✐♥❞✐❝❛t❡s t❤❡ ❡✛❡❝t✐✈❡
❥✉♥❝t✐♦♥ ❛r❡❛✳ ■♥ ✈✐✮ ②♦✉ ❝❛♥ s❡❡ t❤❡ ✜♥❛❧ ❥✉♥❝t✐♦♥ ✐♠❛❣❡❞ ✇✐t❤ t❤❡ ❡✲❜❡❛♠✳ ❖♥ t❤❡ ❧❡❢t t❤❡r❡ ✐s
t❤❡ ♦r✐❣✐♥❛❧ ♣✐❝t✉r❡ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ♦♥❡ ❝❛♥ s❡❡ t❤❡ s❛♠❡ ♣✐❝t✉r❡ ✇✐t❤ ❢❛❧s❡ ❝♦❧♦✉r❡❞ ❛❧✉♠✐♥✐✉♠
❧❛②❡rs✳ ❚❤❡ ♣✐❝t✉r❡ ✐s t❛❦❡♥ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs✿ ♠❛❣♥✐✜❝❛t✐♦♥ ✭▼❛❣✮ ❂ ✶✻✳✷✹ ❑①✱ ❛❝❝❡❧❡r❛t✐♦♥
✈♦❧t❛❣❡ ✭❊❍❚ ❂ ❊①tr❛ ❍✐❣❤ ❚❡♥s✐♦♥✮ ❂ ✷✳✵✵ ❦❱✱ ✇♦r❦✐♥❣ ❞✐st❛♥❝❡ ✭❲❉✮ ❂ ✾✳✻ ♠♠✱ ❙✐❣♥❛❧ ❂ ❙❊✷✱
❆♣❡rt✉r❡ ❙✐③❡ ❂ ✸✵ µ♠✳

✽✳✷✳✶ ❍♦✇ t♦ ✜♥❞ t❤❡ r✐❣❤t ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❇r✐❞❣❡✲❢r❡❡ ❥✉♥❝t✐♦♥

■♥ ✜❣✳✶✻ t❤❡ ♠❛s❦ ♦❢ ❛ ❜r✐❞❣❡ ❢r❡❡ ❥✉♥❝t✐♦♥ ✐s s❦❡t❝❤❡❞✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❝✉t ❛r❡ ❧❛❜❡❧❧❡❞✳
❚❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❈♦♣♦❧②♠❡r ❧❛②❡r h✱ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ P▼▼❆ ❧❛②❡r g✱ t❤❡ ❞❡s✐❣♥❡❞ ✇✐❞t❤ ♦❢ t❤❡
tr❡♥❝❤ d✱ t❤❡ ❞❡s✐❣♥❡❞ ✇✐❞t❤ ♦❢ t❤❡ ✉♥❞❡r❝✉t u ❛♥❞ t❤❡ t♦t❛❧ ✇✐❞t❤ ♦❢ t❤❡ ❞❡s✐❣♥❡❞ ❛r❡❛ s ♦♥ t❤❡
s✉❜str❛t❡ t♦ ❡✈❛♣♦r❛t❡ ♦♥✳ ❲✐t❤ t❤✐s ✈❛❧✉❡s ♦♥❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ ❤♦✇ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ s❤♦✉❧❞
❜❡ ❝❤♦s❡♥ ❛♥❞ ❤♦✇ ✇✐❞❡ t❤❡ ❡✈❛♣♦r❛t❡❞ ❝❛❜❧❡ x ✇♦✉❧❞ ❜❡ ✐♥ t❤❡ ❡♥❞✳
▲❡t✬s st❛rt ✇✐t❤ t✇♦ s✐t✉❛t✐♦♥s t❤❛t ❞❡✜♥❡ ②♦✉r ♠✐♥✐♠❛❧ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ αmin✳ ❨♦✉r ❡✈❛♣♦r❛t✐♦♥
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❋✐❣✉r❡ ✶✻✿ ■♥ ❛✮ t❤❡ ❥✉♥❝t✐♦♥ ♣❛rt ♦❢ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❛ ❧❛❜❡❧❧❡❞ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ♠❛s❦
♦❢ ❛ ❇r✐❞❣❡✲❢r❡❡ ❥✉♥❝t✐♦♥ ✐♥ ✸❉✱ ❛r❡ s❦❡t❝❤❡❞✳ ❚❤❡ ❝♦❧♦✉rs ✐♥ t❤❡ ❞❡s✐❣♥ ✐♥❞✐❝❛t❡ t❤❡ ❞✐✛❡r❡♥t ❞♦s❡
❢❛❝t♦rs ❢♦r t❤❡ ❡✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✳ ■♥ ❜✮ ②♦✉ s❡❡ ❛ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ✉♥❞❡r❝✉t ♣❛rt ♦❢ t❤❡ ♠❛s❦
❛♥❞ t❤❡ ♣♦ss✐❜❧❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡s✳

❛♥❣❧❡ ♥❡❡❞s t♦ ❜❡ ❧❛r❣❡r t❤❛♥ t❤✐s t♦ ❛✈♦✐❞ ❛♥ ❡①tr❛ ❝❛❜❧❡✳ ❋✉rt❤❡r♠♦r❡✱ ②♦✉ ❝❛♥ ❞❡t❡r♠✐♥❡ ②♦✉r
αmax✱ t❤❡ ❛♥❣❧❡ ❛t ✇❤✐❝❤ ❡✈❡r②t❤✐♥❣ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥t♦ t❤❡ ✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣ ❛♥❞ ♥♦t❤✐♥❣ ♦♥ t❤❡
s✉❜str❛t❡ ❛♥②♠♦r❡✳ ■♥ ✜❣✳✶✼ ❛✮ t❤❡s❡ t✇♦ s✐t✉❛t✐♦♥s ❛r❡ ✐❧❧✉str❛t❡❞✳ ❲✐t❤ s✐♠♣❧❡ ❣❡♦♠❡tr② ♦♥❡
✜♥❞s t❤❡ r❡❧❛t✐♦♥s

αmax = arctan

(
d

g

)

❛♥❞

αmin = arctan

(
d

g + h

)

■♥ ✜❣✳ ✶✼ ❜✮ t✇♦ s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ✐s ❝❤♦s❡♥ ❜❡t✇❡❡♥ αmin ❛♥❞ αmax

❋✐❣✉r❡ ✶✼✿ ❙✐t✉❛t✐♦♥s ❢♦r t❤❡ ❡✈❛♣♦r❛t✐♦♥ ♣r♦❝❡ss ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❢♦r ❛ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥✳ ■♥ ❛✮ t❤❡ ♠❛①✐♠❛❧ ❛♥❞ ♠✐♥✐♠❛❧ ❛♥❣❧❡s✱ ❢♦r t❤❡ ❛❧✉♠✐♥✐✉♠ ❡✈❛♣♦r❛t✐♦♥✱
❛r❡ s❤♦✇♥✳ ❚♦ ❣❡t ❛ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ♠✉st ❜❡ ❝❤♦s❡♥ ❜❡t✇❡❡♥ t❤✐s αmin

❛♥❞ αmax✳ ■♥ t❤❡ ♣✐❝t✉r❡ ♦♥ t❤❡ ❧❡❢t ✐♥ ❜✮ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ ❡✈❡r②t❤✐♥❣ ✐s s❡t ❝♦rr❡❝t❧② ✐s s❤♦✇♥
❛♥❞ t❤❡ ❢♦r♠✉❧❛ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝❛❜❧❡ x ✐s ❣✐✈❡♥✳ ■♥ t❤❡ ♣✐❝t✉r❡ ♦♥ t❤❡ r✐❣❤t t❤❡
✉♥❞❡r❝✉t ✐s ♥♦t ❞❡❡♣ ❡♥♦✉❣❤ ❛♥❞ t❤❡ ❝❛❜❧❡ ✐s ♣❛rt✐❛❧❧② ❡✈❛♣♦r❛t❡❞ ♦♥t♦ t❤❡ ✇❛❧❧✳ ❚❤❡r❡❢♦r❡ t❤❡
❝❛❜❧❡ ✐s ♥❛rr♦✇❡r t❤❛♥ ✐♥ t❤❡ ♦♣t✐♠❛❧ ❝❛s❡✳ ❆❧s♦ t❤❡ ❢♦r♠✉❧❛ t♦ ❝❛❧❝✉❧❛t❡ t❤✐s ✇✐❞t❤ ♦❢ t❤❡ ❝❛❜❧❡ x̄
✐s ❣✐✈❡♥✳

❛r❡ s❦❡t❝❤❡❞✳ ❖♥ t❤❡ ❧❡❢t✱ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ❝❛❜❧❡ x ❢♦r ❛ ❣✐✈❡♥ ❛♥❣❧❡ α ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ r❡❞ ❛♥❞ ❣r❡❡♥ tr✐❛♥❣❧❡ ✐♥ ✜❣✳✶✻ ✭❜✮✳ ■t✬s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ♣♦s✐t✐♦♥s x2 ❛♥❞ x1 ✐♥❞✐❝❛t✐♥❣ t❤❡ ❜♦r❞❡rs ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ✑❜❡❛♠✑ ♦❢ ❆❧ r❡❛❝❤✐♥❣ t❤❡ s✉❜✲
str❛t❡ ✉♥❞❡r ❛♥ ❛♥❣❧❡ α✳ ❖♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✜❣✳✶✼ ❜✮ t❤❡ ✉♥❞❡r❝✉t ✐s ❛ ❜✐t t♦♦ s♠❛❧❧

✷✻



s♦ t❤❛t t❤❡ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥❧② ♣❛rt✐❛❧❧② ♦♥t♦ t❤❡ s✉❜str❛t❡✳ ❚❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞
❝❛❜❧❡ ✐s t❤❡r❡❢♦r❡ s♠❛❧❧❡r t❤❛♥ ❡①♣❡❝t❡❞✳ ❋r♦♠ t❤❡ ❣❡♦♠❡tr② ♦♥❡ ❝❛♥ ❡①tr❛❝t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

❣r❡❡♥ tr✐❛♥❣❧❡✿ ✭s❡❡ ✜❣✳✶✻ ✭❜✮✮
tan(α) = y

g+h

r❡❞ tr✐❛♥❣❧❡✿ ✭s❡❡ ✜❣✳✶✻ ✭❜✮✮

tan(α) = y′

h

x1 = y = (g + h) · tan(α) y′ = h · tan(α)
x2 = d+ y′

❋♦r t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❝❛❜❧❡ x✱ ♦♥ t❤❡ ✇❛❢❡r ✭x2 < s✮✱ ②♦✉ ❣❡t t❤❡ r❡❧❛t✐♦♥

x = x2 − x1 = d− g · tan(α) ✭✷✵✮

❋♦r t❤❡ ✷nd ❝❛s❡ ✐♥ ✜❣✳✶✼ ❜✮✱ ✇❤❡r❡ t❤❡ ✉♥❞❡r❝✉t ✐s ♥♦t ✇✐❞❡ ❡♥♦✉❣❤ t♦ ❡✈❛♣♦r❛t❡ t❤❡ ✇❤♦❧❡ ❝❛❜❧❡
♦♥t♦ t❤❡ ✇❛❢❡r ✭x2 > s✮✱ ②♦✉ s❡t x2 = s ❛♥❞ t❤❡ r❡❧❛t✐♦♥ ❢♦r t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❝❛❜❧❡ t❤❡♥ r❡❛❞s

x̃ = s− x1 = s− (g + h) · tan(α) ✭✷✶✮

❚❤❡ ♠❛①✐♠✉♠ ❛♥❣❧❡ t❤❛t ❝❛♥ t❤❡♦r❡t✐❝❛❧❧② ❜❡ r❡❛❝❤❡❞✱ ✇✐t❤♦✉t ❡✈❛♣♦r❛t✐♥❣ ♦♥ t❤❡ ✇❛❧❧ ✭x2 = s✮✱
❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤

αx2=s = arctan

(
s− d

h

)

. ✭✷✷✮

❈❛❜❧❡s ❡✈❛♣♦r❛t❡❞ ✉♥❞❡r ❛♥ ❛♥❣❧❡ s♠❛❧❧❡r t❤❛♥ t❤✐s✱ ❤❛✈❡ t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❡q✉✳✷✵✳ ❈❛❜❧❡s
❡✈❛♣♦r❛t❡❞ ✉♥❞❡r ❛♥ ❛♥❣❧❡ ❜✐❣❣❡r t❤❛♥ αx2=s ❤❛✈❡ t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❡q✉✳✷✶✳
■❢ ②♦✉ ♠❡❛s✉r❡ ❛ ❝❛❜❧❡ s✐③❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✈❛❧✉❡ ②♦✉ ❣❡t ❢r♦♠ ❡q✉✳✷✵✱ ②♦✉r ✉♥❞❡r❝✉t ✐s ✇✐t❤ ❤✐❣❤
♣r♦❜❛❜✐❧✐t② t♦♦ s♠❛❧❧ ♦r ②♦✉r ❛♥❣❧❡ ✐s t♦♦ ❜✐❣ ❢♦r t❤✐s ✉♥❞❡r❝✉t✳
■♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss t❤❡ ❞❡s✐❣♥❡❞ ❧❡♥❣t❤s ❛♥❞ ✇✐❞t❤s ❛r❡ ♠♦st ❧✐❦❡❧② ♥♦t ❡①❛❝t❧② t❤❡ ♦♥❡s t❤❛t
❝♦♠❡ ♦✉t ✐♥ t❤❡ ❡♥❞✳ ❉✉❡ t♦ ❜❛❝❦s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥s ✐♥ t❤❡ ❡✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤② ❛♥❞ t❤❡ ♣r♦①✐♠✐t②
❡✛❡❝t ✭♠♦r❡ ❛❜♦✉t t❤✐s ✐♥ s❡❝t✐♦♥ ✾✳✷✮✱ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❞❡s✐❣♥ ❝♦✉❧❞ ❜❡ ✇❛s❤❡❞ ♦✉t ❛ ❜✐t✳ ❖♥ t❤❡
♦♥❡ ❤❛♥❞ t❤✐s ❝❛♥ ❜❡ ♣♦s✐t✐✈❡✱ ❜❡❝❛✉s❡ ②♦✉ ❤❛✈❡ ❛ ❜✐t ✇✐❞❡r r❛♥❣❡ ❢♦r ②♦✉r ❛♥❣❧❡ ❜❡❢♦r❡ t❤❡ ❝❛❜❧❡
✐s ❡✈❛♣♦r❛t❡❞ ♦♥ t❤❡ ✉♥❞❡r❝✉t ✇❛❧❧✱ ❜✉t ♦♥ t❤❡ s✐❞❡ ✇✐t❤♦✉t t❤❡ ✉♥❞❡r❝✉t ✐t ♠❛❦❡s ✐t ♠♦r❡ ❧✐❦❡❧②
t♦ ❡✈❛♣♦r❛t❡ ❛ s❡❝♦♥❞ ✉♥❞❡s✐r❡❞ ❝❛❜❧❡ ♦♥t♦ t❤❡ s✉❜str❛t❡ ❜❡❝❛✉s❡ t❤❡ ✇❛❧❧ ✐s ✇❛s❤❡❞ ❛✇❛② ❛ ❧✐tt❧❡ ❜✐t✳

❚♦ ❣✐✈❡ s♦♠❡ ♥✉♠❜❡rs✱ ❧❡t✬s ❝❛❧❝✉❧❛t❡ t❤❡ ❛♥❣❧❡s ❛♥❞ ❝❛❜❧❡ ✇✐❞t❤s ❢♦r ♦✉r q✉❜✐t ❞❡s✐❣♥✳ ■♥ t❛❜✳✸
t❤❡ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❢r♦♠ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ❤❡✐❣❤ts ♦❢ t❤❡ ♣♦❧②♠❡rs h
❛♥❞ g ❛r❡ ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ♣r♦✜❧♦♠❡t❡r✳ ❚❤❡ ✇✐❞t❤s ♦❢ t❤❡ tr❡♥❝❤ d ❛♥❞ t❤❡ ✉♥❞❡r❝✉t u ❛r❡ t❛❦❡♥

❚❛❜❧❡ ✸✿ ❚❛❜❧❡ ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ ♣❛r❛♠❡t❡rs ♦❢ ♦✉r ❥✉♥❝t✐♦♥ t♦ ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r t❤❡
❢♦r♠✉❧❛s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳

●✐✈❡♥ ♣❛r❛♠❡t❡rs✿ ❈❛❧❝✉❧❛t❡❞ ♣❛r❛♠❡t❡rs✿

α ✸✵◦ ✭✸✵◦✮ αmax ✸✻✱✽✼◦ ✭✺✶✱✸✹◦✮
❞ ✶✺✵ ✭✷✺✵✮ ♥♠ αmin ✶✶✱✼✼◦ ✭✶✾✱✶✺◦✮
❤ ✺✷✵ ✭✺✷✵✮ ♥♠ αx2=s ✺✸✱✸✾◦ ✭✹✾✱✵✾◦✮
❣ ✷✵✵ ✭✷✵✵✮ ♥♠ x1 ✹✶✺✱✻✾ ✭✹✶✺✱✻✾✮ ♥♠
✉ ✵✱✼ ✭✵✱✻✮ ➭♠ x2 ✹✺✵✱✷✷ ✭✺✺✵✱✷✷✮ ♥♠
s ✽✺✵ ✭✽✺✵✮ ♥♠ ① ✸✹✱✺✸ ✭✶✸✹✱✺✸✮ ♥♠

x̃ ✹✸✹✱✸✶ ✭✹✸✹✱✸✶✮ ♥♠

❢r♦♠ t❤❡ ❞❡s✐❣♥ ✭✐♥ ♠♦r❡ ❞❡t❛✐❧ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✶✵✳✼✳✶✱ ✜❣✳✻✾✮✱ ❛♥❞ ❛r❡ ✐♥ ♦✉r ❝❛s❡ d = 150
♥♠ ❛♥❞ u = 0, 7 µ♠✳ ❚❤❡ ♣❛r❛♠❡t❡r s ❝❛❧❝✉❧❛t❡s ❢r♦♠ t❤❡ tr❡♥❝❤ ✇✐❞t❤ d ❛♥❞ t❤❡ ✉♥❞❡r❝✉t u✳
❚❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ α ✐s 30◦✳ ❆❧❧ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs✱ t❤❡ ❛♥❣❧❡s αmax✱ αmin✱ αx2=s ❛♥❞ t❤❡
❞✐st❛♥❝❡s x1✱ x2✱ x ❛♥❞ x̃ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❢♦r♠✉❧❛s ❣✐✈❡♥ ❜❡❢♦r❡✳ ■♥ ❜r❛❝❦❡ts t❤❡ ♥✉♠❜❡rs
❢♦r t❤❡ s❛♠❡ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ✶✵✵ ♥♠ ✇✐❞❡r tr❡♥❝❤ ❛r❡ ❣✐✈❡♥✳
❋♦r t❤❡s❡ ♥✉♠❜❡rs✱ t❤❡ ❝♦♥❞✐t✐♦♥ x2 < s ✐s ❢✉❧✜❧❧❡❞ ❛♥❞ ❛❧s♦ t❤❡ ❛♥❣❧❡ α ❧✐❡s ❜❡t✇❡❡♥ αmin ❛♥❞
αmax✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝❛❜❧❡ ✇✐❞t❤ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❡q✉✳✷✵ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ x = 34, 53 ♥♠✳ ❉✉❡ t♦
t❤❡ ♠✉❝❤ ❧❛r❣❡r ❛♥❣❧❡ αx2=s = 53, 39◦ t❤❛♥ αmax = 36, 87◦✱ ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞✱ t❤❛t t❤❡ ✉♥❞❡r❝✉t

✷✼



✐s ♠✉❝❤ ❜✐❣❣❡r t❤❛♥ ♥❡❡❞❡❞✳
■❢ ✇❡ ♠❡❛s✉r❡ t❤❡ ❝❛❜❧❡ ✇✐❞t❤s ♦❢ t❤❡ ❢❛❜r✐❝❛t❡❞ ❥✉♥❝t✐♦♥s ✉♥❞❡r t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ♠✐❝r♦s❝♦♣❡
✇✐t❤ t❤❡ ✐♥❝❧✉❞❡❞ ♠❡❛s✉r✐♥❣ t♦♦❧ ✐♥ t❤❡ ❘❛✐t❤ s♦❢t✇❛r❡✱ ✇❡ ❣❡t ❛ ♠❡❛♥ ✈❛❧✉❡ ♦❢ 153±22 ♥♠ ❢♦r t❤❡
✜rst ❡✈❛♣♦r❛t❡❞ ❝❛❜❧❡ ❛♥❞ ❛ ✈❛❧✉❡ ♦❢ 123± 21 ♥♠ ❢♦r t❤❡ s❡❝♦♥❞ ❝❛❜❧❡✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ t✇♦
❝❛❜❧❡ ✇✐❞t❤s ✐s 30±15 ♥♠✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✜rst ❡✈❛♣♦r❛t❡❞ ❧❛②❡r✳ ■t s❡❡♠s t❤❛t
t❤❡♦r② ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ❞♦❡s♥✬t ✜t t♦❣❡t❤❡r ✈❡r② ✇❡❧❧✳ ❇✉t ♦♥❡ ❤❛s t♦ ❤❛✈❡ ✐♥ ♠✐♥❞✱ t❤❛t t❤✐s
❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡ ✇✐t❤ t❤❡ ❞❡s✐❣♥ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s✳ ■❢ ✇❡ ❢♦r ❡①❛♠♣❧❡ ♠❛❦❡ d ❛❜♦✉t
✶✵✵ ♥♠ ✇✐❞❡r ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✉♥❞❡r❝✉t ❛❜♦✉t ✶✵✵ ♥♠ s♠❛❧❧❡r✱ ✇❡ ❣❡t t❤❡ ✈❛❧✉❡s ❣✐✈❡♥ ✐♥ ❜r❛❝❦❡ts
✐♥ t❛❜✳✸✳ ❋♦r x ✇❡ ♥♦✇ ❣❡t ✶✸✹✱✺✸ ♥♠✱ ✇❤✐❝❤ ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ♠❡❛s✉r❡♠❡♥ts✳ ❲✐t❤
❛ ❜✐t t♦♦ ♠✉❝❤ ❞♦s❡ ✐t ❝❛♥ ❤❛♣♣❡♥ ❡❛s✐❧② t❤❛t t❤❡ tr❡♥❝❤ ✐♥ t❤❡ ♠❛s❦ ✐s ✇✐❞❡r t❤❛♥ ❞❡s✐❣♥❡❞✳
❚♦ ✐❧❧✉str❛t❡ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡s ❛♥❞ t❤❡ ❞✐st❛♥❝❡s ♦♥ t❤❡ ✇❛❢❡r✱ ❢♦r t❤❡ ❣✐✈❡♥ ❞✐♠❡♥s✐♦♥s ♦❢
t❤❡ ♣♦❧②♠❡r ❧❛②❡rs ❛♥❞ t❤❡ ❞❡s✐❣♥❡❞ tr❡♥❝❤ ✐♥ t❛❜✳✸✱ t❤❡② ❛r❡ ♣❧♦tt❡❞ ❛❣❛✐♥st ❛ ✈❛r②✐♥❣ ✉♥❞❡r❝✉t
✇✐❞t❤ u ✐♥ ✜❣✳✶✽✳ ■♥ t❤❡ ✜rst ♣❧♦t✱ ✇❡ ❝❛♥ s❡❡ t❤❡ ✈❛❧✉❡s ❢♦r αmax ❛♥❞ αmin ❛♥❞ t❤❡ ❛♥❣❧❡ αx2=s✱ ❛t

❋✐❣✉r❡ ✶✽✿ P❧♦ts t♦ s❤♦✇ ❤♦✇ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ❛♥❞ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛♥❞ t❤❡ ✉♥❞❡r❝✉t
♣❧❛② t♦❣❡t❤❡r t♦ ❣❡t ❛ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥ ❛♥❞ ❤♦✇ t❤❡ ✇✐❞t❤s ♦❢ t❤❡ ❝❛❜❧❡s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❚❤❡
❞✐♠❡♥s✐♦♥s ❛r❡ t❛❦❡♥ ❢r♦♠ t❛❜✳✸✳ ❖♥ t❤❡ ❧❡❢t αmax✱ αmin ❛♥❞ t❤❡ ❛♥❣❧❡ ❛t ✇❤✐❝❤ t❤❡ ❡✈❛♣♦r❛t✐♦♥
st❛rts r❡❛❝❤ t❤❡ ♣♦❧②♠❡r ✇❛❧❧ αx2=s ❛r❡ ♣❧♦tt❡❞ ❢♦r ❞✐✛❡r❡♥t ✉♥❞❡r❝✉t ✇✐❞t❤s u✳ ❋♦r ❛♥❣❧❡s ❜❡t✇❡❡♥
t❤❡ ♦r❛♥❣❡ ❛♥❞ t❤❡ ❣r❛② ❧✐♥❡ ✭αmax ❛♥❞ αmin✮ t❤❡ ❡✈❛♣♦r❛t❡❞ ❝❛❜❧❡s r❡❛❝❤ t❤❡ s✉❜str❛t❡ ❛♥❞ ✇❡
❣❡t ❛ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥✳ ■♥ t❤❡ ♣❧♦t ♦♥ t❤❡ r✐❣❤t t❤❡ ❞✐st❛♥❝❡s ♦❢ t❤❡ t✇♦ ❡❞❣❡s ♦❢ t❤❡ ❝❛❜❧❡ ❢r♦♠
t❤❡ ♣♦❧②♠❡r ✇❛❧❧✱ ❛s s❦❡t❝❤❡❞ ✐♥ ✜❣✳✶✻ ❜✮ ✭x1 ❛♥❞ x2✮ ❛♥❞ t❤❡ ✇❤♦❧❡ ❞✐st❛♥❝❡ t♦ t❤❡ ✉♥❞❡r❝✉t
✇❛❧❧ s ❛r❡ ♣❧♦tt❡❞ ❢♦r ❞✐✛❡r❡♥t ✉♥❞❡r❝✉t ✇✐❞t❤s u✳ ❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦r❛♥❣❡ ❛♥❞ ❣r❛② ❧✐♥❡
t❤❡r❡❢♦r❡ s❤♦✇s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝❛❜❧❡✳ ❚❤❡ ❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡ ✐♥❞✐❝❛t❡s t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❝❛❜❧❡ ✐s
❡✈❛♣♦r❛t❡❞ ❥✉st ♥❡①t t♦ t❤❡ ✉♥❞❡r❝✉t ✇❛❧❧ ✭x2 = s✮✳ ❖♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ♣♦✐♥t✱ t❤❡ ❛r❡❛
❝♦❧♦✉r❡❞ ✐♥ ②❡❧❧♦✇✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝❛❜❧❡ ❝❛❧❝✉❧❛t❡s ✇✐t❤ ❡q✉✳✷✵✳ ❋♦r t❤❡ s♠❛❧❧ ❛r❡❛✱ ❝♦❧♦✉r❡❞ ✐♥
♣✐♥❦✱ ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ♣♦✐♥t t❤❡ ❝❛❜❧❡ ✇✐❞t❤ ❝❛❧❝✉❧❛t❡s ✇✐t❤ ❡q✉✳✷✶✳ ❚❤❡ ❣r❡❡♥ ❞❛s❤❡❞
❧✐♥❡ ✐♥❞✐❝❛t❡s t❤❡ ♣♦✐♥t ❢r♦♠ ✇❤❡r❡ ♦♥ t❤❡ ✇❤♦❧❡ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥t♦ t❤❡ ✉♥❞❡r❝✉t ✇❛❧❧✳ ❋♦r
s♠❛❧❧❡r ✉♥❞❡r❝✉t ✇✐❞t❤s ✭✇❤✐t❡ ❛r❡❛✮ t❤❡ ❥✉♥❝t✐♦♥ ❞♦❡s♥✬t ✇♦r❦ ❜❡❝❛✉s❡ ♥♦ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥
t❤❡ s✉❜str❛t❡✳

✇❤✐❝❤ t❤❡ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ❞✐r❡❝t❧② ❛❞❥❛❝❡♥t t♦ t❤❡ ✉♥❞❡r❝✉t ✇❛❧❧✳ ❚❤✐s ❛♥❣❧❡ αx2=s ❣r♦✇s ✇✐t❤
✐♥❝r❡❛s✐♥❣ ✉♥❞❡r❝✉t u✳ ❚❤❡ ♣♦✐♥t ✇❤❡r❡ ✐t ✑❝r♦ss❡s✑ t❤❡ ❛♥❣❧❡ αmax ✐s t❤❡ ✉♣♣❡r ❧✐♠✐t ❢♦r ❛ ✇♦r❦✐♥❣
❥✉♥❝t✐♦♥✳ ❆❜♦✈❡ t❤✐s ♣♦✐♥t t❤❡ ❥✉♥❝t✐♦♥s ❛r❡♥✬t ✇♦r❦✐♥❣ ❜❡❝❛✉s❡ ❛❧❧ ♦❢ t❤❡ ❛❧✉♠✐♥✐✉♠ ✐s ❡✈❛♣♦r❛t❡❞
♦♥t♦ t❤❡ ✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣ ✭s❡❡ ✜❣✳✶✼ ❛✮✮✳ ■♥ ❜❡t✇❡❡♥ αmax ❛♥❞ αmin t❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s
❤♦✇ t❤❡ ❝❛❜❧❡ ❝♦✉❧❞ ❜❡ ❡✈❛♣♦r❛t❡❞✳ ❋✐rst✱ t❤❡ ✇❤♦❧❡ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥ t❤❡ s✉❜str❛t❡✳ ❚❤✐s
✐s t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ t❤❡ ❞❡s✐❣♥❡❞ ✇✐❞t❤s ❛♥❞ ❧❡♥❣t❤s ✜t t♦ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡s ❛♥❞ t❤❡ r❡s✉❧t
❝♦♠❡s ♦✉t ❛s ❡①♣❡❝t❡❞✳ ❙❡❝♦♥❞✱ ❥✉st ❛ ♣❛rt ♦❢ t❤❡ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥ t❤❡ s✉❜str❛t❡ ❛♥❞ t❤❡
♦t❤❡r ♣❛rt ✐s ❡✈❛♣♦r❛t❡❞ ♦♥t♦ t❤❡ ♣♦❧②♠❡r ✇❛❧❧✳ ❚❤✐s ❝❛s❡ ✐s s❦❡t❝❤❡❞ ✐♥ t❤❡ ♣✐❝t✉r❡ ♦♥ t❤❡ r✐❣❤t ✐♥
✜❣✳✶✼ ❜✮✳ ❚❤❡ ❧❛st t❤✐♥❣ t❤❛t ❝❛♥ ❤❛♣♣❡♥ ✐s✱ t❤❛t t❤❡ ✇❤♦❧❡ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥t♦ t❤❡ ♣♦❧②♠❡r
✇❛❧❧✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❥✉♥❝t✐♦♥ ✐s♥✬t ✇♦r❦✐♥❣ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ ❝❛❜❧❡ t♦ ❝♦♥♥❡❝t t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛
✇✐t❤ t❤❡ ♣❛❞s✳
▲❡t✬s ❝❤♦s❡ ❛♥ ❛♥❣❧❡ ♦❢ 30◦✳ ❋r♦♠ t❤❡ ❧❡❢t ♣❧♦t ✐♥ ✜❣✳✶✽ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♠✐♥✐♠✉♠ r❡q✉✐r❡❞
✉♥❞❡r❝✉t t♦ ❡✈❛♣♦r❛t❡ t❤❡ ✇❤♦❧❡ ❝❛❜❧❡ ♦♥ t❤❡ s✉❜str❛t❡ ✐s ✵✱✸ µ♠✱ ❛s ♠❛r❦❡❞ ✇✐t❤ t❤❡ ❜❧✉❡ ❞❛s❤❡❞
❧✐♥❡✳ ❉r❛✇✐♥❣ t❤✐s ❧✐♥❡ ❛❧s♦ ✐♥ t❤❡ ♣❧♦t ♦♥ t❤❡ r✐❣❤t ♦❢ ✜❣✳✶✽✱ ✐t ✐s ❡①❛❝t❧② ❛t t❤❡ ♣♦✐♥t ✇❤❡r❡ s = x2✱
❛s ❡①♣❡❝t❡❞✳ ❋♦r ✉♥❞❡r❝✉t ✇✐❞t❤s ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ♣♦✐♥t✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝❛❜❧❡
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❝❛❧❝✉❧❛t❡s ✇✐t❤ ❡q✉❛t✐♦♥ ✷✵ ✭②❡❧❧♦✇ ♠❛r❦❡❞ ❛r❡❛✮✳ ❖♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ♣♦✐♥t t❤❡r❡ ✐s ❛
s♠❛❧❧ ❛r❡❛✱ ♠❛r❦❡❞ ✇✐t❤ ♣✐♥❦✱ ❛t ✇❤✐❝❤ t❤❡ ✉♥❞❡r❝✉t ✐s ❛ ❜✐t t♦♦ s♠❛❧❧✳ ❚❤❡ ❝❛❜❧❡ ✐s ❥✉st ♣❛rt✐❛❧❧②
❡✈❛♣♦r❛t❡❞ ♦♥ t❤❡ s✉❜str❛t❡✳ ❚❤❡r❡ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❝❛❜❧❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❡q✉✳✷✶✳ ❋♦r ❡✈❡♥
s♠❛❧❧❡r ✉♥❞❡r❝✉ts✱ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✇❤✐t❡ ❛r❡❛ ✐♥ t❤❡ ♣❧♦t✱ t❤❡ ✇❤♦❧❡ ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥ t❤❡
✉♥❞❡r❝✉t ✇❛❧❧ ❛♥❞ ♥♦ ❝❛❜❧❡ r❡❛❝❤❡s t❤❡ s✉❜str❛t❡✳

✽✳✸ ❈r♦sst②♣❡ ❥✉♥❝t✐♦♥

❆ ❝r♦sst②♣❡ ❥✉♥❝t✐♦♥✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❉♦❧❡♥✲❜r✐❞❣❡ ❛♥❞ t❤❡ ❇r✐❞❣❡✲❢r❡❡ ❥✉♥❝t✐♦♥✱ ✐s ❡❛s② t♦ ❢❛❜✲
r✐❝❛t❡ ❜❡❝❛✉s❡ ♥♦ ✉♥❞❡r❝✉t ✐s ♥❡❡❞❡❞✳ ❚❤❡r❡❢♦r❡ ❥✉st ♦♥❡ ♣♦❧②♠❡r ❧❛②❡r ❢♦r t❤❡ ♠❛s❦ ✐s ❡♥♦✉❣❤✳
❆s s❤♦✇♥ ✐♥ ✜❣✳✶✾✱ ❢♦r t❤❡ ❝r♦sst②♣❡ ❥✉♥❝t✐♦♥ ②♦✉ ♥❡❡❞ t♦ ❡✈❛♣♦r❛t❡ t❤❡ t✇♦ ❧❛②❡rs ♦❢ t❤❡ ❥✉♥❝t✐♦♥
✉♥❞❡r ❛♥ ❛♥❣❧❡ ♦❢ 90◦ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♦t❤❡r✱ t♦ ❣❡t s❡♣❛r❛t❡❞ ❝♦♥♥❡❝t✐♥❣ ✇✐r❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t
❧❛②❡rs✳ ■♥ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ t❤❡ ✑❝❛❜❧❡s ❝r♦ss✑ t❤❡ ❡✈❛♣♦r❛t❡❞ ❧❛②❡rs ♦♥ t♦♣ ♦❢ ❡❛❝❤ ♦t❤❡r ❝r❡❛t❡ t❤❡
❥✉♥❝t✐♦♥ ❛r❡❛✳ ❲✐t❤ t❤✐s ❝r♦sst②♣❡ t❡❝❤♥✐q✉❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❢❛❜r✐❝❛t❡ ✈❡r② s♠❛❧❧ ❥✉♥❝t✐♦♥s✳

❋✐❣✉r❡ ✶✾✿ ■♥ ✐✮ ❛♥ ❡✈❛♣♦r❛t✐♦♥ ♠❛s❦ ❢♦r t❤❡ ❝r♦sst②♣❡ ❥✉♥❝t✐♦♥ ✐s s❦❡t❝❤❡❞✳ ❚❤❡ ♣✐❝t✉r❡ ✐s t❛❦❡♥
❢r♦♠ ❬✷✸❪✳ ❋♦r t❤✐s ❥✉♥❝t✐♦♥ ♥♦ s❡❝♦♥❞ ❧❛②❡r ❢♦r ❛♥ ✉♥❞❡r❝✉t ✐s ♥❡❡❞❡❞✳ ❚❤❡ t✇♦ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs
❛r❡ ❡✈❛♣♦r❛t❡❞ ✉♥❞❡r ❛♥ ❛♥❣❧❡ ♦❢ 90◦ ✇✐t❤ r❡s♣❡❝t t♦ ❡❛❝❤ ♦t❤❡r✳ ■♥ ✐✐✮ ♦♥❡ ♦❢ t❤❡ ✜rst tr✐❡s t♦
❢❛❜r✐❝❛t❡ s✉❝❤ ❛ ❝r♦sst②♣❡ ❥✉♥❝t✐♦♥ ✐s s❤♦✇♥✳ ❚❤❡ ♣✐❝t✉r❡ ✇❛s t❛❦❡♥ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs✿ ▼❛❣ ❂
✸✺✳✻✺ ❑①✱ ❊❍❚ ❂ ✶✳✵✵ ❦❱✱ ❲❉ ❂ ✻✳✻ ♠♠✱ ❙✐❣♥❛❧ ❂ ❙❊✷✱ ❆♣❡r❛t✉r❡ ❙✐③❡ ❂ ✸✵ µm ✉♥❞❡r ❛♥ ❡✲❜❡❛♠✳
❖♥ t❤❡ ❧❡❢t ♦♥❡ ❝❛♥ s❡❡ t❤❡ ♦r✐❣✐♥❛❧ ♣✐❝t✉r❡ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ✇✐t❤ ❢❛❧s❡ ❝♦❧♦✉r❡❞ ❧❛②❡rs✳ ❚❤❡ r❡❞
❧❛②❡r ✐♥❞✐❝❛t❡s t❤❡ ❛❧✉♠✐♥✐✉♠ ❢r♦♠ t❤❡ ✜rst ❡✈❛♣♦r❛t✐♦♥ ❛♥❞ t❤❡ ❜❧✉❡ ❧❛②❡r ✐♥❞✐❝❛t❡s ❛❧✉♠✐♥✐✉♠
❢r♦♠ t❤❡ s❡❝♦♥❞ ❡✈❛♣♦r❛t✐♦♥✳ ❚❤❡ ♣✉r♣❧❡ ❛r❡❛ ✐s t❤❡ ❛r❡❛ ✇❤❡r❡ t✇♦ ❧❛②❡rs ♦❢ ❛❧✉♠✐♥✐✉♠ ✇❡r❡
❡✈❛♣♦r❛t❡❞✳ ❋♦r ❛ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥ ❡❛❝❤ ❧❛②❡r ❤❛s t♦ ❜❡ ❝♦♥♥❡❝t❡❞ ❥✉st ❢r♦♠ ♦♥❡ s✐❞❡✳ ❚❤✐s ✐s
♥♦t t❤❡ ❝❛s❡ ❢♦r t❤✐s ❥✉♥❝t✐♦♥✱ ❛s t❤❡ s❡❝♦♥❞ ❧❛②❡r ✐s ❛❧s♦ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❜❧✉❡ ❝♦❧♦✉r❡❞ ❧✐♥❡ ❣♦✐♥❣
❞♦✇♥✇❛r❞s✱ ❛s ♠❛r❦❡❞ ✇✐t❤ t❤❡ ✇❤✐t❡ ❛rr♦✇✳ ■t ✐s t❤❡r❡❢♦r❡ s❤♦rt❡❞ ❛♥❞ ❞♦❡s♥✬t ✇♦r❦✳
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✑❚❤❡ ✉♥✐✈❡rs❡ ❝❛♥ ❝r❡❛t❡ ✐ts❡❧❢ ♦✉t ♦❢ ♥♦t❤✐♥❣✳✑
❙t❡♣❤❡♥ ❍❛✇❦✐♥❣

✾ ❋❛❜r✐❝❛t✐♦♥ ♦❢ q✉❜✐ts

■♥ t❤✐s s❡❝t✐♦♥ ■✬♠ ❣♦✐♥❣ t♦ ♣r❡s❡♥t t❤❡ ♣r♦❝❡ss❡s ❛♥❞ st❡♣s t❤❛t ❛r❡ ♥❡❡❞❡❞ t♦ ❢❛❜r✐❝❛t❡ s✉♣❡r❝♦♥✲
❞✉❝t✐♥❣ q✉❜✐ts✳ ❉✉❡ t♦ t❤❡ s✐③❡ ♦❢ s✉❝❤ q✉❜✐ts✱ ❡s♣❡❝✐❛❧❧② t❤❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥s✱ ✐♥ t❤❡ µ♠ t♦
♥♠ r❛♥❣❡✱ t❤❡ ✇❤♦❧❡ ❢❛❜r✐❝❛t✐♦♥ s❤♦✉❧❞ ❜❡ ❞♦♥❡ ✐♥ ❛ ❝❧❡❛♥ ❡♥✈✐r♦♥♠❡♥t✱ ♦♥ ✐t✬s ❜❡st ❛ ❝❧❡❛♥r♦♦♠✳
❲❤❡♥ ■ st❛rt❡❞ ♠② ♠❛st❡r t❤❡s✐s t❤❡ ♥❡✇ ❝❧❡❛♥r♦♦♠ ❛t t❤❡ ■◗❖◗■ ✇❛s ♠♦r❡ ♦r ❧❡ss ❥✉st ♦♣❡♥❡❞
❛♥❞ ✇❡ ✇❡r❡ t❤❡ ✜rst ♣❡♦♣❧❡ ✇❤✐❝❤ ❤❛❞ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ✇♦r❦ t❤❡r❡✳ ❇❡✐♥❣ t❤❡ ✜rst ♦✉t ♦❢ t❤r❡❡
❣r♦✉♣s ❢r♦♠ t❤❡ ✉♥✐✈❡rs✐t② ✇❤✐❝❤ ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡ ❝❧❡❛♥r♦♦♠ ✐t ✇❛s q✉✐t❡ ❛ ♥✐❝❡ t✐♠❡ ❤❛✈✐♥❣ t❤❡
❝❧❡❛♥r♦♦♠ ❢♦r ✉s ❛❧♦♥❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡r❡ ✇❛s ♥♦ ♦♥❡ ✇❤♦ ❛❧r❡❛❞② ❦♥♦✇s ❤♦✇ t❤✐♥❣s ✇♦r❦
❛♥❞ s♦ ✐t ✇❛s ♦♥ ✉s t♦ ✜♥❞ ♦✉t ❤♦✇ t♦ ❞♦ t❤✐♥❣s✳ ❖✈❡r t✐♠❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ♠❛❝❤✐♥❡s st❛rt r✉♥♥✐♥❣
❛♥❞ ✇❡ ❣♦t ✉s❡❞ t♦ t❤❡♠✳

❚❤❡r❡ ❛r❡ ❛ ❢❡✇ st❡♣s ✐♥ ❢❛❜r✐❝❛t✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❜✐ts✳ ❊s♣❡❝✐❛❧❧② ❢♦r s❛♣♣❤✐r❡✱ ❝♦♠♣❛r❡❞ t♦
s✐❧✐❝♦♥✱ t❤❡r❡ ❛r❡ ❛❞❞✐t✐♦♥❛❧ st❡♣s ❛s s❛♣♣❤✐r❡ ✐s ♥♦♥✲❝♦♥❞✉❝t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡ ♥❡❡❞s ❛♥ ❛❞❞✐t✐♦♥❛❧
❝♦♥❞✉❝t✐✈❡ ❧❛②❡r t♦ ❞♦ ❡❧❡❝tr♦♥ ❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✳ ❲✐t❤♦✉t t❤✐s ❧❛②❡r t❤❡ s✉r❢❛❝❡ ✇♦✉❧❞ ❝❤❛r❣❡
✉♣ q✉✐❝❦❧② ❛♥❞ ♦♥❡ ❝❛♥✬t ❞♦ ❧✐t❤♦❣r❛♣❤② ❛s t❤❡ ❜❡❛♠ ❣❡ts ❞❡✢❡❝t❡❞✳ ❘♦✉❣❤❧② s♣❡❛❦✐♥❣ t❤❡ st❡♣s
✇❤✐❝❤ ❛r❡ ♥❡❡❞❡❞ t♦ ❜❡ ❞♦♥❡ ❛r❡

❼ ❈❧❡❛♥ t❤❡ ✇❛❢❡r

❼ ❙♣✐♥❝♦❛t r❡s✐st ❧❛②❡rs

❼ ❙♣✉tt❡r ❣♦❧❞

❼ ❊❧❡❝tr♦♥ ❇❡❛♠ ▲✐t❤♦❣r❛♣❤②

❼ ❘❡♠♦✈❡ ❣♦❧❞ ❧❛②❡r

❼ ❉❡✈❡❧♦♣ str✉❝t✉r❡s

❼ ❊✈❛♣♦r❛t❡ ❥✉♥❝t✐♦♥ ❧❛②❡rs

❼ ▲✐❢t ♦✛ r❡s✐❞✉❛❧ r❡s✐st ❧❛②❡rs ✇✐t❤ ✉♥✇❛♥t❡❞ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs

❚❤❡ st❡♣s ✇r✐tt❡♥ ✐♥ ✐t❛❧✐❝ ❛r❡ ❥✉st ❞♦♥❡ ❢♦r ♥♦♥ ❝♦♥❞✉❝t✐✈❡ s✉❜str❛t❡s ❧✐❦❡ s❛♣♣❤✐r❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣
■✬❧❧ ❣✐✈❡ ❛ s❤♦rt ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ st❡♣s ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ■ ✉s❡❞✳

✾✳✶ ❲❛❢❡r ♣r❡♣❛r❛t✐♦♥

✾✳✶✳✶ ❈❧❡❛♥ t❤❡ ✇❛❢❡r

❚❤❡ ✜rst st❡♣ t♦ ❞♦ ✇✐t❤ ❡✈❡r② ✇❛❢❡r✱ ✐s t♦ ❝❧❡❛♥ t❤❡ ✇❛❢❡r ❛♥❞ ♠❛❦❡ s✉r❡ t❤❛t ❡✈❡r② ✇❛❢❡r ❤❛s t❤❡
s❛♠❡ st❛rt✐♥❣ ♣♦✐♥t✳ ❊✈❡♥ ✐❢ t❤❡② ❛r❡ ❝♦♠♣❧❡t❡❧② ♥❡✇ ♦✉t ♦❢ t❤❡ ❜♦①✱ ♦r r❡✉s❡❞✳ ❚❤❡ ♣r♦❝❡ss ❢♦r
❝❧❡❛♥✐♥❣ ❝❤❛♥❣❡❞ ❛ ❜✐t ♦✈❡r t✐♠❡✳ ■♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ✇❡ ❞✐❞ ✐t ✐♥ t❤r❡❡ st❡♣s✳
❚❤❡ ✜rst st❡♣ ✇❛s t♦ ♣✉t t❤❡ ✇❛❢❡r ✐♥ ❛ ❣❧❛ss ✇✐t❤ ❆❝❡t♦♥✱ t♦ ❣❡t r✐❞ ♦❢ ❛❧❧ t❤❡ ♦r❣❛♥✐❝ st✉✛✱ ❛♥❞
♣✉t ✐t ✐♥ t❤❡ ❙♦♥✐❝❛t♦r ❢♦r ✶✵ ♠✐♥ ❛t ✶✵✵% ❛♥❞ ✸✺ ❍③✳ ❆❢t❡r✇❛r❞s ✇❡ r✐♥s❡ t❤❡ ✇❛❢❡r ✐♠♠❡❞✐❛t❡❧②
✇✐t❤ ❆❝❡t♦♥ ✇❤✐❧❡ tr❛♥s❢❡rr✐♥❣ ✐t ✐♥ ❛ ❣❧❛ss ✇✐t❤ ■s♦♣r♦♣❛♥♦❧✳ ❲❡ t❤❡♥ s♦♥✐❝❛t❡ ❛❣❛✐♥ ❢♦r ✶✵ ♠✐♥
❛t ✶✵✵% ❛♥❞ ✸✺ ❍③✳ ❆s ❛ ❧❛st st❡♣✱ ✇❡ r✐♥s❡ t❤❡ ✇❛❢❡r ✇✐t❤ ■s♦♣r♦♣❛♥♦❧ ✇❤✐❧❡ ♣✉tt✐♥❣ ✐t ✐♥ ❞✐st✐❧❧❡❞
✇❛t❡r✳ ❲❡ s❤❛❦❡ ✐t ❛ ❧✐tt❧❡ ❜✐t ✐♥ t❤❡ ✇❛t❡r ❛♥❞ r✐♥s❡ ✐t ❛ ❧❛st t✐♠❡ ✇✐t❤ t❤❡ ❞✐st✐❧❧❡❞ ✇❛t❡r ❜❡❢♦r❡
❜❧♦✇ ❞r②✐♥❣ t❤❡ ✇❛❢❡r ✇✐t❤ ♥✐tr♦❣❡♥✳
❚❤❡ ❝r✉❝✐❛❧ t❤✐♥❣ ✐s✱ t❤❛t t❤❡ ✇❛❢❡r ❛❧✇❛②s s❡❡s ❧✐q✉✐❞✱ ❡s♣❡❝✐❛❧❧② ♦♥ t❤❡ s✐❞❡ ♦♥ ✇❤✐❝❤ ♦♥❡ ❧✐❦❡s t♦
✇r✐t❡ ♦♥✳ ◆❡✐t❤❡r ❆❝❡t♦♥✱ ♥♦r ■s♦♣r♦♣❛♥♦❧✱ ♥♦r t❤❡ ✇❛t❡r s❤♦✉❧❞ ❣❡t ❛ ❝❤❛♥❝❡ t♦ ❡✈❛♣♦r❛t❡ ♦♥ t❤❡
✇❛❢❡r ❛♥❞ st❛② ❜❡❤✐♥❞ ❛s s♦♠❡ ❦✐♥❞ ♦❢ r❡s✐❞✉❡✳
❆❢t❡r s♦♠❡ t✐♠❡✱ ✇❡ ❣♦t ❛ ❙❡♥❚❡❝❤ ♠❛❝❤✐♥❡✱ ✇❤❡r❡ ✇❡ ❝♦✉❧❞ ❝❧❡❛♥ t❤❡ ✇❛❢❡r ✇✐t❤ ❛♥ ♦①②❣❡♥
♣❧❛s♠❛✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ✐s✱ t❤❛t t❤❡ ✇❛❢❡r ❤❛s ♥♦ ❝♦♥t❛❝t ✇✐t❤ ❧✐q✉✐❞s ❛♥②♠♦r❡ ❛♥❞ t❤❡r❡❢♦r❡
♥♦ ❧❡❢t♦✈❡rs ❢r♦♠ t❤❡ s♦❧✈❡♥ts ❝❛♥ st❛② ❜❡❤✐♥❞✳ ❲❡ ❞✐❞ ❛ ✑s♦❢t✲O2✲♣❧❛s♠❛✑ ❝❧❡❛♥✐♥❣ ❢♦r ✸✵✵ s❡❝♦♥❞s
❛♥❞ ❥✉st ❛❞❞❡❞ t❤✐s st❡♣ ❛❢t❡r t❤❡ ❝❧❡❛♥✐♥❣ ✇✐t❤ t❤❡ s♦❧✈❡♥ts✳
❋♦r t❤❡ ✇❛❢❡rs ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✶✵✱ t❤✐s ✇❛s ❞♦♥❡ ❢♦r t❤❡ ✑❚❡st ♦♥ ❙✐❧✐❝♦♥✑ ❛♥❞
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✑❑❈✵✵✸✸✷✾✑ ✇❛❢❡rs✳
❋♦r ✑❑❈✵✵✸✸✷✻✑ ✇❡ s❦✐♣♣❡❞ t❤❡ st❡♣s ✐♥ t❤❡ ❙♦♥✐❝❛t♦r ❛♥❞ ♣✉t t❤❡ ✇❛❢❡r ✶✵ ♠✐♥ ✐♥ ❆❝❡t♦♥ ❜❡❢♦r❡
r✐♥s✐♥❣ ✐t ✇✐t❤ ❆❝❡t♦♥✳ ❚❤❡♥ ✇❡ ♣✉t t❤❡ ✇❛❢❡r ✶✵ ♠✐♥ ✐♥ ■s♦♣r♦♣❛♥♦❧ ❛♥❞ r✐♥s❡ ✐t ✇✐t❤ ■s♦♣r♦♣❛♥♦❧
❛♥❞ t❤❡♥ ✇✐t❤ ❞✐st✐❧❧❡❞ ✇❛t❡r✳ ❆❢t❡r✇❛r❞s ✇❡ ❜❧♦✇ ❞r② ✐t ✇✐t❤ ♥✐tr♦❣❡♥✳ ❚❤❡♥ ❛❣❛✐♥ t❤❡ ✑s♦❢t✲O2✲
♣❧❛s♠❛✑ ❝❧❡❛♥✐♥❣ ✇❛s ❞♦♥❡✳
❆❢t❡r t❤❡ ♣❧❛s♠❛ ❝❧❡❛♥✐♥❣ st❡♣✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❝♦♥t✐♥✉❡ ✇✐t❤ s♣✐♥❝♦❛t✐♥❣ t❤❡ r❡s✐st ❧❛②❡rs ♦♥t♦
t❤❡ ✇❛❢❡r✳ ❉✉❡ t♦ t❤❡ ♣❧❛s♠❛ tr❡❛t♠❡♥t✱ t❤❡ ✇❛❢❡r ❣❡ts ❤②❞r♦♣❤✐❧✐❝ ❛♥❞ ✇❡ s❛✇ t❤❡ ♣r♦❜❧❡♠✱ t❤❛t
t❤❡ r❡s✐st ❝r❛✇❧s ✉♥❞❡r♥❡❛t❤ t❤❡ ✇❛❢❡r ❞✉r✐♥❣ s♣✐♥♥✐♥❣✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛❞ t♦ ❝❤❛♥❣❡ t❤❡ ✇❛② ❤♦✇
t♦ s♣✐♥❝♦❛t t❤❡ r❡s✐st ♦♥ t❤❡ ✇❛❢❡r✳
■♥ ♠② ❝❛s❡✱ t❤❡ ♣❧❛s♠❛ ❝❧❡❛♥✐♥❣ ❜r♦✉❣❤t ♥♦ ♦❜✈✐♦✉s ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥✱ s♦ ■ ❞❡❝✐❞❡❞
t♦ ❝❤❛♥❣❡ ❜❛❝❦ t♦ ❥✉st ❝❧❡❛♥ ✐t ✇✐t❤ s♦❧✈❡♥ts✳ ■ ❡✈❡♥ s❦✐♣♣❡❞ t❤❡ ✶✵ ♠✐♥ ✐♥ ■s♦♣r♦♣❛♥♦❧ ❛♥❞ st❛②❡❞
✇✐t❤ ❥✉st ✶✵ ♠✐♥ ✐♥ ❆❝❡t♦♥ ❛♥❞ t❤❡ r✐♥s✐♥❣ ✇✐t❤ ❆❝❡t♦♥✱ ■s♦♣r♦♣❛♥♦❧✱ ❞✐st✐❧❧❡❞ ✇❛t❡r
❛♥❞ t❤❡ ❜❧♦✇ ❞r②✐♥❣ ✇✐t❤ ♥✐tr♦❣❡♥✳ ❚❤✐s ✇❛s ❞♦♥❡ ❢♦r t❤❡ ✇❛❢❡rs ✑❑❈✵✵✸✸✻✶✑✱ ✑❑❈✵✵✸✸✻✹✑✱
✑❑❈✵✵✸✸✻✽✑ ❛♥❞ ✑❑❈✵✵✸✸✻✾✑ ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✶✵✳
■♥ t❛❜✳✹ t❤❡ ❞❡s❝r✐❜❡❞ st❡♣s ❢♦r t❤❡ ♣r❡s❡♥t❡❞ ✇❛❢❡rs ❛r❡ s✉♠♠❛r✐③❡❞✳ ❚❤❡ st❡♣s ■ ✜♥❛❧❧② st✐❝❦ t♦
❛❢t❡r ❛ ❧♦♥❣ tr✐❛❧ ❛r❡ ♠❛r❦❡❞ ✐♥ ❣r❛②✳

❚❛❜❧❡ ✹✿ ❙✉♠♠❛r② ♦❢ t❤❡ ❞❡s❝r✐❜❡❞ st❡♣s t♦ ❝❧❡❛♥ t❤❡ ✇❛❢❡r✳ ❚❤❡ st❡♣s ❢♦r ❡❛❝❤ ♦❢ t❤❡ ♣r❡s❡♥t❡❞
✇❛❢❡rs ✐♥ ❝❤❛♣t❡r ✶✵ ❛r❡ ❧✐st❡❞✳ ❚❤❡② ❛r❡ ♣r♦❝❡ss❡❞ ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✳ ■♥ ❣r❛② t❤❡ st❡♣s ■ st✐❝❦
t♦✱ ❛❢t❡r ❛ ❧♦♥❣ tr✐❛❧✱ ❛r❡ ♠❛r❦❡❞✳

❙t❡♣✿ ❙✐❧✐❝♦♥ ❑❈✷✾ ❑❈✷✻ ❑❈✻✶ ❑❈✻✹ ❑❈✻✽ ❑❈✻✾

❆❝❡t♦♥ s♦♥✐❝❛t✐♦♥ X X

❆❝❡t♦♥ ✶✵ ♠✐♥ X X X X X

❆❝❡t♦♥ r✐♥s✐♥❣ X X X X X X X

■s♦♣r♦♣✳ s♦♥✐❝❛t✐♦♥ X X

■s♦♣r♦♣✳ ✶✵ ♠✐♥ X

■s♦♣r♦♣✳ r✐♥s✐♥❣ X X X X X X X

❙❤❛❦❡ ✐♥ ❞✐st✐❧❧❡❞ ✇❛t❡r X X

❉✐st✐❧❧❡❞ ✇❛t❡r r✐♥s✐♥❣ X X X X X X X

❇❧♦✇ ❞r②✐♥❣ X X X X X X X

O2 ♣❧❛s♠❛ ❝❧❡❛♥✐♥❣ X X X

✾✳✶✳✷ ❙♣✐♥❝♦❛t r❡s✐st ❧❛②❡rs

❆❢t❡r ❝❧❡❛♥✐♥❣ t❤❡ ✇❛❢❡r✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❝♦♥t✐♥✉❡ ✇✐t❤ s♣✐♥♥✐♥❣ t✇♦ ❧❛②❡rs ♦❢ r❡s✐st ❢♦r t❤❡ ❡✲
❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✱ ✇✐t❤ ❛ s♣✐♥❝♦❛t❡r ✭▼♦❞❡❧ ❲❙✲✻✺✵▼❩✲✷✸◆PP❇✮✳ ❆ ♣✐❝t✉r❡ ♦❢ t❤❡ s♣✐♥❝♦❛t❡r
❛♥❞ t❤❡ ✉s❡❞ ❤♦t♣❧❛t❡ ✐s s❤♦✇♥ ✐♥ ✜❣✳✷✵✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ✇❡ ♥❡❡❞ t✇♦ ❧❛②❡rs ♦❢ r❡s✐st t♦

❋✐❣✉r❡ ✷✵✿ P✐❝t✉r❡ ♦❢ t❤❡ s♣✐♥❝♦❛t❡r ❛♥❞ t❤❡ ❤♦t♣❧❛t❡ ✇❤✐❝❤ ❛r❡ ✉s❡❞ ❢♦r q✉❜✐t ❢❛❜r✐❝❛t✐♦♥✳

❞♦ ❇r✐❞❣❡✲❢r❡❡ ❥✉♥❝t✐♦♥s✳ ❚✇♦ ♣♦❧②♠❡rs ✇✐t❤ ❞✐✛❡r❡♥t s❡♥s✐t✐✈✐t✐❡s✱ t♦ ♦❜t❛✐♥ ❛♥ ✉♥❞❡r❝✉t ✐♥ t❤❡
str✉❝t✉r❡s ✇r✐tt❡♥ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥✲❜❡❛♠✱ ❛r❡ r❡q✉✐r❡❞✳ ❋♦r t❤❡ ✜rst ❧❛②❡r ✇❡ ✉s❡ t❤❡ ❈♦♣♦❧②♠❡r

✸✶



▼▼❆ ✭▼❡t❤②❧ ♠❡t❤❛❝r②❧❛t❡✱ ❡①❛❝t✿ ▼▼❆✭✽✳✺✮▼❆❆ ❊▲ ✶✸ ❢r♦♠ ▼✐❝r♦❈❤❡♠TM ✮✳ ❆s s❡❝♦♥❞ ❧❛②❡r
✇❡ s♣✐♥❝♦❛t P▼▼❆ ✭P♦❧②♠❡t❤②❧♠❡t❤❛❝r②❧❛t❡✱ ❡①❛❝t✿ ✾✺✵ P▼▼❆ ❆✹ ❢r♦♠ ▼✐❝r♦❈❤❡♠TM ✮ ✇❤✐❝❤
✐s ❛ ❧♦♥❣ ❝❤❛✐♥ ♣♦❧②♠❡r✳ ❲✐t❤ P▼▼❆ ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t✱
❜❡❝❛✉s❡ ♦♥❧② t❤❡ ✈❡r② s♠❛❧❧❡st ❢r❛❣♠❡♥ts ❣❡t ❞❡✈❡❧♦♣❡❞ ❛♥❞ ♦♥❧② t❤❡ ♣r✐♠❛r② ❡❧❡❝tr♦♥s ♦❢ t❤❡
❡❧❡❝tr♦♥ ❜❡❛♠ r❡❛❝❤ t❤❡ t❤r❡s❤♦❧❞ t♦ ❜r❡❛❦ ❛ ♣♦❧②♠❡r ❝❤❛✐♥✳❬✷✹❪ ■♥ t❛❜✳✺ t❤❡ st❡♣s ❛♥❞ ♣❛r❛♠❡t❡rs
❢♦r t❤❡ s♣✐♥❝♦❛t✐♥❣ ♣r♦❝❡ss ■ ✉s❡❞ ❛r❡ s✉♠♠❛r✐③❡❞✳ ❋♦r s✐❧✐❝♦♥✱ t❤❡ ✇❛❢❡rs ❛r❡ ♥♦✇ r❡❛❞② t♦ ❡①♣♦s❡

❚❛❜❧❡ ✺✿ ❘❡❝✐♣❡ st❡♣s ❛♥❞ ♣❛r❛♠❡t❡rs t♦ s♣✐♥❝♦❛t t❤❡ ♣♦❧②♠❡r ❧❛②❡rs ♦♥ t❤❡ ✇❛❢❡r✳

❙t❡♣ ❘❡s✐st ❘❛♠♣ r❛t❡ ❬r♣♠✴s❪ ❙♣✐♥ ❢✉❧❧ s♣❡❡❞ ❬r♣♠❪ ❙♣✐♥ t✐♠❡ ❬s❪

✶ ❈♦♣♦❧②♠❡r ❊▲✲✶✸ ✶✵✵✵ ✷✵✵✵ ✶✵✵

✷ ✑❜❛❦❡✑ ✺ ♠✐♥ ❛t 200◦C ♦♥ ❤♦t♣❧❛t❡
✸ ❆✲✹ P▼▼❆ ✶✵✵✵ ✷✵✵✵ ✶✵✵

✹ ✑❜❛❦❡✑ ✶✵ ♠✐♥ ❛t 200◦C ♦♥ ❤♦t♣❧❛t❡

t❤❡ str✉❝t✉r❡s ✐♥ t❤❡ ❡✲❜❡❛♠✳ ❋♦r s❛♣♣❤✐r❡✱ ✇❡ ❤❛✈❡ t♦ s♣✉tt❡r t❤❡ ❝♦♥❞✉❝t✐✈❡ ❧❛②❡r✱ ✐♥ ♦✉r ❝❛s❡
❣♦❧❞✱ ♦♥ t♦♣ ♦❢ t❤❡ r❡s✐st✳
❚♦ ❣❡t ❛♥ ✐❞❡❛ ❤♦✇ t❤❡ r❡✈♦❧✉t✐♦♥s ♣❡r ♠✐♥✉t❡ ✭r♣♠✮ ♦❢ t❤❡ s♣✐♥❝♦❛t❡r ✐♥✢✉❡♥❝❡ t❤❡ ♣♦❧②♠❡r
t❤✐❝❦♥❡ss✱ ■ ❞✐❞ ❛ t❡st s❡r✐❡s ✇✐t❤ t❤❡ ❈♦♣♦❧②♠❡r ❊▲✲✶✸ ♦♥ s✐❧✐❝♦♥✳ ■ s♣✐♥❝♦❛t❡❞ ✜✈❡ ✇❛❢❡rs✱ ❡❛❝❤
✇✐t❤ t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ♠❛t❡r✐❛❧✱ t❤❡ s❛♠❡ s♣✐♥❝♦❛t ❞✉r❛t✐♦♥ ♦❢ ✶✿✹✵ ♠✐♥ ❛♥❞ ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢
✶✵✵✵ r♣♠✴s✱ ❜✉t ❞✐✛❡r❡♥t ❢✉❧❧ s♣❡❡❞ r♣♠ ✈❛❧✉❡s✳ ❆❢t❡r ❜❛❦✐♥❣ t❤❡ r❡s✐st ✺ ♠✐♥ ❛t 200◦C ♦♥ t❤❡
❤♦t♣❧❛t❡ ■ ♠❛❞❡ t❤r❡❡ s❝r❛t❝❤❡s ♦♥ ❡❛❝❤ ✇❛❢❡r ❛♥❞ ♠❡❛s✉r❡❞ t❤❡ ❤❡✐❣❤t ✇✐t❤ ❛ ♣r♦✜❧♦♠❡t❡r✳ ❚❤✐s
♣r♦❝❡❞✉r❡ ■ ❞✐❞ t✇✐❝❡✳ ❚❤❡ ❛✈❡r❛❣❡❞ ✈❛❧✉❡s ♦❢ ❛❧❧ ♠❡❛s✉r❡♠❡♥ts ❢♦r t❤❡ ❞✐✛❡r❡♥t r♣♠ ✈❛❧✉❡s ❛r❡
♣❧♦tt❡❞ ✐♥ ✜❣✳✷✶✳ ■♥ ✜❣✳✷✷ ❢♦✉r ♦❢ t❤❡ ✉s❡❞ ✇❛❢❡rs ❛r❡ s❤♦✇♥✳ ❚❤❡ ✇❛❢❡r s♣✐♥❝♦❛t❡❞ ✇✐t❤ ✸ ✵✵✵ r♣♠

❋✐❣✉r❡ ✷✶✿ ❙♣✐♥❝♦❛t❡❞ ❝♦♣♦❧②♠❡r ❊▲✲✶✸ ❤❡✐❣❤ts ♦♥ s✐❧✐❝♦♥✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡✈♦❧✉t✐♦♥s ♣❡r ♠✐♥✉t❡
♦❢ t❤❡ s♣✐♥❝♦❛t❡r✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ✐s ❛ ♣♦✇❡r ❧❛✇ y ∼ x−0,75✳

✐s♥✬t s❤♦✇♥✱ ❛s ✐t ❜r♦❦❡ ❞✉r✐♥❣ t❤❡ s❡❝♦♥❞ t✐♠❡ ♠❡❛s✉r✐♥❣✳ ❖♥❡ ❝❛♥ s❡❡✱ t❤❛t ❢♦r t❤❡ ✉s❡❞ ❛♠♦✉♥t
♦❢ ♠❛t❡r✐❛❧ ❛♥❞ t❤❡s❡ s❡tt✐♥❣s ♦❢ t❤❡ s♣✐♥❝♦❛t❡r✱ t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ❢♦r t❤❡ r❡✈♦❧✉t✐♦♥s ♣❡r ♠✐♥✉t❡
t♦ ❢✉❧❧② ❝♦✈❡r t❤❡ ✇❛❢❡r ✇✐t❤ t❤❡ ❈♦♣♦❧②♠❡r ✐s s♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ ✶ ✵✵✵ ❛♥❞ ✷ ✵✵✵ r♣♠✳ ❚❤❡r❡❢♦r❡
✐t ❢♦❧❧♦✇s✱ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛①✐♠✉♠ ❤❡✐❣❤t ♦❢ t❤❡ ❈♦♣♦❧②♠❡r t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ♦✈❡r t❤❡
✇❤♦❧❡ ✇❛❢❡r ✐s < 780 ♥♠✳

✾✳✶✳✸ ❙♣✉tt❡r ❣♦❧❞

❋♦r ♥♦♥✲❝♦♥❞✉❝t✐✈❡ s✉❜str❛t❡s ❛ ❝♦♥❞✉❝t✐✈❡ ❧❛②❡r ✐s ✉s❡❞ t♦ ❝♦♥❞✉❝t ❛✇❛② t❤❡ ❡❧❡❝tr♦♥s ❛♥❞ ❛✈♦✐❞
❝❤❛r❣✐♥❣ ✉♥❞❡r t❤❡ ❡❧❡❝tr♦♥✲❜❡❛♠✳ ■♥ ✜❣✳✷✸ ✭❛✮ t❤❡ s♣✉tt❡r ❝♦❛t❡r✱ ✉s❡❞ t♦ s♣✉tt❡r t❤❡ ❝♦♥❞✉❝t✐✈❡
❧❛②❡r✱ ✐s s❤♦✇♥✳ ■♥ ♦✉r ❝❛s❡ ✇❡ s♣✉tt❡r ❣♦❧❞ ♦♥t♦ t❤❡ r❡s✐st ♦♥ t♦♣ ♦❢ ❛ s❛♣♣❤✐r❡ ✇❛❢❡r✳ ❚❤❡

✸✷



❋✐❣✉r❡ ✷✷✿ ❙✐❧✐❝♦♥ ✇❛❢❡rs s♣✐♥❝♦❛t❡❞ ✇✐t❤ t❤❡ ❝♦♣♦❧②♠❡r ❊▲✲✶✸✳ ❙♣✐♥❝♦❛t✐♥❣ ♣❛r❛♠❡t❡rs✿ t✐♠❡✿
✶✿✹✵ ♠✐♥✱ ❛❝❝❡❧❡r❛t✐♦♥✿ ✶ ✵✵✵ r♣♠✴s✱ ❢✉❧❧ s♣❡❡❞✿ ❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ ✇❛❢❡r ❛s ❧❛❜❡❧❧❡❞ ❜❡❧♦✇ t❤❡ ✇❛❢❡r✳
❲✐t❤ t♦♦ ❧♦✇ r♣♠ t❤❡ ✇❛❢❡r ✐s ❝♦✈❡r❡❞ ♦♥❧② ♣❛rt✐❛❧❧② ✇✐t❤ r❡s✐st✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✸✿ ✭❛✮ P✐❝t✉r❡ ♦❢ t❤❡ ❣♦❧❞ s♣✉tt❡r ❝♦❛t❡r ✉s❡❞ t♦ s♣✉tt❡r ❛ t❤✐♥ ❧❛②❡r ♦❢ ❣♦❧❞ ♦♥ t♦♣ ♦❢ t❤❡
✇❛❢❡r t♦ ❛✈♦✐❞ ❝❤❛r❣✐♥❣ ♦❢ t❤❡ s✉r❢❛❝❡ ✉♥❞❡r t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠✳ ✭❜✮ P✐❝t✉r❡ ♦❢ t❤❡ ❡✲❜❡❛♠ ♠❛❝❤✐♥❡
✉s❡❞ t♦ ✇r✐t❡ t❤❡ q✉❜✐t str✉❝t✉r❡s ✐♥ t❤❡ r❡s✐st ♦♥ t❤❡ ✇❛❢❡r✳

❝❤❛❧❧❡♥❣❡ ✐s t♦ ✜♥❞ t❤❡ r✐❣❤t s❡tt✐♥❣s ❢♦r ❛ ❣♦❧❞ ❧❛②❡r ✇❤✐❝❤ ✐s ❥✉st t❤✐❝❦ ❡♥♦✉❣❤ t❤❛t t❤❡ s✉r❢❛❝❡
❞♦❡s♥✬t ❝❤❛r❣❡ t♦♦ q✉✐❝❦❧② ✉♥❞❡r t❤❡ ❡❧❡❝tr♦♥✲❜❡❛♠✳ ■❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡s q✉✐❝❦❧②✱ t❤❡ ✇r✐t❡✜❡❧❞
❛❧✐❣♥♠❡♥t ❢♦r t❤❡ ❡✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤② ✐s ✈❡r② ❞✐✣❝✉❧t t♦ ❞♦✳ ❚❤❡ ♣❛r❛♠❡t❡rs ■ ✉s❡❞ t♦ s♣✉tt❡r t❤❡
❣♦❧❞ ❧❛②❡r ❛r❡ ❧✐st❡❞ ✐♥ t❛❜✳✻✳

❚❛❜❧❡ ✻✿ P❛r❛♠❡t❡rs ✉s❡❞ ❢♦r s♣✉tt❡r✐♥❣ ❣♦❧❞ ♦♥ t♦♣ ♦❢ t❤❡ r❡s✐st✳

❚❛❜❧❡ ♣♦s✐t✐♦♥✿ ❛t t❤❡ ✈❡r② ❜♦tt♦♠
❉✉r❛t✐♦♥✿ ✶✼✵ s
P♦✇❡r✿ ✶✵ ♠❆
Pr❡ss✉r❡✿ ✵✱✻ ♠❇❛r

✾✳✷ ❊❧❡❝tr♦♥✲❜❡❛♠ ▲✐t❤♦❣r❛♣❤②

❊❧❡❝tr♦♥✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤② ✭❊❇▲✮ ✐s ♦♥❡ ♦❢ t❤❡ ❜✐❣ st❡♣s ✐♥ ❢❛❜r✐❝❛t✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❜✐ts✳
❊s♣❡❝✐❛❧❧② ❢♦r ✉s✱ ❛s ✇❡ ❛❧❧ ✇❡r❡ ♠♦r❡ ♦r ❧❡ss ♥❡✇ ✐♥ t❤✐s ❜✉s✐♥❡ss ❛♥❞ ❛❧s♦ t❤❡ ♠❛❝❤✐♥❡ ✭❛ ❡▲■◆❊
P❧✉s ❢r♦♠ ❘❛✐t❤✱ s❤♦✇♥ ✐♥ ✜❣✳✷✸ ✭❜✮✮ ✇❛s ♥❡✇ ✐♥ t❤❡ ❝❧❡❛♥r♦♦♠✱ ✐t ✇❛s q✉✐t❡ ❝❤❛❧❧❡♥❣✐♥❣ t♦ ❣❡t
✉s❡❞ t♦ t❤❡ ♠❛❝❤✐♥❡ ❛♥❞ ✜♥❞ ♦✉t ❤♦✇ ✐t ✇♦r❦s✱ ❞❡s♣✐t❡ t✇♦ ✇❡❡❦s ♦❢ t✉t♦r✐❛❧ ❛♥❞ tr❛✐♥✐♥❣✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ■ ✜rst ❣✐✈❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t t❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ ✐♥❢♦r♠❛t✐♦♥s t♦ ✉♥❞❡rst❛♥❞
❤♦✇ t❤❡ ❊❇▲ ✐s ✇♦r❦✐♥❣✳ ❆❢t❡r✇❛r❞s ■ ❞❡s❝r✐❜❡ t❤❡ ❞✐✛❡r❡♥t st❡♣s ♦♥❡ ❤❛s t♦ ❞♦ ❛♥❞ ✇✐t❤ ✇❤✐❝❤
♣❛r❛♠❡t❡rs ✇❡ ✉s❡❞ t❤❡ ♠❛❝❤✐♥❡ t♦ ❞♦ ❧✐t❤♦❣r❛♣❤② ❢♦r t❤❡ q✉❜✐ts ❛♥❞ ✇❤❛t t❤❡ ♣r♦❜❧❡♠s ✇❡r❡ t❤❛t
✇❡ ❤❛❞✳

✸✸



✾✳✷✳✶ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

■♥ ♥❛♥♦❢❛❜r✐❝❛t✐♦♥ ❊❇▲ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❝❛♥ ❝r❡❛t❡ ❛r❜✐tr❛r② ♣❛tt❡r♥s
♦♥ t❤❡ ♥❛♥♦♠❡t❡r s❝❛❧❡✳ ❚❤❡ r❡s✐st ✇❡ ❛r❡ ✉s✐♥❣ ✐s ❛ ♣♦s✐t✐✈❡ t♦♥❡ r❡s✐st✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t t❤❡
str✉❝t✉r❡s✱ ✇r✐tt❡♥ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠✱ ❝❛♥ ❜❡ ✇❛s❤❡❞ ❛✇❛② ✇✐t❤ ❛ s♦❧✈❡♥t✳ ■♥ ❝♦♥tr❛st✱ ❢♦r
❛ ♥❡❣❛t✐✈❡ t♦♥❡ r❡s✐st✱ t❤❡ str✉❝t✉r❡s st❛② ❜❡❤✐♥❞ ❛♥❞ t❤❡ r❡st ♦❢ t❤❡ r❡s✐st ❣♦❡s ❛✇❛②✳ ❲✐t❤ t❤❡
♣♦s✐t✐✈❡ t♦♥❡ r❡s✐st ✇❡ t❤❡r❡❢♦r❡ ❝r❡❛t❡ t❤❡ ♠❛s❦ ❢♦r t❤❡ str✉❝t✉r❡s✳
❉✉r✐♥❣ ❡①♣♦s✉r❡ t❤❡ ♣♦❧②♠❡r ❝❤❛✐♥s ♦❢ t❤❡ r❡s✐st ❣❡t ❜r♦❦❡♥ ✉♣ ✐♥t♦ s♠❛❧❧❡r✱ ♠♦r❡ s♦❧✉❜❧❡ ❢r❛❣♠❡♥ts✱
❛s s❦❡t❝❤❡❞ ✐♥ ✜❣✳✷✹ ✭❛✮✱ ✇❤✐❝❤ ❞✐ss♦❧✈❡ ❞✉r✐♥❣ t❤❡ ❞❡✈❡❧♦♣✐♥❣ st❡♣✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ♣♦s✐t✐✈❡
r❡s✐st ✉s❡❞ ✐s P▼▼❆✱ ✇❤✐❝❤ ✇❡ ❛❧s♦ ✉s❡ ❛s t❤❡ s❡❝♦♥❞ ♣♦❧②♠❡r ❧❛②❡r✳ ❲✐t❤ ✐ts ❧♦♥❣ ♣♦❧②♠❡r
❝❤❛✐♥s ✐t t❛❦❡s ♠❛♥② ❡❧❡❝tr♦♥s t♦ ❝✉t t❤❡♠ ❜❡❢♦r❡ t❤❡ ❢r❛❣♠❡♥ts ❜❡❝♦♠❡ s✐❣♥✐✜❝❛♥t❧② s♦❧✉❜❧❡✳ ❚❤✐s
✐s ✇❤② P▼▼❆ ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ✇✐t❤ ❤✐❣❤ r❡s♦❧✉t✐♦♥✳ ❋❡✇ ♦❢ t❤❡ s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥s ❧❡❛❞ t♦
s✉✣❝✐❡♥t ❡①♣♦s✉r❡ t♦ ❜r❡❛❦ t❤❡ ❝❤❛✐♥s✳ ■♥ ✜❣✳✷✹ ✭❜✮ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ P▼▼❆ ❢r❛❣♠❡♥t s✐③❡s ❢♦r
❞✐✛❡r❡♥t ❞♦s❡s ✭✉♥✐t ❢♦r ❤♦✇ ♠✉❝❤ ❝❤❛r❣❡ ✐s ❞❡♣♦s✐t❡❞ ♣❡r sq✉❛r❡ ❝❡♥t✐♠❡t❡r ❬µC/cm2❪✮ ❛t ✶✵ ❦❡❱ ✐s
s❤♦✇♥✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡✱ t❤❡ ❛✈❡r❛❣❡ ❢r❛❣♠❡♥t s✐③❡ ❞❡❝r❡❛s❡ ❛♥❞ t❤❡ s♦❧✉❜✐❧✐t② ✐♥ t❤❡ ❞❡✈❡❧♦♣❡r
✐♥❝r❡❛s❡s✳ ■♥ ♦✉r ❝❛s❡ ✇❡ ✉s❡ ❧❛②❡rs ♦❢ ❞✐✛❡r❡♥t ♣♦❧②♠❡rs t♦ ❤❛✈❡ t✇♦ ❞✐✛❡r❡♥t s❡♥s✐t✐✈✐t✐❡s t♦ t❤❡
❡❧❡❝tr♦♥ ❜❡❛♠ ❛♥❞ ❛❝❤✐❡✈❡ ❛ ❞❡✜♥❡❞ ✉♥❞❡r❝✉t ✐♥ t❤❡ r❡s✐st ✇✐t❤♦✉t ♦✈❡r❡①♣♦s✉r❡✳
❆s t❤❡ ❡❧❡❝tr♦♥s ❡♥t❡r t❤❡ r❡s✐st✱ ❛ ❢❡✇ t❤✐♥❣s ❝❛♥ ❤❛♣♣❡♥✳ ❋✐rst ♦❢ ❛❧❧ t❤❡ ❡❧❡❝tr♦♥s ❝❛♥ ❜❡ ❞✐r❡❝t❧②
r❡✢❡❝t❡❞ ❜❛❝❦ t♦ t❤❡ s♦✉r❝❡✳ ❚❤♦s❡ ❡❧❡❝tr♦♥s ❤❛✈❡ ♥♦ ❡✛❡❝t ♦♥ t❤❡ r❡s✐st✱ ❜✉t ❛r❡ ✉s❡❞ ❢♦r ✐♠❛❣✐♥❣✱
❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✳ ❙❡❝♦♥❞✱ ✇❡ ❣❡t ✐♥❡❧❛st✐❝ ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ r❡s✐st✳ ❚❤❡ ✐♥❡❧❛st✐❝ ❝♦❧❧✐s✐♦♥s r❡s✉❧t
✐♥ ✐♦♥✐③❛t✐♦♥ ❛♥❞ ❧❡❛❞s t♦ s❡❝♦♥❞❛r② ❡❧❡❝tr♦♥ ❣❡♥❡r❛t✐♦♥✱ ❛s s❦❡t❝❤❡❞ ✐♥ ✜❣✳✷✹ ✭❛✮✳ ❚❤❡ s❡❝♦♥❞❛r②

❋✐❣✉r❡ ✷✹✿ ✭❛✮ ❇r❡❛❦✐♥❣ ♦❢ t❤❡ ♣♦❧②♠❡r ❝❤❛✐♥ ❞✉r✐♥❣ ❡①♣♦s✉r❡✳ ✭❜✮ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ ❞✐✛❡r❡♥t
❢r❛❣♠❡♥t s✐③❡s ❢♦r ❞✐✛❡r❡♥t ❞♦s❡s ❛t ✶✵ ❦❡❱✳ ✭❝✮ ❈r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢r❛❣♠❡♥ts
s♠❛❧❧❡r t❤❛♥ ✶✵ ♠♦♥♦♠❡rs ✇✐t❤✐♥ t❤❡ r❡s✐st✳ ❩✭❆✮ ✐s t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ♣♦❧②♠❡r✳ ❆❧❧ ♣✐❝t✉r❡s t❛❦❡♥
❢r♦♠ ❬✷✹❪✳

❡❧❡❝tr♦♥s ❤❛✈❡ ❛ s❤♦rt r❛♥❣❡✱ ❜✉t ♠❛② ❧✐♠✐t t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❊❇▲ ✐♥ t❤❡ ❡♥❞ ❜② ❜r❡❛❦✐♥❣ ❝❤❛✐♥s
♥❡❛r❜②✳ ■♥ ❛❞❞✐t✐♦♥ ❛❧s♦ ❛ s❡r✐❡s ♦❢ ❧♦✇ ❡♥❡r❣② ❡❧❛st✐❝ ❝♦❧❧✐s✐♦♥s ♦❝❝✉r✱ ✇❤✐❝❤ ❞❡✢❡❝t t❤❡ ❡❧❡❝tr♦♥s
❛ ❜✐t✳ ❚❤✐s ❢♦r✇❛r❞ s❝❛tt❡r✐♥❣ ❜r♦❛❞❡♥s t❤❡ ❜❡❛♠✳ ■t t❤❡r❡❢♦r❡ ❛❧s♦ ✐♥✢✉❡♥❝❡s t❤❡ r❡s♦❧✉t✐♦♥ ❛♥❞
✐♥❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❤✐❝❦♥❡ss ♦❢ t❤❡ r❡s✐st✳
■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s s❝❛tt❡r✐♥❣ ❡✈❡♥ts✱ ♠♦st ♦❢ t❤❡ ❡❧❡❝tr♦♥s ♣❛ss ❝♦♠♣❧❡t❡❧② t❤r♦✉❣❤ t❤❡ r❡s✐st ❛♥❞
❡♥t❡r t❤❡ s✉❜str❛t❡✳ ❙♦♠❡ ❡❧❡❝tr♦♥s ♠❛♥❛❣❡ t♦ ❣♦ t❤r♦✉❣❤ ❡♥♦✉❣❤ ✑❧❛r❣❡ ❛♥❣❧❡ ❝♦❧❧✐s✐♦♥s✑ t♦ r❡✲
❡♠❡r❣❡ ❜❛❝❦ ✐♥t♦ t❤❡ r❡s✐st✱ ✐♥ ❛♥ ❛r❡❛ ❧❛r❣❡r t❤❛♥ t❤❡ ❜❡❛♠ ❞✐❛♠❡t❡r✳ ❆t ❤✐❣❤ ❡♥❡r❣✐❡s✱ t❤❡s❡
❜❛❝❦s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥s ❝❛♥ ❝❛✉s❡ ❡①♣♦s✉r❡ ❛t ❞✐st❛♥❝❡s ♦❢ ❛ ❢❡✇ ♠✐❝r♦♠❡t❡r ❛✇❛② ❢r♦♠ t❤❡✐r ✐♥✐t✐❛❧
❡♥tr② ♣♦✐♥t ❛♥❞ ❧❡❛❞ t♦ t❤❡ s♦✲❝❛❧❧❡❞ ♣r♦①✐♠✐t② ❡✛❡❝t✳ ❙tr✉❝t✉r❡s ❛t t❤❛t ♣♦s✐t✐♦♥ t❤❡♥ ❜❡❝♦♠❡
♦✈❡r❡①♣♦s❡❞ ❞✉❡ t♦ t❤✐s ❡①tr❛ ❞♦s❡✳
❋✐❣✳✷✹ ✭❝✮ s❤♦✇s ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ s♣❛t✐❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦❧②♠❡r ❢r❛❣♠❡♥ts s♠❛❧❧❡r t❤❛♥ ✶✵
♠♦♥♦♠❡rs✳ ❩✭❆✮ ✐s t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ♣♦❧②♠❡r✳ ❖♥❡ ❝❛♥ ❞❡t❡❝t t❤❡ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠
❞✉❡ t♦ t❤❡ ❡❧❛st✐❝ ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ r❡s✐st✳
❋♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡①♣♦s✉r❡ t✐♠❡✱ ❞♦s❡ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t✱ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ ❢r❛❣♠❡♥t s✐③❡s ✐s ❛♥ ✐♠♣♦rt❛♥t ❢❛❝t♦r✳
■♥ ❬✷✹❪ t❤❡ ❛✉t❤♦rs ❞✐❞ t❡st ❣r❛t✐♥❣s ♦♥ ❛ ✻✺ ♥♠ t❤✐❝❦ P▼▼❆ ❧❛②❡r ♦♥ s✐❧✐❝♦♥ ✇✐t❤ ❛ ✈♦❧t❛❣❡ ♦❢
✶✵ ❦❡❱ ❢♦r ❞✐✛❡r❡♥t ❞♦s❡s✳ ❚❤❡② ♦❜s❡r✈❡❞ ❞✐✛❡r❡♥t ♠♦r♣❤♦❧♦❣✐❝ r❡❣✐♠❡s ♦❢ t❤❡ P▼▼❆ str✉❝t✉r❡s
✇❤✐❝❤ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳✷✺✳ ❋♦r ❧♦✇ ❞♦s❡s t❤❡ ❧✐♠✐t✐♥❣ ❢❛❝t♦r ❢♦r ❣♦♦❞ r❡s✉❧ts ✐s ✉♥❞❡r❡①♣♦s✉r❡✳
❲✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡ t❤❡ ❣r❛t✐♥❣s t❡♥❞ t♦ ❜✉✐❧❞ ♠✐❝❡❧❧❡s ✭s♣❤❡r✐❝❛❧ ❛♠♣❤✐♣❤✐❧✐❝ str✉❝t✉r❡s ✇✐t❤
❛ ❤②❞r♦♣❤♦❜✐❝ ❝♦r❡ ❛♥❞ ❛ ❤②❞r♦♣❤✐❧✐❝ s❤❡❧❧ ❬✷✺❪✮✱ ♦r ❝♦❧❧❛♣s❡✳ ❆t ❤✐❣❤ ❞♦s❡s ♦✈❡r❡①♣♦s✉r❡ ✐s t❤❡

✸✹



❋✐❣✉r❡ ✷✺✿ ❉✐✛❡r❡♥t ♠♦r♣❤♦❧♦❣✐❡s ✐♥ P▼▼❆ ❢♦r ✈❛r✐♦✉s ❣r❛t✐♥❣ ♣❡r✐♦❞s ❛♥❞ ❛r❡❛ ❞♦s❡s ❛t ✶✵ ❦❡❱✳
❋✐❧❧❡❞ s②♠❜♦❧s ❛r❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇❤❡r❡❛s ♦♣❡♥ s②♠❜♦❧s r❡♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧❧✐♥❣✳ ❚r✐✲
❛♥❣❧❡s s❤♦✇ t❤❡ ❜♦✉♥❞❛r② ❢♦r ✉♥❞❡r❡①♣♦s✉r❡✱ ❞✐❛♠♦♥❞s t❤❡ ❜♦✉♥❞❛r② ❢♦r ♦✈❡r❡①♣♦s✉r❡ ❛♥❞ t❤❡
❝✐r❝❧❡s s❤♦✇ t❤❡ ❜♦✉♥❞❛r② ❢♦r ❝♦❧❧❛♣s✐♥❣ ♦r ♣r♦❞✉❝✐♥❣ ♠✐❝❡❧❧✐③❡❞ ♣❛tt❡r♥s✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✷✹❪

❧✐♠✐t✐♥❣ ❢❛❝t♦r ❢♦r ❣♦♦❞ ❣r❛t✐♥❣s✳ ❆❧t❤♦✉❣❤ t❤❛t ❛r❡ s♦♠❡❤♦✇ ♦❜✈✐♦✉s ❛♥❞ ❡①♣❡❝t❡❞ r❡s✉❧ts✱ t❤❡r❡
✐s ❛♥ ✐♥t❡r❡st✐♥❣ t❛❦❡ ❛✇❛②✳ ❖♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡r❡ ✐s s♦♠❡ ❦✐♥❞ ♦❢ ❞♦s❡ ✇✐♥❞♦✇ ❜❡t✇❡❡♥ t❤❡
❞✐✛❡r❡♥t ❧✐♠✐t❛t✐♦♥s✳ ❚❤✐s ✇✐♥❞♦✇ r❡♣r❡s❡♥ts t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ♣r♦❝❡ss ❛♥❞ t❤❡ r❡♣r♦❞✉❝✐❜✐❧✐t②
♦❢ t❤❡ ❣r❛t✐♥❣s✳ ❲✐t❤ ❞❡❝r❡❛s✐♥❣ ❣r❛t✐♥❣ ♣❡r✐♦❞ t❤✐s ❞♦s❡ ✇✐♥❞♦✇ ❣❡ts s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r✱ ✉♣ t♦
❛ ♠✐♥✐♠✉♠ r❡❛s♦♥❛❜❧❡ ❞♦s❡ ✇✐♥❞♦✇ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡ r❡s♦❧✉t✐♦♥✳ ❬✷✹❪

✾✳✷✳✷ ❲r✐t✐♥❣ q✉❜✐ts ✇✐t❤ ❡❧❡❝tr♦♥✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤②

❍❡r❡ ■✬❧❧ ❡①♣❧❛✐♥ t❤❡ ♠❛✐♥ st❡♣s ❞♦✐♥❣ ❧✐t❤♦❣r❛♣❤② ❛♥❞ ✇❤❛t t♦ ♣❛② ❝❧♦s❡ ❛tt❡♥t✐♦♥ t♦✳ ■♥ ♣r✐♥✲
❝✐♣❧❡ t❤❡ ♠❛❝❤✐♥❡ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♠✐❝r♦s❝♦♣❡ ♦r ❢♦r ❧✐t❤♦❣r❛♣❤②✳ ❋♦r ✐♠❛❣✐♥❣ ②♦✉ ✑❥✉st✑ ♥❡❡❞
t♦ ♦♣t✐♠✐③❡ t❤❡ ♣❛r❛♠❡t❡rs ✇✐t❤ ✇❤✐❝❤ ②♦✉ ❝❛♥ ❝❤❛♥❣❡ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✱ ❧✐❦❡ t❤❡ ❢♦❝✉s✱
t❤❡ ❛st✐❣♠❛t✐s♠✱ t❤❡ ❛♣❡rt✉r❡ ❛❧✐❣♥♠❡♥t ❛♥❞ t❤❡ ❜❡❛♠ s❤✐❢t✳ ❆❧❧ t❤❡ ♦t❤❡r st❡♣s✱ ❧✐❦❡ ❞❡✜♥✐♥❣
t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠s✱ t❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ❛♥❞ ❛❧❧ t❤❡ t❤✐♥❣s ♦♥❡ ❤❛s t♦ t❤✐♥❦ ❛❜♦✉t ❢♦r t❤❡
❞❡s✐❣♥❡❞ str✉❝t✉r❡s✱ ❝❛♥ ❜❡ s❦✐♣♣❡❞ ❢♦r ✐♠❛❣✐♥❣✳
❋♦r ❧✐t❤♦❣r❛♣❤②✱ ✜rst ♦❢ ❛❧❧✱ ♦♥❡ ❤❛s t♦ ❞❡s✐❣♥ t❤❡ q✉❜✐t str✉❝t✉r❡s✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜❡❢♦r❡ ✇♦r❦✲
✐♥❣ ✇✐t❤ t❤❡ ♠❛❝❤✐♥❡✳ ❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ♣r♦❣r❛♠s t♦ ❞♦ t❤✐s✳ ■ ❞❡❝✐❞❡❞ t♦ ❞♦ ✐t ✇✐t❤ t❤❡ ❘❛✐t❤
s♦❢t✇❛r❡ ✇❤✐❝❤ ✐s ❛❧s♦ ✉s❡❞ ♦♥ t❤❡ ❡✲❜❡❛♠ ❝♦♠♣✉t❡r t♦ ❞♦ ❧✐t❤♦❣r❛♣❤②✳ ❙♦♠❡ ♦❢ t❤❡ ❢❡❛t✉r❡s ❧✐❦❡
t❤❡ ♠❛tr✐① ❝♦♣②✱ ✇❤❡r❡ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❞♦ ❞♦s❡ ✈❛r✐❛t✐♦♥s✱ ❛r❡ ❡①❝❧✉s✐✈❡ ✐♥ t❤✐s s♦❢t✇❛r❡✳ ❋✐❣✳✷✻
✭❛✮ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❤♦✇ s✉❝❤ ❛ ❞❡s✐❣♥ ♦❢ ❛ q✉❜✐t ❝❛♥ ❧♦♦❦ ❧✐❦❡✳ ❇② ❞♦✉❜❧❡ ❝❧✐❝❦✐♥❣ ♦♥ ❛♥
❡❧❡♠❡♥t ♦❢ t❤❡ ❞❡s✐❣♥ t❤❡ ✑❊❞✐t✑✲✇✐♥❞♦✇ ✭✜❣✳✷✻ ✭❜✮✮ s❤♦✇s ✉♣ ✇❤❡r❡ ♦♥❡ ❝❛♥ s❡t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❛ttr✐❜✉t❡s✳ ❊❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ str✉❝t✉r❡ ✐s ❛ss✐❣♥❡❞ t♦ ❛ s♦ ❝❛❧❧❡❞ ❧❛②❡r✳ ❚❤❡ ❧❛②❡rs ❝❛♥ ❜❡ ❝❤♦s❡♥
t♦ ❜❡ ✇r✐tt❡♥ ✇✐t❤ ❞✐✛❡r❡♥t ❛♣❡rt✉r❡s✱ ♦♥❡ ❛♣❡rt✉r❡ ❛❢t❡r t❤❡ ♦t❤❡r✳ ❋♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦♥❡ ❝❛♥ ❛❧s♦
s❡t ❛ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦r ✇✐t❤ ✇❤✐❝❤ t❤❡ ♦✈❡r❛❧❧ ❞♦s❡ ✐s ♠✉❧t✐♣❧✐❡❞✳ ◆♦t✐❝❡ t❤❛t ✐t s❤♦✉❧❞♥✬t ❜❡
③❡r♦✱ ♦t❤❡r✇✐s❡ ♥♦ ❞♦s❡ ✇♦✉❧❞ ❜❡ ❞❡♣♦s✐t❡❞✳
❆❢t❡r ❞❡s✐❣♥✐♥❣ t❤❡ str✉❝t✉r❡s ❛♥❞ ♣r❡♣❛r✐♥❣ t❤❡ ✇❛❢❡r✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ s❡❝t✐♦♥s ❜❡❢♦r❡✱ ♦♥❡
❝❛♥ ♠♦✉♥t t❤❡ ✇❛❢❡r ♦♥ t❤❡ s♦ ❝❛❧❧❡❞ st❛❣❡✱ ❛s s❤♦✇♥ ✐♥ ✜❣✳✷✼ ✭❛✮✱ ✇❤✐❝❤ ❝❛♥ t❤❡♥ ❜❡ ❧♦❛❞❡❞ ✐♥t♦
t❤❡ ♠❛❝❤✐♥❡✳ ❘❡♠❡♠❜❡r ✇❤❡r❡ ②♦✉ ♣✉t t❤❡ ✇❛❢❡r✢❛t✱ t♦ ❤❛✈❡ ❛♥ ❛①✐s ✇❤❡r❡ ②♦✉ ❡❛s✐❧② ❝❛♥ ❞❡✜♥❡
❛ ♥❡✇ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦♥ t❤❡ ✇❛❢❡r ✭❯✱❱✱❲✮✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ t❤❡ st❛❣❡
✭❳✱❨✱❩✮✳ ❚❤✐s ♥❡✇ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐s ♥❡❡❞❡❞ ♦♥ ❡✈❡r② s❛♠♣❧❡✳ ❚❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ✐s ♠♦✈✐♥❣ ✐♥
t❤❡s❡ ❝♦♦r❞✐♥❛t❡s✳ ❇② ❞❡✜♥✐♥❣ t❤✐s s♦ ❝❛❧❧❡❞ ❣❧♦❜❛❧ ❯✲❱✲s②st❡♠✱ t❤❡ s❛♠♣❧❡ ✐s t❤❡r❡❢♦r❡ ❛❞❥✉st❡❞
t♦ t❤❡ st❛❣❡✳ ❚❤❡ ❜❡❛♠ ❛❧s♦ ❤❛s t♦ ❜❡ ❛❞❥✉st❡❞ t♦ t❤✐s ♥❡✇ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡
✐♥ t❤❡ s♦ ❝❛❧❧❡❞ ✇r✐t❡✜❡❧❞ ❛❧✐❣♠❡♥t ♣r♦❝❡❞✉r❡✳ ❲❡ ✇✐❧❧ ❝♦♠❡ t♦ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❡①♣❧❛♥❛t✐♦♥ ❛ ❜✐t
❧❛t❡r✳
❚❤❡r❡ ✐s ❛❧s♦ t❤❡ ❧♦❝❛❧ ✉✲✈✲s②st❡♠✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ♦♥ t❤❡ ✇❛❢❡r✳ ■t
❝❛♥ ❜❡ ✉s❡❞ t♦ r❡✜♥❞ ②♦✉r ♣♦s✐t✐♦♥ ♦♥✱ ❢♦r ❡①❛♠♣❧❡✱ ❛ ❧❛r❣❡ ♣❡r✐♦❞✐❝ str✉❝t✉r❡ ✇✐t❤✐♥ t❤❡ ❞❡s✐❣♥✳
■♥ ✜❣✳✷✼ ✭❛✮ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❧♦❝❛❧ ✉✲✈✲s②st❡♠ ❛♥❞ ❛❧s♦ t❤❡ ❣❧♦❜❛❧ ❯✲❱✲s②st❡♠ ❛♥❞ t❤❡ ❳✲❨✲❩✲
❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ t❤❡ st❛❣❡ ❛r❡ ❞r❛✇♥✳
❋✐❣✳✷✼ ✭❜✮ s❤♦✇s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠s ♦♥❡ ❝❛♥ ✉s❡✳ ❚❤❡ ❚r❛♥s✲
❢♦r♠❛t✐♦♥ ❆ ❜❡t✇❡❡♥ t❤❡ st❛❣❡ ❛♥❞ t❤❡ s❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② ❞❡✜♥✐♥❣ t❤❡ ♦r✐❣✐♥ ❛♥❞ t❤❡ ❯✲❛①✐s ♦❢
t❤❡ ❣❧♦❜❛❧ ❯✲❱✲s②st❡♠✳ ❚❤❡ s❛♠❡ ❢♦r ❚r❛♥s❢♦r♠❛t✐♦♥ ❇✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② ❞❡✜♥✐♥❣ t❤❡ ♦r✐❣✐♥ ❛♥❞

✸✺



✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✻✿ ✭❛✮ ❊①❛♠♣❧❡ ♦❢ ❛ q✉❜✐t ❞❡s✐❣♥ ✐♥ t❤❡ ❘❛✐t❤ s♦❢t✇❛r❡✳ ❊❛❝❤ ❡❧❡♠❡♥t s❤♦✇♥ ❤❛s ❛ ❞✐✛❡r❡♥t
❝♦❧♦✉r ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ❛ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦r ❣✐✈❡♥ t♦ t❤✐s ❡❧❡♠❡♥t✳ ❚❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥
s❤♦✇♥ ❤❡r❡ ✐s t❤❛t ♦❢ ❛ ❜r✐❞❣❡ ❢r❡❡ ❥✉♥❝t✐♦♥✳ ✭❜✮ ❙❝r❡❡♥s❤♦t ♦❢ t❤❡ ✑❊❞✐t✑✲✇✐♥❞♦✇ ✐♥ t❤❡ ❘❛✐t❤
s♦❢t✇❛r❡ t♦ s❡t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ ❞❡s✐❣♥✳

t❤❡ ✉✲❛①✐s ♦❢ t❤❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❚r❛♥s❢♦r♠❛t✐♦♥ ❈ ✐s ✐♥ ♣r✐♥❝✐♣❧❡ t❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥✲
♠❡♥t ♣r♦❝❡❞✉r❡✳ ❚❤❡ ✉s❡r ❞♦❡s t❤✐s ❛❧✐❣♥♠❡♥t ❣r❛♣❤✐❝❛❧❧②✱ ❛s ❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✱ ❛♥❞ t❤❡ s♦❢t✇❛r❡
❝❛❧❝✉❧❛t❡s ♣♦ss✐❜❧❡ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦rs ❢♦r ③♦♦♠✱ s❤✐❢t ❛♥❞ r♦t❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ❛①✐s ❛❝❝♦r❞✐♥❣ t♦
t❤❡ ❞❡✜♥❡❞ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✼✿ ✭❛✮ P✐❝t✉r❡ ♦❢ t❤❡ st❛❣❡ ✇✐t❤ ❛ ♠♦✉♥t❡❞ ✇❛❢❡r✳ ❚❤❡ ❳✲❨✲❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ t❤❡ st❛❣❡✱
❛ ❣❧♦❜❛❧ ❯✲❱✲❝♦♦r❞✐♥❛t❡ s②st❡♠ ✇✐t❤ t❤❡ ✇❛❢❡r✢❛t ❛s ❯✲❛①✐s✱ ❛♥❞ ❛ ♣♦ss✐❜❧❡ ❧♦❝❛❧ ✉✲✈✲❝♦♦r❞✐♥❛t❡
s②st❡♠ ❛r❡ s❤♦✇♥✳ ✭❜✮ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝♦♦r❞✐♥❛t❡ s②st❡♠s✳ ✬❚r❛♥s❢♦r♠❛t✐♦♥ ❆✬ ❛♥❞
✬❚r❛♥s❢♦r♠❛t✐♦♥ ❇✬ ❛r❡ ❞♦♥❡ ❜② ❞❡✜♥✐♥❣ ❛♥ ♦r✐❣✐♥ ❛♥❞ t❤❡ ❯✲✴✉✲❛①✐s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♦r❞✐♥❛t❡
s②st❡♠✳ ❚r❛♥s❢♦r♠❛t✐♦♥ ❆ ❝♦♥♥❡❝ts t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ st❛❣❡ ✇✐t❤ t❤❡ ✇❛❢❡r✳ ❚r❛♥s❢♦r♠❛t✐♦♥ ❇
❝♦♥♥❡❝ts t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ✇❛❢❡r ✇✐t❤ ❛ ♣♦ss✐❜❧❡ str✉❝t✉r❡ ♦♥ t❤❡ ✇❛❢❡r ♦r ✇✐t❤✐♥ t❤❡ ❞❡s✐❣♥✳
❚❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✬❚r❛♥s❢♦r♠❛t✐♦♥ ❈✬✳ ■t ❛❧✐❣♥s t❤❡ ✬❜❡❛♠✲❝♦♦r❞✐♥❛t❡s✬✱
t♦ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ s❛♠♣❧❡✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✷✻❪✳

❆❢t❡r ❞❡✜♥✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ✐♠❛❣❡ ❤❛s t♦ ❜❡ ♦♣t✐♠✐③❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜rst t❤✐♥❣ t♦ ❞♦✱ ✐s
t♦ s❡t t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✈♦❧t❛❣❡ ✭❊❍❚✮ ❛♥❞ t❤❡ ❛♣❡rt✉r❡ ②♦✉ ✇❛♥t t♦ ✇♦r❦ ✇✐t❤✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥
✐s ❞♦♥❡ ✇✐t❤ ❞✐r❡❝t❧② r❡✢❡❝t❡❞ ❡❧❡❝tr♦♥s✱ ♠❡❛♥✐♥❣ ✇✐t❤ t❤❡ ♣✐❝t✉r❡ ♦♥❡ ❣❡ts ✇✐t❤ t❤❡ ■♥❧❡♥s❡❉✉♦
❞❡t❡❝t♦r✳ ❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ♦♣t✐♦♥s t♦ ♦♣t✐♠✐③❡ t❤❡ r❡s♦❧✉t✐♦♥✳ ❖♥❡ ❝❛♥ ❝❤❛♥❣❡ t❤❡ ❢♦❝✉s✱ t❤❡
❛st✐❣♠❛t✐s♠✱ t❤❡ ❛♣❡rt✉r❡ ❛❧✐❣♥♠❡♥t ❛♥❞ t❤❡ ❜❡❛♠ s❤✐❢t✳ ■♥ t❤❡ ♣r♦❣r❛♠ ②♦✉ ❝❛♥ s❛✈❡ t❤❡s❡ s❡t✲
t✐♥❣s ✐♥ ❛ ♣r❡❞❡✜♥❡❞ ♣❛r❛♠❡t❡r s❡t ♦r ❥✉st ❝r❡❛t❡ ❛ ♥❡✇ ♦♥❡ ❛♥❞ s❛✈❡ t❤❡♠ t❤❡r❡✳
❚♦ ❞♦ t❤❡ ♦♣t✐♠✐③❛t✐♦♥✱ ②♦✉ ♥❡❡❞ ❛ s♠❛❧❧ ♣❛rt✐❝❧❡ ♦r ❛rt❡❢❛❝t✳ ❚❤✐s ❝❛♥ ❜❡ ❝r❡❛t❡❞ ❢♦r ❡①❛♠♣❧❡

✸✻



❜② s❝r❛t❝❤✐♥❣ t❤❡ s✉r❢❛❝❡ ♦♥ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ✇❛❢❡r✳ ■♥ ✜❣✳✷✽ str✉❝t✉r❡s ♦❢ ❛ s❝r❛t❝❤❡❞ ❣♦❧❞ ❧❛②❡r
♦♥ s❛♣♣❤✐r❡✱ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❞✐✛❡r❡♥t ❜❡❛♠ ♦♣t✐♠✐③❛t✐♦♥s✱ ❛r❡ s❤♦✇♥✳ ❚❤❡ ✜rst ♣✐❝t✉r❡ ✐♥ ❛✮

❋✐❣✉r❡ ✷✽✿ ■♥ ❛✮ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❛ ❜❛❞❧② ❢♦❝✉s❡❞ ❛♥❞ ❛ ✇❡❧❧ ❢♦❝✉s❡❞ ♣✐❝t✉r❡ ✐s s❤♦✇♥✳ ❚❤✐s ✐s ❛♥
♦♣t✐♠✐③❛t✐♦♥ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❞♦ t♦ ❣❡t ♥✐❝❡ ♣✐❝t✉r❡s ✲ ♣❧❛②✐♥❣ ✇✐t❤ t❤❡ ❢♦❝✉s ❢♦r ❡✈❡♥ ❤✐❣❤❡r ❛♥❞
❤✐❣❤❡r ♠❛❣♥✐✜❝❛t✐♦♥s✳ ■♥ ❜✮ t❤❡ ♣✐❝t✉r❡ ✐s ❡✈❡♥ ♠♦r❡ ③♦♦♠❡❞ ✐♥ ❛♥❞ ♦♣t✐♠✐③❡❞ ❢♦r t❤❡ ❛st✐❣♠❛t✐s♠✳
❚❤❡ ✜rst ♣✐❝t✉r❡ ✐s ❜❡❢♦r❡ ❝♦rr❡❝t✐♦♥✱ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ s❤♦✇ ❡①tr❡♠❡❧② ♠✐s❛❧✐❣♥❡❞ ❛st✐❣♠❛t✐s♠
✈❛❧✉❡s✳ ■♥ t❤❡ ❧❛st ♣✐❝t✉r❡ ②♦✉ ❝❛♥ s❡❡ t❤❡ ❝♦rr❡❝t❡❞ ♦♥❡✳ ❙t❛rt✐♥❣ ✇✐t❤ t❤✐s ❧❛st ♣✐❝t✉r❡ ♦❢ ❜✮ ✐♥
❝✮✱ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣✐❝t✉r❡ ❛❢t❡r t❤❡ ❛♣❡rt✉r❡ ❛❧✐❣♥♠❡♥t ✐s s❤♦✇♥✳ ❋♦r ♠♦r❡ ❡①♣❧❛♥❛t✐♦♥s
s❡❡ t❤❡ ♠❛✐♥ t❡①t✳ ❆❧❧ ♣✐❝t✉r❡s ❛r❡ t❛❦❡♥ ✇✐t❤ t❤❡ s❡tt✐♥❣s✿ ❲❉ ❂ ✶✵✳✻ ♠♠✱ ❙✐❣♥❛❧ ❂ ■♥❧❡♥s❡❉✉♦✱
❆♣❡rt✉r❡ ❙✐③❡ ❂ ✸✵ µm✱ ❊❍❚ ❂ ✸ ❦❱✳

✐s t❤❡ ♣✐❝t✉r❡ ②♦✉ s❡❡ ❜② ❥✉st ♠❛❣♥✐❢②✐♥❣ t❤❡ str✉❝t✉r❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ s❛♠❡ ♣✐❝t✉r❡ ❛❢t❡r
❝❤❛♥❣✐♥❣ t❤❡ ❢♦❝✉s ♦❢ t❤❡ ❜❡❛♠✳ ❚❤✐s ❛❧r❡❛❞② ❝❧❡❛r❧② ✐♠♣r♦✈❡s t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣✐❝t✉r❡✳
■♥ ❜✮ ■ ③♦♦♠❡❞ ✐♥ ♦♥ t❤❡ ❜♦tt♦♠ ♣❛rt ♦❢ t❤❡ str✉❝t✉r❡✳ ❖♥ t❤❡ ✜rst ♣✐❝t✉r❡✱ t❤❡ ❢♦❝✉s ✐s ❛❧r❡❛❞②
♦♣t✐♠✐③❡❞✳ ◆♦✇ ■ ✇❛♥t t♦ ♦♣t✐♠✐③❡ t❤❡ ❛st✐❣♠❛t✐s♠ ♦❢ t❤❡ ♣✐❝t✉r❡✳ ❚❤❡ ❜❡st t❤✐♥❣ t♦ ❞♦ t❤✐s ✐s
t♦ ✜♥❞ ❛ ♣❛rt✐❝❧❡ ✇❤✐❝❤ ②♦✉ ❦♥♦✇ ❤❛s ❛ r♦✉♥❞ s❤❛♣❡✳ ❖♥ r♦✉♥❞ ♣❛rt✐❝❧❡s ②♦✉ ❝❛♥ s❡❡ ❜❡st ❤♦✇
t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❛st✐❣♠❛t✐s♠ ❝❤❛♥❣❡s t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣✐❝t✉r❡✳ ❍❡r❡ ■ ❞✐❞♥✬t ✉s❡❞ ❛ r♦✉♥❞
♣❛rt✐❝❧❡✱ ❜✉t ✐♥st❡❛❞ ✉s❡❞ t❤❡ ❤✉❣❡ ❛♠♦✉♥t ♦❢ ❞✐✛❡r❡♥t str✉❝t✉r❡s ♦♥ t❤❡ ♣✐❝t✉r❡✳ ❖♥ t❤❡ s❡❝♦♥❞
♣✐❝t✉r❡✱ t❤❡ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❛st✐❣♠❛t✐s♠ ✐♥ ②✲❞✐r❡❝t✐♦♥ ✐s s❤♦✇♥✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ❣❡ts ✇♦rs❡
❛♥❞ t❤❡ ♣✐❝t✉r❡ s❡❡♠s t♦ str❡t❝❤ ✐♥ ①✲❞✐r❡❝t✐♦♥✳ ❖♥ t❤❡ t❤✐r❞ ♣✐❝t✉r❡ t❤❡ s❛♠❡ ♠✐s❛❧✐❣♥♠❡♥t ✐s
❞♦♥❡ ✐♥ ①✲❞✐r❡❝t✐♦♥ ❛♥❞ s❤♦✇s t❤❡ str❡t❝❤✐♥❣ ♦❢ t❤❡ ♣✐❝t✉r❡ ✐♥ ②✲❞✐r❡❝t✐♦♥✳ ❆❢t❡r s♦♠❡ t✐♠❡ ♦❢
♦♣t✐♠✐③❛t✐♦♥✱ ♦♥❡ ❡♥❞s ✉♣ ✇✐t❤ s❡tt✐♥❣s ✇❤✐❝❤ ♣r♦✈✐❞❡ t❤❡ ❜❡st r❡s♦❧✉t✐♦♥✳ ❇② ♦♣t✐♠✐③✐♥❣ ❛❣❛✐♥
t❤❡ ❢♦❝✉s✱ ♦♥❡ ❣❡ts t❤❡ ❧❛st ♣✐❝t✉r❡ ✐♥ ✜❣✳✷✽ ❜✮✳ ❈♦♠♣❛r✐♥❣ ✐t t♦ t❤❡ ✜rst ♣✐❝t✉r❡ ✇❡ ❝❛♥ s❡❡✱ t❤❛t
t❤❡ ♦✈❡r❛❧❧ r❡s♦❧✉t✐♦♥ ✐s ❛ ❜✐t ❜❡tt❡r✳ ❆❧s♦ t❤❡ ❡❣❣✲s❤❛♣❡❞ str✉❝t✉r❡ ✐♥ t❤❡ ❜♦tt♦♠ r✐❣❤t ❝♦r♥❡r ❢♦r
❡①❛♠♣❧❡ ✐s ♥♦✇ ❛ ❜✐t ♠♦r❡ str❡t❝❤❡❞ ✐♥ ②✲❞✐r❡❝t✐♦♥ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❛st✐❣♠❛t✐s♠ ❝♦rr❡❝t✐♦♥✳
■♥ ✜❣✳✷✽ ❝✮ t❤❡ ❧❛st ♣✐❝t✉r❡ ✐♥ ❜✮ ❣❡ts ❡✈❡♥ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ❜② ♦♣t✐♠✐③✐♥❣ t❤❡ ❛♣❡rt✉r❡ ❛❧✐❣♥♠❡♥t✳
❋♦r t❤✐s✱ ❛❣❛✐♥✱ ❛ ❞❡✜♥❡❞ ♣❛rt✐❝❧❡✱ ♠❛r❦❡❞ ✇✐t❤ t❤❡ ❣r❡❡♥ ❝r♦ss❤❛✐r s❤♦✇♥ ♦♥ t❤❡ s❡❝♦♥❞ ♣✐❝t✉r❡✱ ✐s
✉s❡❞✳ ❚❤❡ ❛❧✐❣♥♠❡♥t ✐s ❞♦♥❡ ✇✐t❤ t❤❡ s♦ ❝❛❧❧❡❞ ✇♦❜❜❧❡ ♠♦❞❡✱ ✇❤❡r❡ t❤❡ ❢♦❝✉s ✐s ❝❤❛♥❣❡❞ ❝♦♥st❛♥t❧②
t❤r♦✉❣❤ t❤❡ s✉r❢❛❝❡✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ✇♦❜❜❧❡ ♦❢ t❤❡ ♣✐❝t✉r❡✱ ✐❢ t❤❡ ❛♣❡rt✉r❡ ✐s ♥♦t ♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞✳
❚♦ ❛❧✐❣♥ t❤❡ ❛♣❡rt✉r❡✱ ♦♥❡ ❤❛s t♦ ✜♥❞ t❤❡ s❡tt✐♥❣s ✇❤❡r❡ t❤❡ ♣✐❝t✉r❡ ✐♥ t❤❡ ✇♦❜❜❧❡ ♠♦❞❡ ❞♦❡s♥✬t
♠♦✈❡ ❛♥② ♠♦r❡✳ ❚❤❡ r❡s✉❧t ♦❢ t❤❡ ❛♣❡rt✉r❡ ❛❧✐❣♥♠❡♥t ✐s s❤♦✇♥ ♦♥ t❤❡ s❡❝♦♥❞ ♣✐❝t✉r❡✳ ❖♥❡ ❝❛♥
s❡❡✱ t❤❛t t❤❡ r❡s♦❧✉t✐♦♥ ✐s ❡✈❡♥ ❜❡tt❡r t❤❛♥ ❜❡❢♦r❡✳ ❚❤❡ ❧❛st ♦♣t✐♠✐③❛t✐♦♥✱ ✐s t❤❡ ❜❡❛♠ s❤✐❢t✳ ■♥ ♦✉r
❝❛s❡✱ t❤❡ ❜❡st r❡s✉❧ts ❛r❡ ❛❝❤✐❡✈❡❞ ❜② s❡tt✐♥❣ t❤❡ ❜❡❛♠ s❤✐❢t t♦ ③❡r♦✳
❆❢t❡r t❤✐s ✐♠❛❣❡ ♦♣t✐♠✐③❛t✐♦♥✱ ♦♥❡ ❝❛♥ st❛rt t♦ ❛❧✐❣♥ t❤❡ ❜❡❛♠ t♦ t❤❡ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ t❤❡

✸✼



✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t✳ ❚♦ ❡①♣❧❛✐♥ t❤✐s ♣r♦❝❡❞✉r❡✱ ✐t ✐s ✉s❡❢✉❧ t♦ ✜rst ✐♥tr♦❞✉❝❡ ❛ ❢❡✇ t❡r♠s ❛♥❞
❞❡✜♥✐t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❡✲❧✐♥❡ s♦❢t✇❛r❡ t♦ ♣❧❛❝❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ❛♥❞ ❞♦ ❧✐t❤♦❣r❛♣❤②✳
❋✐rst✱ t❤❡r❡ ✐s t❤❡ s♦ ❝❛❧❧❡❞ ✇♦r❦✐♥❣ ❛r❡❛✱ ✇❤✐❝❤ ✐s s❡t ❛✉t♦♠❛t✐❝❛❧❧② ❛r♦✉♥❞ ❛❧❧ t❤❡ str✉❝t✉r❡s ✐♥
t❤❡ ❞❡s✐❣♥✳ ❆s t❤❡ ♥❛♠❡ ✐♥❞✐❝❛t❡s ✐t ❞❡✜♥❡s t❤❡ ❛r❡❛ ✐♥ ✇❤✐❝❤ t❤❡ ❜❡❛♠ ✐s ✑✇♦r❦✐♥❣✑✳ ❖♥❡ ❝❛♥ ❛❧s♦
❞❡✜♥❡ ✐t ❜② ❤❛♥❞ ✇❤✐❝❤ ✐s s♦♠❡t✐♠❡s ♥❡❡❞❡❞ t♦ ❛✈♦✐❞ st✐t❝❤✐♥❣ ✐♥ t❤❡ ❞❡s✐❣♥✳ ❙t✐t❝❤✐♥❣ ❛♣♣❡❛rs ♦♥
t❤❡ ❡❞❣❡s ♦❢ ❛ ✇r✐t❡✜❡❧❞✱ ✇❤❡♥ t❤❡ ❜❡❛♠ ♠♦✈❡s ❢r♦♠ ♦♥❡ ✇r✐t❡✜❡❧❞ t♦ ❛♥♦t❤❡r ✭♠♦r❡ ❛❜♦✉t t❤✐s
❧❛t❡r✮✳ ❙♦ ✇❤❛t ✐s ❛ ✇r✐t❡✜❡❧❞❄ ❚❤❡ ✇♦r❦✐♥❣ ❛r❡❛ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ✇r✐t❡✜❡❧❞s✱ ♣r❡❞❡✜♥❡❞ ❢r♦♠ ✶
µ♠2 t♦ ✷ ♠♠2 ❛♥❞ ❝♦♥♥❡❝t❡❞ t♦ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❣♥✐✜❝❛t✐♦♥✳ ❲✐t❤✐♥ ❛ ✇r✐t❡✜❡❧❞ t❤❡ st❛❣❡ ✇✐t❤
t❤❡ s❛♠♣❧❡ ❞♦❡s♥✬t ❤❛✈❡ t♦ ♠♦✈❡✳ ❚❤❡ ❛r❡❛ ♦❢ t❤❡ ✇r✐t❡✜❡❧❞ ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❜② ❥✉st ❞❡✢❡❝t✐♥❣ t❤❡
❡❧❡❝tr♦♥ ❜❡❛♠✳ ❚❤❡ ♠♦r❡ t❤❡ ❜❡❛♠ ✐s ❞❡✢❡❝t❡❞ t❤❡ s♠❛❧❧❡r t❤❡ r❡s♦❧✉t✐♦♥✱ ❛s t❤❡ ❜❡❛♠ ❜r♦❛❞❡♥s
❞✉❡ t♦ t❤❡ ❣r♦✇✐♥❣ ❛♥❣❧❡ ✉♥❞❡r ✇❤✐❝❤ ✐t ✑❤✐ts✑ t❤❡ ♣♦❧②♠❡r✳ ❚❤❡r❡❢♦r❡✱ ✐❢ s♠❛❧❧ str✉❝t✉r❡s ✇✐t❤
❤✐❣❤ r❡s♦❧✉t✐♦♥ ♥❡❡❞ t♦ ❜❡ ✇r✐tt❡♥✱ ✐t ✐s ❜❡tt❡r t♦ ❝❤♦♦s❡ ❛ s♠❛❧❧ ✇r✐t❡✜❡❧❞✳ ■t ❝❛♥ ❜❡ ❤❡❧♣❢✉❧ t♦

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✾✿ ✭❛✮ ❙❝r❡❡♥s❤♦ts ♦❢ t❤❡ ❞❡s✐❣♥✳ ■t ✐s t✉r♥❡❞ ✉♣s✐❞❡ ❞♦✇♥ t♦ ❜❡tt❡r ❝♦♠♣❛r❡ ✐t t♦ t❤❡
♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡✳ ✭❜✮ ❖♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s ♦❢ t❤❡ str✉❝t✉r❡s t❤❛t ✇❡r❡ ✇r✐tt❡♥✳ ❚❤❡ ❜❧❛❝❦
❝✐r❝❧❡s ✐♥❞✐❝❛t❡ t❤❡ s♠❛❧❧ str✉❝t✉r❡s✳ ❚❤❡ s♠❛❧❧ ❛♥❞ ❜✐❣ ♣❛rts ♦❢ t❤❡ q✉❜✐t ❞❡s✐❣♥ ✐♥ ✭❛✮ ✭❝♦❧♦✉r❡❞
✐♥ ❣r❡❡♥✮ ❛r❡ ✇r✐tt❡♥ ✇✐t❤ ❞✐✛❡r❡♥t ✇r✐t❡✜❡❧❞ s✐③❡s✳ ❖♥❡ ♦❢ ❡❛❝❤ ✇r✐t❡✜❡❧❞ s✐③❡ ✐s s❤♦✇♥ ❜② t❤❡ ❜❧✉❡
sq✉❛r❡✳ ❚❤❡② r❡s♣❡❝t✐✈❡❧② ❤❛✈❡ ❛ s✐❞❡ ❧❡♥❣t❤ ♦❢ ✷✵✵✵ µ♠ ❛♥❞ ❛ s✐❞❡ ❧❡♥❣t❤ ♦❢ ✷✵✵ µ♠✳ ❆s s❤♦✇♥
✐♥ ✭❜✮✱ t❤❡ ❜✐❣ ❛♥❞ s♠❛❧❧ str✉❝t✉r❡s ❛r❡ s❤✐❢t❡❞ ❜② ❤❛❧❢ ♦❢ t❤❡ ❜✐❣ ✇r✐t❡✜❡❧❞ ♠✐♥✉s ❤❛❧❢ ♦❢ t❤❡ s♠❛❧❧
✇r✐t❡✜❡❧❞✱ ✇❤✐❝❤ ✐s ✾✵✵ µ♠ ✐♥ t❤✐s ❝❛s❡✳ ❚❤✐s s❤✐❢t ✐s ❞✉❡ t♦ t❤❡ ❛✉t♦♠❛t✐❝ ♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❝❡♥t❡r
♣♦✐♥ts ♦❢ t❤❡ ✇r✐t❡✜❡❧❞s ❛t t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛♥❞ ❤❛s t♦ ❜❡ ❝♦♠♣❡♥s❛t❡❞
♠❛♥✉❛❧❧② ❜❡❢♦r❡ ✇r✐t✐♥❣✳

❞❡✜♥❡ ❞✐✛❡r❡♥t ✇r✐t❡✜❡❧❞ s✐③❡s✱ ✇❤❡♥ ✈❡r② ❜✐❣ ❛♥❞ ✈❡r② s♠❛❧❧ str✉❝t✉r❡s ❛r❡ ✇✐t❤✐♥ t❤❡ s❛♠❡ ❞❡s✐❣♥✳
❚❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❜✐❣ ✇r✐t❡✜❡❧❞s ❛r❡✱ t❤❛t t❤❡② ❝❛♥ ❛✈♦✐❞ st✐t❝❤✐♥❣ ♣r♦❜❧❡♠s ❛♥❞ ❝❛♥ ❤❡❧♣ ②♦✉
s❛✈❡ t✐♠❡✳ ❇② ✉s✐♥❣ ❜✐❣❣❡r ✇r✐t❡✜❡❧❞s ❢♦r t❤❡ ❜✐❣❣❡r str✉❝t✉r❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦✈❡♠❡♥ts ♦❢ t❤❡
st❛❣❡ ❢r♦♠ ✇r✐t❡✜❡❧❞ t♦ ✇r✐t❡✜❡❧❞✱ ❝❛♥ ❜❡ r❡❞✉❝❡❞✳ ❚❤✐s ♠♦✈✐♥❣ t✐♠❡ ✐s t❤❡ s❧♦✇❡st t✐♠❡ s❝❛❧❡ ✐♥
t❤❡ ❧✐t❤♦❣r❛♣❤② ♣r♦❝❡ss✳ ■♥ ✜❣✳✷✾ ♦♥❡ ♦❢ ♦✉r ✜rst tr✐❡s t♦ ✇r✐t❡ ✇❤♦❧❡ q✉❜✐t str✉❝t✉r❡s ✇✐t❤ t✇♦
❞✐✛❡r❡♥t ✇r✐t❡✜❡❧❞ s✐③❡s ✐s s❤♦✇♥✳ ❋♦r t❤❡ ❜✐❣ str✉❝t✉r❡s ✷✵✵✵ µ♠ ✇r✐t❡✜❡❧❞s✱ ❛♥❞ ❢♦r t❤❡ s♠❛❧❧
sr✉❝t✉r❡s ✷✵✵ µ♠ ✇r✐t❡✜❡❧❞s ❛r❡ ✉s❡❞✳ ❖♥❡ ❝❛♥ s❡❡✱ t❤❛t t❤❡② ❛r❡ s❤✐❢t❡❞ ❜② ❛❜♦✉t ✾✵✵ µ♠ ✐♥ ❯✲
❛♥❞ ✾✵✵ µ♠ ✐♥ ❱✲❞✐r❡❝t✐♦♥ ❛❣❛✐♥st ❡❛❝❤ ♦t❤❡r✳
❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜② ❧♦♦❦✐♥❣ ❛t ✜❣✳✸✵ ✇❤❡r❡ t❤❡ ♣❧❛❝❡♠❡♥t ♦❢ ✇r✐t❡✜❡❧❞s ✐s s❦❡t❝❤❡❞✳
❚❤❡ s♦❢t✇❛r❡ ♣❧❛❝❡s t❤❡ ❝❡♥t❡r ♣♦✐♥ts ♦❢ t❤❡ ✇r✐t❡✜❡❧❞s ❛✉t♦♠❛t✐❝❛❧❧② t♦ t❤❡ ❣❧♦❜❛❧ ✭✵❀✵✮✲♣♦✐♥t✳ ❚❤✐s
❧❡❛❞s t♦ ❛ s❤✐❢t ❜❡t✇❡❡♥ t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ✇r✐tt❡♥ ✐♥ t❤❡ s♠❛❧❧ ✇r✐t❡✜❡❧❞s ❛♥❞ t❤♦s❡ ✇r✐tt❡♥ ✐♥ t❤❡
❜✐❣ ✇r✐t❡✜❡❧❞s ✭s❡❡ ✭❛✮✮✳ ❚❤✐s s❤✐❢t ❤❛s t♦ ❜❡ ❝♦rr❡❝t❡❞ ♠❛♥✉❛❧❧② ✐♥ t❤❡ ♣♦s✐t✐♦♥ ❧✐st ✭❛ ❧✐st ✐♥❝❧✉❞✐♥❣
❛❧❧ t❤❡ t❛s❦s ❛♥❞ ♣r♦♣❡rt✐❡s ❢♦r ❛ ✇❤♦❧❡ ❧✐t❤♦❣r❛♣❤② ♣r♦❝❡ss✮✳ ❆s s❤♦✇♥ ✐♥ ✜❣✳✸✵ ✭❜✮✱ t❤❡ s❤✐❢t✱
t♦ ❝♦rr❡❝t❧② ♦✈❡r❧❛♣ t❤❡ str✉❝t✉r❡s ❛❣❛✐♥✱ ✐s ❤❛❧❢ ♦❢ t❤❡ ❜✐❣ ✇r✐t❡✜❡❧❞ s✐③❡ ♠✐♥✉s ❤❛❧❢ ♦❢ t❤❡ s♠❛❧❧
✇r✐t❡✜❡❧❞ s✐③❡✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ❜❡❢♦r❡✱ t❤✐s s❤✐❢t ✜ts t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥s ✭20002 − 200

2 = 900µ♠✮✳
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◆♦✇✱ ❛s ✇❡ ❦♥♦✇ ✇❤❛t ✇r✐t❡✜❡❧❞s ❛r❡ ❛♥❞ ❤♦✇ t❤❡② ❛r❡ ✉s❡❞ ✐♥ t❤❡ s♦❢t✇❛r❡✱ ✇❡ ❝❛♥ r✉♥ t❤❡

❋✐❣✉r❡ ✸✵✿ ❆ q✉❜✐t ❞❡s✐❣♥ ✇r✐tt❡♥ ✇✐t❤ ❛ ✶✵✵ µ♠2 ✇r✐t❡✜❡❧❞ ❢♦r t❤❡ s♠❛❧❧ str✉❝t✉r❡s ❛♥❞ ❛ ✶✵✵✵
µ♠2 ✇r✐t❡✜❡❧❞ ❢♦r t❤❡ ❜✐❣ str✉❝t✉r❡s ✐s s❤♦✇♥✳ ❲✐t❤ t❤❡ ♦r❛♥❣❡ ❝r♦ss❡s t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✇r✐t❡✜❡❧❞s
❛r❡ ♠❛r❦❡❞✳ ❚❤❡ r❡❞ ❝✐r❝❧❡s ✐♥❞✐❝❛t❡s t❤❡ st❛rt✐♥❣ ♣♦✐♥ts ♦❢ t❤❡ ❜❡❛♠✳ ■♥ ✭❛✮ t❤❡ st❛rt✐♥❣ ♣♦✐♥ts
❢♦r t❤❡ ❜❡❛♠✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❝❡♥t❡r ♣♦✐♥ts ♦❢ t❤❡ ✇r✐t❡✜❡❧❞s✱ ❛r❡ ♣❧❛❝❡❞ ❛t t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡✱
✐♥ t❤✐s ❝❛s❡ t❤❡ ✭✵❀✵✮ ♣♦✐♥t✳ ❚❤✐s ❧❡❛❞s t♦ ❛ s❤✐❢t ❜❡t✇❡❡♥ t❤❡ ❜✐❣ ❛♥❞ s♠❛❧❧ str✉❝t✉r❡s ✇❤✐❝❤ ❤❛s
t♦ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ♠❛♥✉❛❧❧②✳ ■♥ ✭❜✮ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡ s♠❛❧❧ ✇r✐t❡✜❡❧❞ ✐s s❤✐❢t❡❞ ❜② ✭✲✹✺✵µ♠❀
✲✹✺✵µ♠✮ ✐♥ ❯ ❛♥❞ ❱ t♦ ♦✈❡r❧❛② t❤❡ str✉❝t✉r❡s✳

✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ♣r♦❝❡❞✉r❡ t♦ ❛❧✐❣♥ t❤❡ ❜❡❛♠ t♦ t❤❡ ✇r✐t❡✜❡❧❞s✳ ■♥ ♦✉r ❝❛s❡✱ ❛s ✇❡ ❤❛✈❡ ❛ ❧❛s❡r
✐♥t❡r❢❡r♦♠❡t❡r st❛❣❡✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❧❛s❡r st❛❣❡ ❛s ♠❡❛s✉r✐♥❣ st❛♥❞❛r❞ ❛♥❞ ❝❛♥ ❣❡t ❛ ✈❡r② ♣r❡❝✐s❡
❛❧✐❣♥♠❡♥t✳ ❚❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ❤❛s t♦ ❜❡ ❞♦♥❡ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ✉s❡❞ ❛♣❡rt✉r❡s✦
■♥ t❤❡ ✜❣✉r❡s ✸✶ ❛♥❞ ✸✷ t❤❡ st❡♣s ♦❢ t❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ♣r♦❝❡❞✉r❡ ❛r❡ s❤♦✇♥✳ ■♥ ✜❣✳✸✶ ❛✮
t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦✈❡♠❡♥t ♦❢ t❤❡ st❛❣❡ ❞✉r✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ✐s s❦❡t❝❤❡❞✳ ❚❤❡ ✑♠❛r❦✑ ✐♥❞✐❝❛t❡s t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠✱ t❤❡ s♠❛❧❧ r❡❝t❛♥❣❧❡ ✭✑s❝❛♥ ❛r♦✉♥❞ ♠❛r❦✑✮ ✐♥❞✐❝❛t❡s t❤❡ ❛r❡❛ ✐♥ ✇❤✐❝❤
t❤❡ ❜❡❛♠ s❝❛♥s ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✭♣❧❛❝❡❞ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✇r✐t❡✜❡❧❞✮ ❢r♦♠ ❡❛❝❤ ❝♦r♥❡r ♦❢
t❤❡ ✇r✐t❡✜❡❧❞✱ ❜② ❞❡✢❡❝t✐♥❣ t❤❡ ❜❡❛♠✳ ❚❤❡ ♣❛rt✐❝❧❡ s❤♦✉❧❞ ❤❛✈❡ ❛ ♣r♦♠✐♥❡♥t ❢❡❛t✉r❡✱ ❛s ✐♥❞✐❝❛t❡❞
✇✐t❤ t❤❡ ❣r❡❡♥ ❝r♦ss ❤❛✐r ✐♥ ✜❣✳✸✶ ❜✮✳ ❚❤✐s ♣♦✐♥t s❤♦✉❧❞ ❜❡ ❝❧❡❛r❧② ✈✐s✐❜❧❡✱ ♥♦t ♦♥❧② ✐♥ t❤❡ ③♦♦♠✱
❜✉t ❛❧s♦ ❢r♦♠ ❢✉rt❤❡r ❛✇❛②✳ ■t ✐s t❤❡ ♣♦✐♥t t♦ ✇❤✐❝❤ t❤❡ ♣✐❝t✉r❡s ♦❢ t❤❡ ✑s❝❛♥ ❛r♦✉♥❞ ♠❛r❦s✑ ❛r❡
❝♦rr❡❝t❡❞✳ ■♥ t❤❡ ❡①❛♠♣❧❡ ✐♥ ✜❣✳✸✷ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❛ ✶✵✵✵ µ♠ ❲❋ ❛♥❞ t❤❡ ✑s❝❛♥ ❛r♦✉♥❞ ♠❛r❦✑
✇✐t❤ ❛ s✐❞❡ ❧❡♥❣t❤ ♦❢ ✶✵✵ µ♠ ✇❛s ❛❝❝♦♠♣❧✐s❤❡❞✳ ❖♥ t❤❡ ❧❡❢t✱ ♣✐❝t✉r❡s ♦❢ t❤❡ ❝❤♦s❡♥ ♣❛rt✐❝❧❡ ❢r♦♠
❡❛❝❤ ♦❢ t❤❡ ❢♦✉r s❝❛♥♥✐♥❣ ♣♦s✐t✐♦♥s ✭s❡❡ ✜❣✳✸✶ ❛✮✮ ❛r❡ s❤♦✇♥✳ ❚❤❡ ❣r❡❡♥ ❝r♦ss ✐♥❞✐❝❛t❡s t❤❡ ❝❡♥t❡r
♦❢ t❤❡ ♣✐❝t✉r❡ ❛♥❞ s❤♦✉❧❞ ♠❛t❝❤ ✇✐t❤ t❤❡ str✉❝t✉r❡s ♠❛r❦❡❞ ♦♥ t❤❡ ♣❛rt✐❝❧❡ ✐♥ ✜❣✳✸✶ ❜✮✳ ❚❤✐s ✐s ♥♦t
t❤❡ ❝❛s❡ ♦♥ ❛❧❧ ♦❢ t❤❡ ❢♦✉r ♣✐❝t✉r❡s✳ ❚❤❡r❡❢♦r❡ t❤❡ ♣♦s✐t✐♦♥s ♥❡❡❞ t♦ ❜❡ ❝♦rr❡❝t❡❞✳ ❚❤✐s ✐s ❞♦♥❡ ❜②
♠♦✈✐♥❣ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♣✐❝t✉r❡ t♦ t❤❡ ♣♦✐♥t ✇❤❡r❡ ✐t s❤♦✉❧❞ ❜❡✳ ❚♦ ✐❞❡♥t✐❢② t❤❡ s❤✐❢t✱ t❤❡ ❣r❡❡♥
❝r♦ss ♠❛r❦s ❝❤❛♥❣❡ t♦ ❜❧✉❡ ♦♥❡s✱ ❛s s❤♦✇♥ ♦♥ t❤❡ ❢♦✉r ♣✐❝t✉r❡s ♦♥ t❤❡ r✐❣❤t✳ ❋r♦♠ t❤✐s ♠❛♥✉❛❧
❝♦rr❡❝t✐♦♥s✱ t❤❡ s♦❢t✇❛r❡ ❝❛❧❝✉❧❛t❡s ❝♦rr❡❝t✐♦♥ ❢❛❝t♦rs ❢♦r ❛ ③♦♦♠✱ ❛ r♦t❛t✐♦♥ ❛♥❞ ❛ s❤✐❢t ✐♥ ❯ ❛♥❞
❱ ❞✐r❡❝t✐♦♥✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ❛❧s♦ t❤❡ ❜❧✉❡ ❝r♦ss❡s ❛r❡ ♥♦t ❡①❛❝t❧② ❛t t❤❡ ♣♦s✐t✐♦♥
♠❛r❦❡❞ ✐♥ ✜❣✳✸✶ ❜✮✳ ■t ✐s ❥✉st ❛ ✜rst ❝♦rr❡❝t✐♦♥ ✐♥ t❤❡ r✐❣❤t ❞✐r❡❝t✐♦♥✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ ❛❧✐❣♥♠❡♥t✱
t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❡✈❡♥ s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r ✑s❝❛♥ ❛r♦✉♥❞ ♠❛r❦s✑✳
■❢ t❤❡ ❜❡❛♠ ✐s ♥♦t ♣r♦♣❡r❧② ❛❧✐❣♥❡❞ ❞✉r✐♥❣ t❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ♣r♦❝❡❞✉r❡✱ ✐t ❝❛♥ ❧❡❛❞ t♦ st✐t❝❤✲
✐♥❣ ❡rr♦rs ♦❢ t❤❡ ❞❡s✐❣♥✳ ■♥ ✜❣✳✸✸ ✐t ✐s s❦❡t❝❤❡❞ ❤♦✇ t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ❝♦✉❧❞ ❜❡ s❤✐❢t❡❞ ❞✉❡ t♦
♠✐s❛❧✐❣♥♠❡♥ts ♦❢ ❜❡❛♠ ❝♦♦r❞✐♥❛t❡s✱ r❡♣r❡s❡♥t❡❞ ✇✐t❤ t❤❡ ✇r✐t❡✜❡❧❞s✱ t♦ t❤❡ ❣❧♦❜❛❧ ❯✲❱✲❝♦♦r❞✐♥❛t❡s✳
❋✐❣✳✸✸ ✐✮ s❤♦✇s t❤❡ ❝❛s❡✱ ✇❤❡r❡ t❤❡ ✇r✐t❡✜❡❧❞s ❛r❡ ♣❡r❢❡❝t❧② ❛❧✐❣♥❡❞✳ ❚❤❡ ❜❡❛♠ ✇r✐t❡s ✐♥ ♣❡r❢❡❝t❧②
❛❧✐❣♥❡❞ ✇r✐t❡✜❡❧❞s ❛♥❞ t❤❡r❡❢♦r❡ ♥♦ st✐t❝❤✐♥❣ ❡rr♦rs ❛♣♣❡❛r✳ ■♥ ✐✐✮ ❥✉st t❤❡ ❱✲❛①✐s ♦❢ t❤❡ ❜❡❛♠ ✐s
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❋✐❣✉r❡ ✸✶✿ ❛✮ ❙t❡♣s ♦❢ t❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥❡♠❡♥t ♣r♦❝❡❞✉r❡✳ ❆ ♣❛rt✐❝❧❡ t♦ ❞♦ t❤❡ ❛❧✐❣♥♠❡♥t ✐s ♣❧❛❝❡❞
✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✇r✐t❡✜❡❧❞✳ ❚❤❡♥✱ t❤❡ ❜❡❛♠ ♠♦✈❡s t♦ ❡❛❝❤ ❝♦r♥❡r ♦❢ t❤❡ ✇r✐t❡✜❡❧❞ ❛♥❞ s❝❛♥s
❢r♦♠ t❤❡r❡ ❛ s♠❛❧❧ ❛r❡❛ ❛r♦✉♥❞ t❤❡ ♣❛rt✐❝❧❡✳ ■❢ t❤❡ str✉❝t✉r❡s ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤✐s s❝❛♥s ❞♦❡s♥✬t
♠❛t❝❤ ✇✐t❤ t❤❡ str✉❝t✉r❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♣✐❝t✉r❡ ❝❤♦s❡♥ ❜❡❢♦r❡✱ t❤❡ ♣✐❝t✉r❡
❤❛s t♦ ❜❡ ❝♦rr❡❝t❡❞✳ ❋r♦♠ t❤✐s ❣r❛✜❝❛❧ ❛❧✐❣♥♠❡♥t t❤❡ s♦❢t✇❛r❡ ❝❛❧❝✉❧❛t❡s ❝♦rr❡❝t✐♦♥ ❢❛❝t♦rs ❢♦r t❤❡
③♦♦♠✱ t❤❡ s❤✐❢t ❛♥❞ t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦❢ t❤❡ ❜❡❛♠✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✷✻❪
❛♥❞ ♠♦❞✐✜❡❞✳ ❜✮ ❆♥ ❛rt❡❢❛❝t ♦♥ ❛ ♣❛rt✐❝❧❡✱ ❝❤♦s❡♥ ✇✐t❤ t❤❡ ❣r❡❡♥ ❝r♦ss ♠❛r❦✱ t♦ ❞♦ t❤❡ ✇r✐t❡✜❡❧❞
❛❧✐❣♥♠❡♥t✳

♥♦t t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ ❣❧♦❜❛❧ ❯✲❱✲❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❚❤❡ ♣❛rts ♦❢ t❤❡ ❞❡s✐❣♥ ✇❤✐❝❤ ❢❛❧❧ ❛❝r♦ss
t✇♦ ✇r✐t❡✜❡❧❞s ❣❡t s❤✐❢t❡❞ ❛❣❛✐♥st ❡❛❝❤ ♦t❤❡r✳ ■♥ ✐✐✐✮ ❜♦t❤ ❛①❡s ❛r❡ ♠✐s❛❧✐❣♥❡❞✱ ✇❤✐❝❤ ❛❞❞✐t✐♦♥❛❧❧②
❝❛♥ ❧❡❛❞ t♦ ♦✈❡r❧❛♣s ♦❢ t❤❡ str✉❝t✉r❡s✳
❚♦ ❛✈♦✐❞ st✐t❝❤✐♥❣ ❡rr♦rs✱ ❛♥❞ ♠❛❦❡ s✉r❡ t❤❛t t❤❡r❡ ✐s ✐♥ t❤❡ ❡♥❞ ♥♦ ❣❛♣ ✐♥ t❤❡ str✉❝t✉r❡s✱ ♦♥❡ ❝❛♥
❞❡s✐❣♥ ❛ ❧✐tt❧❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts✳ ■♥ ✜❣✳✸✹ t❤❡r❡ ❛r❡ ❡①❛♠♣❧❡s ♦❢ s✐t✉❛t✐♦♥s ❣✐✈❡♥✱
✇❤❡r❡ ❛♥ ♦✈❡r❧❛♣ ✐♥ t❤❡ ❞❡s✐❣♥ ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧✳ ❚❤❡ ♣♦s✐t✐♦♥s ♦❢ ♣♦ss✐❜❧❡ st✐t❝❤✐♥❣ ❛r❡ ♠❛r❦❡❞ ✇✐t❤
t❤❡ ❣r❡❡♥ ❝✐r❝❧❡s✳ ■♥ ❛✮ t❤❡ str✉❝t✉r❡s ❛r❡ t♦♦ ❧♦♥❣ t♦ ✜t ✐♥ ❛♥② ♦❢ t❤❡ ♣r❡❞❡✜♥❡❞ ✇r✐t❡✜❡❧❞ s✐③❡s✳ ❜✮
s❤♦✇s t❤❡ ❝❛s❡✱ ✇❤❡r❡ s♠❛❧❧ ❛♥❞ ❜✐❣ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ❛r❡♥✬t ✇r✐tt❡♥ ✐♥ t❤❡ s❛♠❡ ✇r✐t❡✜❡❧❞s ❛♥❞✴♦r
✇✐t❤ t❤❡ s❛♠❡ ❛♣❡rt✉r❡s✳ ❚❤✐s ❝❛♥ ❧❡❛❞ t♦ st✐t❝❤✐♥❣ ❡rr♦rs✱ ❡✐t❤❡r ❞✉❡ t♦ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ✇r✐t❡✲
✜❡❧❞s✱ ♦r t❤❡ ❛♣❡rt✉r❡s✱ ♦r ❜♦t❤✳ ■♥ ❝✮ ♠✉❧t✐♣❧❡ str✉❝t✉r❡s ❛r❡ ♣❡r✐♦❞✐❝❛❧❧② ♣❧❛❝❡❞ ♦✈❡r t❤❡ ✇❛❢❡r✳
❚❤❡ ♣❡r✐♦❞✐❝✐t② ❞♦❡s♥✬t ♠❛t❝❤ t♦ t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ t❤❡ ✇r✐t❡✜❡❧❞s✳ ❚❤✐s ❧❡❛❞s t♦ st✐t❝❤✐♥❣ ♦❢ s♦♠❡
♦❢ t❤❡ str✉❝t✉r❡s ❛♥❞ ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❡✐t❤❡r ❛ s♠❛rt ♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❞❡s✐❣♥ str✉❝t✉r❡s✱ ♦r
❜② ❞❡✜♥✐♥❣ ❛ s❡❝♦♥❞✱ ❛ ❜✐t ❧❛r❣❡r ✇♦r❦✐♥❣ ❛r❡❛ ✐♥ −U ✲❞✐r❡❝t✐♦♥✳ ❚❤✐s ✇♦✉❧❞ s❤✐❢t t❤❡ str✉❝t✉r❡s
s✉❝❤✱ t❤❛t ❛❧❧ ♦❢ t❤❡♠ ❧✐❡ ✇✐t❤✐♥ ♦♥❡ ✇r✐t❡✜❡❧❞✳ ❚❤✐s ❛❞❞✐t✐♦♥❛❧ s❤✐❢t ♦❢ t❤❡ str✉❝t✉r❡s✱ ❞✉❡ t♦ t❤❡
❜✐❣❣❡r ✇♦r❦✐♥❣ ❛r❡❛✱ ❤❛s t♦ ❜❡ ❝♦rr❡❝t❡❞ ✐♥ t❤❡ ❯✲❱✲❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ♣♦s✐t✐♦♥ ❧✐st✦ ■♥ ❣❡♥❡r❛❧✱ t♦
✐♥❝r❡❛s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ❣❡t ❛ ✇♦r❦✐♥❣ q✉❜✐t✱ ✐t s❤♦✉❧❞ ❜❡ ❛ r✉❧❡ t♦ ❛✈♦✐❞ st✐t❝❤✐♥❣ ✐♥ t❤❡ ❞❡s✐❣♥✳

■❢ ♥♦✇ ❡✈❡r②t❤✐♥❣ ✐s ❛❧✐❣♥❡❞ ♣r♦♣❡r❧②✱ ♦♥❡ ❝❛♥ s❡t t❤❡ ❧❛st ♣❛tt❡r♥✐♥❣ ♣r♦♣❡rt✐❡s✿ t❤❡ ❜❡❛♠ ❝✉rr❡♥t✱
t❤❡ ❆r❡❛ ❉✇❡❧❧ ❚✐♠❡✱ t❤❡ ❆r❡❛ ❙t❡♣ ❙✐③❡ ❛♥❞ t❤❡ ❆r❡❛ ❉♦s❡✳ ■♥ t❛❜✳✼ ❛ s✉♠♠❛r② ♦❢ t❤❡ ✈❛❧✉❡s ■
✉s❡❞ ❢♦r t❤❡ ❧✐t❤♦❣r❛♣❤② ✐s ❧✐st❡❞✳

❚♦ s✉♠♠❛r✐③❡✱ t❤❡ ♠❛✐♥ st❡♣s ❢♦r t❤❡ ❧✐t❤♦❣r❛♣❤② ❛r❡✿

✵✳✮ ✭❉❡s✐❣♥ t❤❡ str✉❝t✉r❡s✮

✶✳✮ ❉❡✜♥❡ t❤❡ ❣❧♦❜❛❧ ❯✲❱✲❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦♥ t❤❡ s❛♠♣❧❡

✷✳✮ ❖♣t✐♠✐③❡ t❤❡ ♣✐❝t✉r❡

✸✳✮ ❆❞❥✉st t❤❡ ❜❡❛♠ t♦ t❤❡ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ t❤❡ ✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ♣r♦❝❡❞✉r❡

✹✳✮ ❙❡t t❤❡ ♣❛tt❡r♥✐♥❣ ♣r♦♣❡rt✐❡s

✹✵



❋✐❣✉r❡ ✸✷✿ ❲r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t ❢♦r ❛ ✶✵✵✵ µ♠ ❜✐❣ ✇r✐t❡✜❡❧❞ ❛♥❞ ❛ ✑s❝❛♥ ❛r♦✉♥❞ ♠❛r❦✑ ♦❢ ✶✵✵
µ♠✳ ❖♥ t❤❡ ❧❡❢t✱ t❤❡ ❝❤♦s❡♥ ♣❛rt✐❝❧❡ ✐s s❝❛♥♥❡❞ ❢r♦♠ t❤❡ ❢♦✉r ❝♦r♥❡rs ♦❢ t❤❡ ✇r✐t❡✜❡❧❞✳ ❚❤❡ ❣r❡❡♥
❝r♦ss❡s s❤♦✉❧❞ ❜❡ ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ♦♥ ❡❛❝❤ ♣✐❝t✉r❡✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ■t t❤❡r❡❢♦r❡ ❤❛s t♦ ❜❡
❝♦rr❡❝t❡❞ ❛s s❤♦✇♥ ♦♥ t❤❡ ❢♦✉r ♣✐❝t✉r❡s ♦♥ t❤❡ r✐❣❤t ✇✐t❤ t❤❡ ❜❧✉❡ ❝r♦ss❡s✳

❚❛❜❧❡ ✼✿ ❙✉♠♠❛r② ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r ❡❧❡❝tr♦♥✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✳ ❚❤❡ ❜❡❛♠ ❝✉rr❡♥t ✐s
r❡♠❡❛s✉r❡❞ ❡✈❡r② t✐♠❡ ❜❡❢♦r❡ ♣❛tt❡r♥✐♥❣✳ ❋r♦♠ t❤✐s ✈❛❧✉❡ t❤❡ ❉✇❡❧❧ ❚✐♠❡ ✐s ❝❛❧❝✉❧❛t❡❞✳

P❛r❛♠❡t❡rs ❢♦r ❡❧❡❝tr♦♥✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✿
▼♦❞❡✿ ▼❡❛♥❞❡r ♠♦❞❡

▲✐t❤♦❣r❛♣❤② s❡tt✐♥❣s ❊❍❚✿ ✸✵ ❦❱
❲♦r❦✐♥❣ ❞✐st❛♥❝❡✿ ✶✵ ♠♠

❜✐❣ str✉❝t✉r❡s s♠❛❧❧ str✉❝t✉r❡s

❆♣❡rt✉r❡✿ ✶✷✵ µ♠ ✶✵ µ♠
❲r✐t❡✜❡❧❞ s✐③❡✿ ✶✵✵✵ ① ✶✵✵✵ µ♠ ✶✵✵ ① ✶✵✵ µ♠
▼❛❣♥✐✜❝❛t✐♦♥✿ ✶✸✵ ① ✶✸✵✵ ①
❇❡❛♠ ❝✉rr❡♥t✿ ✺✱✸✺ ± ✵✱✵✸ ♥❆ ✸✹✱✾ ± ✵✱✷ ♣❆
❆r❡❛ ❙t❡♣ ❙✐③❡✿ ✵✱✵✷ µ♠ ✵✱✵✵✷ µ♠

P❛tt❡r♥✐♥❣ ♣r♦♣❡rt✐❡s ❆r❡❛ ▲✐♥❡ ❙♣❛❝✐♥❣✿ ✵✱✵✷ µ♠ ✵✱✵✵✷ µ♠
❆r❡❛ ❉♦s❡✿ ✽✵ µC/cm2 ✽✵ µC/cm2

❆r❡❛ ❉✇❡❧❧ ❚✐♠❡✿ ✺✾ ± ✶ ♥s ✾✶ ± ✶ ♥s

❚❤❡ ♣♦ss✐❜❧❡ s❤✐❢ts ♦♥❡ ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ♣♦s✐t✐♦♥ ❧✐st ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳✽✳ ❚❤❡
♥✉♠❜❡rs ❛r❡ ❢r♦♠ ❛♥ ❡①❛♠♣❧❡ ✇✐t❤ ❛ ✶✵✵✵ µ♠ ❛♥❞ ❛ ✶✵✵ µ♠ ❜✐❣ ✇r✐t❡✜❡❧❞✱ ❛♥❞ ❛ ✇♦r❦✐♥❣ ❛r❡❛
t❤❛t ✐s ✐♥ −U ✲❞✐r❡❝t✐♦♥ ❛❜♦✉t ✺✵ µ♠ ❧❛r❣❡r t❤❛♥ t❤❡ ❛✉t♦♠❛t✐❝❛❧❧② ♣❧❛❝❡❞ ✇♦r❦✐♥❣ ❛r❡❛✳

❚❛❜❧❡ ✽✿ ❙✉♠♠❛r② ♦❢ t❤❡ ♣♦ss✐❜❧❡ s❤✐❢ts ♦♥❡ ❤❛s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ❯✲❱✲❝♦♦r❞✐♥❛t❡s ✐♥
t❤❡ ♣♦s✐t✐♦♥❧✐st✳ ❚❤❡ ✈❛❧✉❡s ❛r❡ ❢r♦♠ t❤❡ ❡①❛♠♣❧❡ ❛❜♦✈❡✳

s♠❛❧❧ ❲❋ ❜✐❣ ❲❋

❙t❛rt✐♥❣ ❝♦♦r❞✐♥❛t❡s ❬♠♠❪ ✭✵❀✵✮ ✭✵❀✵✮
❙❤✐❢t ❢r♦♠✳✳✳
❲r✐t❡✜❡❧❞ ♣♦s✐t✐♦♥ ❬♠♠❪ ✭✰✵ ❀ ✰✵✮ ✭✰✵✱✹✺ ❀ ✰✵✱✹✺✮
❲♦r❦✐♥❣ ❛r❡❛ ❬♠♠❪ ✭✰✵ ❀ ✰✵✮ ✭✲✵✱✵✺ ❀ ✰✵✮
P♦s✐t✐♦♥❧✐st ❝♦♦r❞✐♥❛t❡s ❬♠♠❪ ✭❯✰✵ ❀ ❱✰✵✮ ✭❯✰✵✱✹ ❀ ❱✰✵✱✹✺✮

✹✶



❋✐❣✉r❡ ✸✸✿ ❆ ❢❡✇ ✇r✐t❡✜❡❧❞s ✐♥ t❤❡ ❯✲❱✲❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ✑st✐t❝❤❡❞✑ t♦❣❡t❤❡r✳ ❚❤❡ ♦r❛♥❣❡ ❛rr♦✇s
✐♥❞✐❝❛t❡ t❤❡ st❛❣❡ ♠♦✈❡♠❡♥t✳ ■♥ ✐✮ t❤❡ ✇r✐t❡✜❡❧❞s ❛r❡ ♣r♦♣❡r❧② ❛❧✐❣♥❡❞ t♦ t❤❡ ❯✲❱✲❝♦♦r❞✐♥❛t❡
s②st❡♠✳ ❲❤❡♥ t❤❡ ❜❡❛♠ ♠♦✈❡s ❢r♦♠ ♦♥❡ ✇r✐t❡✜❡❧❞ t♦ t❤❡ ♦t❤❡r t❤❡② ✜t ♣❡r❢❡❝t❧② t♦❣❡t❤❡r ✇✐t❤♦✉t
❛ ❣❛♣ ♦r ❛♥ ♦✈❡r❧❛②✳ ■♥ ✐✐✮ t❤❡ ✇r✐t❡✜❡❧❞ ✐s ❛❧✐❣♥❡❞ ♣r♦♣❡r❧② t♦ t❤❡ ❯✲❛①✐s✱ ❜✉t t✐❧t❡❞ ❛❣❛✐♥st t❤❡
❱✲❛①✐s✳ ❚❤✐s ❧❡❛❞s t♦ ❛ s❤✐❢t ♦❢ t❤❡ str✉❝t✉r❡s ✐♥ t❤❡ ❯✲❞✐r❡❝t✐♦♥✳ ■♥ ✐✐✐✮ ❜♦t❤ ❛①✐s ❛r❡ ♥♦t ❛❧✐❣♥❡❞
t♦ t❤❡ ❯✲❱✲❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ■t ❧❡❛❞s t♦ ❣❛♣s ❛♥❞ ♦✈❡r❧❛②s ♦❢ t❤❡ ✇r✐t❡✜❡❧❞s ❛♥❞ t❤❡r❡❢♦r❡ s❤✐❢ts
t❤❡ str✉❝t✉r❡s ✐♥ ❯✲ ❛♥❞ ❱✲❞✐r❡❝t✐♦♥✳ ◆♦t ♣r♦♣❡r❧② ❛❧✐❣♥❡❞ ✇r✐t❡✜❡❧❞s t❤❡r❡❢♦r❡ ❧❡❛❞ t♦ st✐t❝❤✐♥❣
❡rr♦rs ✐♥ t❤❡ ❞❡s✐❣♥❡❞ str✉❝t✉r❡s✱ ✇❤❡♥ t❤❡② ❢❛❧❧ ❛❝r♦ss t✇♦ ✇r✐t❡✜❡❧❞s✳

❋✐❣✉r❡ ✸✹✿ ❈❛s❡s ✇❤❡r❡ ✐t ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ t♦ ❞❡s✐❣♥ ❛♥ ♦✈❡r❧❛♣ ✐♥ t❤❡ str✉❝t✉r❡s t♦ ❛✈♦✐❞ st✐t❝❤✐♥❣
❡rr♦rs✳ ●r❡❡♥ ❝✐r❝❧❡s ✐♥❞✐❝❛t❡ t❤❡ ♣♦s✐t✐♦♥s ✐♥ t❤❡ ❞❡s✐❣♥ ✇❤❡r❡ st✐t❝❤✐♥❣ ❡rr♦rs ❝♦✉❧❞ ❛♣♣❡❛r✳ ■♥ ❛✮
t❤❡ str✉❝t✉r❡ ✐s ❜✐❣❣❡r t❤❛♥ t❤❡ ❜✐❣❣❡st ✇r✐t❡✜❡❧❞✳ ■♥ t❤✐s ❝❛s❡ t❤❡ str✉❝t✉r❡s ❤❛s t♦ ❜❡ st✐t❝❤❡❞✳
■♥ ❜✮ ❛♥ ♦✈❡r❧❛♣ ✐s ❞❡s✐❣♥❡❞ ❜❡t✇❡❡♥ ❡❧❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ✇r✐tt❡♥ ✇✐t❤ ❞✐✛❡r❡♥t ❛♣❡rt✉r❡s✳ ■❢ t❤❡
✇r✐t❡✜❡❧❞s✱ ✇r✐tt❡♥ ✉s✐♥❣ ❞✐✛❡r❡♥t ❛♣❡rt✉r❡s✱ ❛r❡ ♥♦t ♣r♦♣❡r❧② ❛❧✐❣♥❡❞ t♦ ❡❛❝❤ ♦t❤❡r✱ t❤✐s ❝♦✉❧❞ ❧❡❛❞
t♦ s❤✐❢ts ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts ❛♥❞ t❤❡r❡❢♦r❡ t♦ st✐t❝❤✐♥❣ ❡rr♦rs✳ ❝✮ ❚❤❡ str✉❝t✉r❡s ❛r❡ ❞❡s✐❣♥❡❞ ❛♥❞
❛❧✐❣♥❡❞ s✉❝❤✱ t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ str✉❝t✉r❡ ✇✐❞t❤ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ str✉❝t✉r❡s ❞♦❡s
♥♦t ❛❧✇❛②s ❛❞❞ ✉♣ t♦ t❤❡ ✇r✐t❡✜❡❧❞ ✇✐❞t❤ ✭✐♥ t❤✐s ❝❛s❡ ✶✵✵✵ µ♠✮✳ ❆t s♦♠❡ ♣♦✐♥t t❤❡ str✉❝t✉r❡s
❢❛❧❧ ❛❝r♦ss t❤❡ ✇r✐t❡✜❡❧❞ ❛♥❞ ♥❡❡❞ t♦ ❜❡ st✐t❝❤❡❞ ❛t t❤❡s❡ ❧♦❝❛t✐♦♥s✳

✾✳✸ ❉❡✈❡❧♦♣♠❡♥t

✾✳✸✳✶ ❘❡♠♦✈❡ ❣♦❧❞ ❧❛②❡r

❆❢t❡r t❤❡ ❧✐t❤♦❣r❛♣❤②✱ t❤❡ str✉❝t✉r❡s ❤❛s t♦ ❜❡ ❞❡✈❡❧♦♣❡❞✳ ❋♦r s❛♣♣❤✐r❡ ✇❛❢❡rs✱ t❤❡ ❣♦❧❞ ❧❛②❡r ❤❛s
t♦ ❜❡ r❡♠♦✈❡❞ ❜❡❢♦r❡✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ ❛ ▲✉❣♦❧ s♦❧✉t✐♦♥ ✇❡ ♠✐① ♦✉rs❡❧❢✳ ❚❤❡ r❡❝✐♣❡ ✐s s❤♦✇♥ ✐♥
❚❛❜✳✾✳ ■♥ ✜❣✳✸✺ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ ♦r❜✐t❛❧ s❤❛❦❡r ✇✐t❤ t❤❡ ❧✉❣♦❧ s♦❧✉t✐♦♥ ✐s s❤♦✇♥✳ ❆❢t❡r ♦♥❡ ♠✐♥✉t❡
♦♥ t❤❡ ♦r❜✐t❛❧ s❤❛❦❡r✱ ✇❤❡♥ ❛❧❧ ♦❢ t❤❡ ❣♦❧❞ ✐s ❣♦♥❡ ❢r♦♠ t❤❡ ✇❛❢❡r✱ ✇❡ r✐♥s❡ ✐t ✇✐t❤ ❞✐st✐❧❧❡❞ ✇❛t❡r✳
❇❡ ❝❛r❡❢✉❧ t❤❛t ♥♦t❤✐♥❣ ❡✈❛♣♦r❛t❡s ♦♥ t❤❡ ✇❛❢❡r ❛♥❞ ❜❡ q✉✐❝❦ ❡♥♦✉❣❤ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❧✐q✉✐❞s ✐s s♦♠❡❤♦✇ s♠♦♦t❤✳

✹✷



❚❛❜❧❡ ✾✿ ❘❡❝✐♣❡ t♦ ♠✐① t❤❡ ▲✉❣♦❧ ❛♥❞ r❡♠♦✈❡ t❤❡ ❣♦❧❞ ❧❛②❡r✳

❈❤❡♠✐❝❛❧✿ I2 ✭■♦❞✐♥❡✮ KI ✭P♦t❛ss✐✉♠ ✐♦❞✐❞❡✮ H2O

❘❛t✐♦✿ ✶ ✿ ✹ ✿ ✹✵
❆♠♦✉♥t ✇❡ ✉s❡✿ ✷ ❣ ✽ ❣ ✽✵ ♠❧
▼✐① t❤❡ s♦❧✉t✐♦♥ ❢♦r ♠✐♥✐♠✉♠ ✸ ❤♦✉rs ♦♥ t❤❡ ♦r❜✐t❛❧ s❤❛❦❡r ❛t ✽✵r♣♠✳
❚♦ r❡♠♦✈❡ t❤❡ ❣♦❧❞ ❧❛②❡r ♣✉t t❤❡ ✇❛❢❡r ✐♥ t❤❡ ▲✉❣♦❧ s♦❧✉t✐♦♥ ❛♥❞
♣✉t ✐t ❛❣❛✐♥ ♦♥ t❤❡ ♦r❜✐t❛❧ s❤❛❦❡r ❛t ✽✵ r♣♠ ❢♦r ✶ ♠✐♥✳

❋✐❣✉r❡ ✸✺✿ P✐❝t✉r❡ ♦❢ t❤❡ ♦r❜✐t❛❧ s❤❛❦❡r ✇✐t❤ t❤❡ ❧✉❣♦❧ s♦❧✉t✐♦♥ t♦ r❡♠♦✈❡ t❤❡ ❣♦❧❞ ❧❛②❡r✳

✾✳✸✳✷ ❉❡✈❡❧♦♣ str✉❝t✉r❡s

❚❤❡♦r❡t✐❝❛❧❧② t❤❡ ♣♦❧②♠❡r ❝❤❛✐♥s ♦❢ t❤❡ r❡s✐st✱ ✇❤✐❝❤ ❛r❡ ❜r♦❦❡♥ ✉♣ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠✱ ❣❡t
✇❛s❤❡❞ ♦✉t✳ ❚❤❡ ❢r❛❣♠❡♥ts ♦❢ t❤❡ ♣♦❧②♠❡r ❣❡t s✉rr♦✉♥❞❡❞ ❜② t❤❡ s♦❧✈❡♥t ❛♥❞ ❢♦r♠ ❛ ❣❡❧ ❛s t❤❡
♠♦❧❡❝✉❧❡s st❛rt t♦ ✐♥t❡r❛❝t✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❣❡❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❢r❛❣♠❡♥t s✐③❡ ❛♥❞ ♦♥ t❤❡
str❡♥❣t❤ ♦❢ t❤❡ s♦❧✈❡♥t✳ ❖♥❝❡ t❤❡ ❢r❛❣♠❡♥ts ❛r❡ ❝♦♠♣❧❡t❡❧② s✉rr♦✉♥❞❡❞ ❜② t❤❡ s♦❧✈❡♥t✱ t❤❡② st❛rt
t♦ ❞✐✛✉s❡ ✐♥t♦ t❤❡ s♦❧✈❡♥t✳
❚❤✐s ♣r♦❝❡ss ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❞✐✛✉s✐✈✐t②

D ∼ nαexp (−U/kT ) ,

✇✐t❤ t❤❡ ❛❝t✐✈❛t✐♦♥ ❡♥❡r❣② U ✱ t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t k t❤❡ t❡♠♣❡r❛t✉r❡ T ❛♥❞ ❛ ❢❛❝t♦r nα ✇❤✐❝❤
❞❡s❝r✐❜❡s t❤❡ ♠♦❜✐❧✐t② ♦❢ ❢r❛❣♠❡♥ts ✇✐t❤ s✐③❡ n✳ α r❡♣r❡s❡♥ts t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❡❞✐✉♠ ✐♥
✇❤✐❝❤ t❤❡ ❢r❛❣♠❡♥ts ❞✐ss♦❧✈❡ ❛♥❞ ✈❛r✐❡s ❢r♦♠ ✶ ✐♥ ❞✐❧✉t❡ s♦❧✉t✐♦♥s ♦❢ s♠❛❧❧ ♠♦❧❡❝✉❧❡s t♦ ✷ ❢♦r ❧♦♥❣❡r
♣♦❧②♠❡r ❝❤❛✐♥s ✐♥ ❞❡♥s❡r s♦❧✉t✐♦♥s✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✾✳✷✳✶ t❤❡ ❛✈❡r❛❣❡❞ s✐③❡ ♦❢ ❢r❛❣♠❡♥ts ❞❡♣❡♥❞s ❛s ✇❡❧❧ ♦♥ t❤❡ ❡①♣♦s✉r❡
❞♦s❡ ❛s ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ✇❤❡r❡ ✐t ❣❡ts ❡①♣♦s❡❞✳ ❚❤❡ ❞✐✛✉s✐✈✐t② ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ✇r✐tt❡♥ ❛s

D = cdαexp (−U/kT ) ,

✇❤❡r❡ ❝ ✐s ❛ ❧♦❝❛t✐♦♥✲❞❡♣❡♥❞❡♥t ♠♦❞❡❧ ❝♦❡✣❝✐❡♥t ♦❢ ♣r♦♣♦rt✐♦♥❛❧✐t② ❛♥❞ d ✐s t❤❡ ❡①♣♦s✉r❡ ❞♦s❡✳
❆❝❝♦r❞✐♥❣ t♦ ❋✐❝❦s ❧❛✇ ❢♦r ❞✐✛✉s✐♦♥✱ t❤❡ r❡♠♦✈❛❧ ♦❢ t❤❡ r❡s✐st ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞✐✛✉s✐♦♥ ❧❡♥❣t❤

♦❢ t❤❡ P▼▼❆ ❢r❛❣♠❡♥ts (Dt)
1/2

✳ ❆s ❛ r❡s✉❧t✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t t❤❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ∆x ≈ dt1/2✱ ✇✐t❤
t❤❡ ❞❡✈❡❧♦♣✐♥❣ t✐♠❡ t✱ ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t tr❡♥❝❤ ∆x✳ ❚❤❡ ♦♣t✐♠❛❧ ❞♦s❡ ❛♥❞ t✐♠❡ ❛r❡ t❤❡r❡❢♦r❡
✐♥✈❡rs❡ ♣r♦♣♦rt✐♦♥❛❧ ❛♥❞ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❝♦rr❡s♣♦♥❞✐♥❣❧② ❢♦r ♦♣t✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡✳ ❬✷✹❪
❲❤❛t ✇❡ ❞♦ ✐♥ t❤❡ ❝❧❡❛♥ r♦♦♠✱ ✐s t♦ ❞❡✈❡❧♦♣ t❤❡ str✉❝t✉r❡s ✐♥ ❛ ♠✐①t✉r❡ ♦❢ ✇❛t❡r ❛♥❞ ■s♦♣r♦♣❛♥♦❧
✐♥ ❛ r❛t✐♦ ♦❢ ✶✿✸✱ ❝♦♦❧❡❞ ✐♥ ❛ s♦ ❝❛❧❧❡❞ ❈❤✐❧❧❡r t♦ ✻➦❈ ✭s❡❡ ✜❣✳✸✻ ❛✮✮✳ ❍❡❧❞ ✇✐t❤ ❛ ♣✐♥❝❡tt❡ ♦♥
t❤❡ ✇❛❢❡r✢❛t ✇❡ ♠♦✈❡ t❤❡ ✇❛❢❡r ❢♦r ✶ ♠✐♥ ❛♥❞ ✹✺ s ✐♥ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ st♦♣ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
✐♠♠❡❞✐❛t❧② ❜② ♣✉tt✐♥❣ t❤❡ ✇❛❢❡r ✐♥ ✇❛t❡r✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ t❛❦❡ ❝❛r❡ t❤❛t t❤❡ ✇❛❢❡r ✐s ❝♦✈❡r❡❞
✇✐t❤ ❧✐q✉✐❞ t❤❡ ✇❤♦❧❡ t✐♠❡ ❛s ✇❡❧❧ ❛s ♣♦ss✐❜❧❡ t♦ ❛✈♦✐❞ ❡✈❛♣♦r❛t✐♦♥ ♦♥ t❤❡ ✇❛❢❡r✳ ❉❡✈❡❧♦♣✐♥❣ ✐♥
❣❡♥❡r❛❧ ✐s ❛ ❝r✉t✐❛❧ st❡♣ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss✳ ❙♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ ♦r t✐♠❡ ♦❢ t❤❡
❞❡✈❡❧♦♣♠❡♥t ❝❛♥ ❝❛✉s❡ ❜✐❣ ❞✐✛❡r❡♥❝❡s ✐♥ ❤♦✇ t❤❡ str✉❝t✉r❡s ❝♦♠❡ ♦✉t✳ ❊s♣❡❝✐❛❧❧② t❤❡ s❤❛r♣♥❡ss
❛♥❞ s✐③❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t ❛r❡ ❛✛❡❝t❡❞ ❜② t❤❡ ❝❤❛♥❣❡s✳ ■♥ ✜❣✳✸✻ ❜✮ str✉❝t✉r❡s ❛❢t❡r t❤❡ ❞❡✈❡❧♦♣♠❡♥t
st❡♣ ❛r❡ s❤♦✇♥✳
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❋✐❣✉r❡ ✸✻✿ ❛✮ P✐❝t✉r❡ ♦❢ t❤❡ ❈❤✐❧❧❡r t♦ ❤♦❧❞ t❤❡ ✇❛❢❡r ✐♥ ❛ t❡♠♣❡r❡❞ ♠✐①t✉r❡ ♦❢ ✇❛t❡r ❛♥❞ ■s♦✲
♣r♦♣❛♥♦❧✳ ❜✮ ❏✉♥❝t✐♦♥ ♠❛s❦s ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ♦♥ s✐❧✐❝♦♥✳ P✐❝t✉r❡ t❛❦❡♥ ✇✐t❤ ❛♥ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡
✇✐t❤ ❛ ♠❛❣♥✐✜❝❛t✐♦♥ ♦❢ ✶✵✵①✳ ❚❤❡ ❞♦s❡s ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥ ✇✐❞t❤ ♦❢ 100 ♥♠ ✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧
❥✉♥❝t✐♦♥s✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ✐s ❧❛❜❡❧❧❡❞ ♦♥ t♦♣ ♦❢ t❤❡ ♣✐❝t✉r❡✳ ❚❤❡ ❞❡s✐❣♥ ❢♦r t❤❡ ❥✉♥❝t✐♦♥
❛r❡❛s ❛♥❞ t❤❡ ✉♥❞❡r❝✉ts ✐s s❤♦✇♥ ♦♥ t❤❡ ✈❡r② r✐❣❤t✳ ■♥ t❤❡ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s ②♦✉ ❝❛♥ s❡❡ t❤❛t t❤❡
r❡❞ ❥✉♥❝t✐♦♥ ❛r❡❛✱ t❤❡ ❣r❡❡♥ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡s t♦ t❤❡ q✉❜✐t ♣❛❞s ❛♥❞ t❤❡ ♦r❛♥❣❡ ❧✐♥❡s✱ ❛r❡ ✑✇❛s❤❡❞
❛✇❛②✑ ✐♥ t❤❡ ❞❡✈❡❧♦♣✐♥❣ st❡♣✳ ❚❤❡ ❜❧✉❡ ❛r❡❛s ❛r❡ t❤❡ ✉♥❞❡r❝✉t ❛r❡❛s✳ ❚❤❡② ❛r❡ ♥♦t ✈✐s✐❜❧❡ ✐♥ t❤❡
♣✐❝t✉r❡s ❞✉❡ t♦ t❤❡ t♦♣ ✈✐❡✇ ♦♥ t❤❡ ❥✉♥❝t✐♦♥ ♠❛s❦✳

✾✳✹ ▼❡t❛❧ ❞❡♣♦s✐t✐♦♥

✾✳✹✳✶ ❊✈❛♣♦r❛t❡ ❥✉♥❝t✐♦♥ ❧❛②❡rs

❆❢t❡r t❤❡ ❞❡✈❡❧♦♣♠❡♥t✱ t❤❡ ♠❛s❦ ❢♦r t❤❡ ❥✉♥❝t✐♦♥s t♦ ❡✈❛♣♦r❛t❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ✭❆❧✮ ❧❛②❡rs ✐s r❡❛❞②✳
❚❤❡ ❡✈❛♣♦r❛t✐♦♥ s②st❡♠ ✇❡ ❛r❡ ✉s✐♥❣ ✐s ❢r♦♠ t❤❡ ❝♦♠♣❛♥② P❧❛ss②s ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❛❧s♦ ❝❛❧❧❡❞ P❧❛ss②s ❛s ❝♦♠♠♦♥ ♥♦✉♥ ❢♦r t❤❡ s②st❡♠✳ ■♥ ✜❣✳✸✼ ✭❛✮ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ ♠❛❝❤✐♥❡ ✐s s❤♦✇♥✳
■♥ t❤✐s ❢❛❜r✐❝❛t✐♦♥ st❡♣ ♦♥❡ s❡ts t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳ ❖♥❡ ❞❡✜♥❡s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡
❛❧✉♠✐♥✐✉♠ ❧❛②❡rs✱ t❤❡ t✐♠❡ tox ❛♥❞ ♣r❡ss✉r❡ pox t♦ ❝r❡❛t❡ t❤❡ ♦①✐❞❡ t✉♥♥❡❧ ❜❛rr✐❡r ❜❡t✇❡❡♥ t❤❡
t✇♦ ❥✉♥❝t✐♦♥ ❧❛②❡rs ❛♥❞ ✐❢ ✐t ✐s ❛ st❛t✐❝ ♦r ❛ ❞②♥❛♠✐❝ ♦①✐❞❛t✐♦♥✳ ❆❧❧ t❤❡s❡ s❡tt✐♥❣s ❝❛♥ ❝❤❛♥❣❡ t❤❡
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❏♦s❡♣❤s♦♥ ❥✉♥❝t✐♦♥ ❛s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✼✳ ■♥ ✜❣✳✸✼ ✭❜✮ ❛ s❦❡t❝❤ ♦❢ t❤❡ ♠❛❝❤✐♥❡
✇✐t❤ ✐ts ♠❛✐♥ ♣❛rts✱ t❤❡ t✇♦ ❝❤❛♠❜❡rs✱ t❤❡ r♦t❛t✐♥❣ t❛❜❧❡✱ t❤❡ ✐♦♥ ❣✉♥✱ t❤❡ ❡❧❡❝tr♦♥ ❣✉♥ t♦ ❡✈❛♣✲
♦r❛t❡ t❤❡ ❝r✉❝✐❜❧❡s✱ t❤❡ ❞✐✛❡r❡♥t ❣❛s ✐♥❧❡ts ❛♥❞ t❤❡ ❞✐✛❡r❡♥t ♣✉♠♣s✱ ✐s s❤♦✇♥✳ ❚❤❡ s❛♠❡ s❦❡t❝❤ ✐s
❛❧s♦ ✈✐s✐❜❧❡ ♦♥ t❤❡ s❝r❡❡♥ ♦❢ t❤❡ ♠❛❝❤✐♥❡ t♦ s❤♦✇ ✇❤❛t✬s ❣♦✐♥❣ ♦♥✳ ❇❡❢♦r❡ st❛rt✐♥❣ t❤❡ ❡✈❛♣♦r❛t✐♦♥

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✼✿ ✭❛✮ P✐❝t✉r❡ ♦❢ t❤❡ P❧❛ss②s t♦ ❡✈❛♣♦r❛t❡ t❤❡ ❆❧ ❧❛②❡rs t♦ ❝r❡❛t❡ t❤❡ q✉❜✐t✳ ✭❜✮ ❙❦❡t❝❤ ♦❢
t❤❡ ♠❛✐♥ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ P❧❛ss②s✳ ❚❤❡ s❛♠❡ s❦❡t❝❤ ✐s ❛❧s♦ ✈✐s✐❜❧❡ ♦♥ t❤❡ s❝r❡❡♥ ♦❢ t❤❡ ♠❛❝❤✐♥❡
t♦ s❡❡ ✐♥ r❡❛❧ t✐♠❡ ✇❤❛t✬s ❣♦✐♥❣ ♦♥✳
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t❤❡ ✇❛❢❡r ❤❛s t♦ ❜❡ ♣✉t ✐♥t♦ t❤❡ ♠❛❝❤✐♥❡✳ ❲❛t❝❤ ♦✉t ✇❤✐❝❤ ✇❛② t❤❡ ❥✉♥❝t✐♦♥s ❛r❡ ♦r✐❡♥t❛t❡❞ s♦ t❤❛t
t❤❡ ❆❧ ❧❛②❡rs ❣❡t ❡✈❛♣♦r❛t❡❞ ❢r♦♠ t❤❡ r✐❣❤t ❞✐r❡❝t✐♦♥✳ ❍❛✈❡ ✐♥ ♠✐♥❞✱ t❤❛t t❤❡ t❛❜❧❡ t✉r♥s t❤❡ ✇❛❢❡r
✉♣s✐❞❡ ❞♦✇♥ ❜❡❢♦r❡ ♠♦✈✐♥❣ t♦ t❤❡ r✐❣❤t ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡✳ ❚❤❡r❡❢♦r❡ t❤❡ str✉❝t✉r❡s ❛r❡ ❢❛❝✐♥❣ t♦
t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❧♦❛❞❧♦❝❦ ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss✳ ❚❤❡ ❛❧✉♠✐♥✐✉♠ ✐s ❡✈❛♣♦r❛t❡❞ ❜② ❛♥ ❡❧❡❝tr♦♥ ❣✉♥
✐♥ t❤❡ ❝❤❛♠❜❡r ❛♥❞ ❝❛♥ r❡❛❝❤ t❤❡ ✇❛❢❡r✱ ✐❢ t❤❡ s❤✉tt❡r ❛♥❞ t❤❡ ✈❛❧✈❡ ❛r❡ ♦♣❡♥✳
❇✉t ❧❡t✬s st❛rt ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❤❛✈❡ ❛ q✉✐❝❦ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♠❛✐♥ st❡♣s ♦❢ t❤❡ ♣r♦❝❡ss✳ ❋✐rst
♦❢ ❛❧❧ t❤❡r❡ ❛r❡ t✇♦ ♣✉♠♣✐♥❣ st❡♣s✱ ♦♥❡ ❢♦r t❤❡ ▲♦❛❞ ❧♦❝❦ ❛♥❞ ♦♥❡ ❢♦r t❤❡ ❈❤❛♠❜❡r✱ t♦ ♠❛❦❡ s✉r❡
t❤❡ ♣r♦❝❡ss st❛rts ❛t t❤❡ s❛♠❡ ♣r❡ss✉r❡ ❡✈❡r② t✐♠❡✳ ❋♦r t❤❡ ▲♦❛❞ ❧♦❝❦ ✇❡ ♣✉♠♣ ❢♦r ✸ ❤ t♦ ❣❡t ❛
♣r❡ss✉r❡ ♦❢ ❛❜♦✉t ✶✱✼×10−7 ✲ ✷×10−7 ♠❜❛r✳ ❚❤❡ ♥❡①t st❡♣ ✐s ❛ ✑❉❡s❝✉♠✑ st❡♣✱ ❛ ❧♦✇✲t❡♠♣❡r❛t✉r❡
O2✲❜❛s❡❞ ♣❧❛s♠❛ ♣r♦❝❡ss✱ t♦ r❡♠♦✈❡ ♣♦ss✐❜❧❡ ❧❡❢t♦✈❡rs ♦❢ r❡s✐st ✐♥ t❤❡ ♠❛s❦✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❢♦r
t❤❡ ❉❡s❝✉♠ st❡♣ ❛r❡ s❤♦✇♥ ✐♥ t❛❜✳✶✵✳ ❆❧s♦ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r ❛❧❧ t❤❡ ♦t❤❡r st❡♣s ❝❛♥ ❜❡ ❢♦✉♥❞
t❤❡r❡✳
❚❤❡ ❉❡s❝✉♠ st❡♣ ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ✑●❡tt❡r✑ st❡♣ ✇❤✐❝❤ ❝♦❧❧❡❝ts r❡♠❛✐♥✐♥❣ ❣❛s ♠♦❧❡❝✉❧❡s ✇✐t❤ t✐t❛✲
♥✐✉♠ ✭❚✐✮ t♦ ✐♠♣r♦✈❡ t❤❡ ✈❛❝✉✉♠✳ ■♥ ♦✉r ❝❛s❡ t❤❡ ❚✐ ❡✈❛♣♦r❛t✐♦♥ ✇✐t❤ ❛ r❛t❡ ♦❢ ✵✱✷ ♥♠✴s t❛❦❡s ✷
♠✐♥✳
◆♦✇ t❤❡ ✜rst ❧❛②❡r ♦❢ ❆❧ ❝❛♥ ❜❡ ❡✈❛♣♦r❛t❡❞ ♦♥t♦ t❤❡ ✇❛❢❡r✳ ❚❤❡ ❡✈❛♣♦r❛t✐♦♥ r❛t❡ ✐♥ t❤❡ ♣r♦❝❡ss ✐s
s❡t t♦ ✶ ♥♠✴s✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❧❛②❡r ❛♥❞ t❤❡ ❛♥❣❧❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❡✈❛♣♦r❛t✐♦♥ t❛❦❡s ♣❧❛❝❡
❝❛♥ ❜❡ s❡t ✐♥❞✐✈✐❞✉❛❧❧② ❢r♦♠ s❛♠♣❧❡ t♦ s❛♠♣❧❡✳ ■♥ ✜❣✳✸✽ ❛✮ t❤❡ ❞✐✛❡r❡♥t t❤✐❝❦♥❡ss❡s ♦❢ ❜♦t❤ ♦❢ t❤❡
❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❢♦r t❤❡ ❞✐✛❡r❡♥t ✇❛❢❡rs ❛r❡ ♣❧♦tt❡❞✳ ❚❤❡ ✜rst ❡✈❛♣♦r❛t✐♦♥ ❝♦♠❡s ❢r♦♠ t❤❡ ❧❡❢t

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✽✿ ■♥ ✭❛✮ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ t✇♦ ❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❢♦r t❤❡ ❞✐✛❡r❡♥t ✇❛❢❡rs ❛r❡
♣❧♦tt❡❞✳ ■♥ ✭❜✮ t❤❡ ❥✉♥❝t✐♦♥ ❞❡s✐❣♥✱ ❛♥❞ t❤❡ ♦r❞❡r ❛♥❞ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ t✇♦ ❡✈❛♣♦r❛t✐♦♥s ♦❢ t❤❡
❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❛r❡ s❦❡t❝❤❡❞✳

❛♥❞ ❝r❡❛t❡s t❤❡ ✜rst ❥✉♥❝t✐♦♥ ❧❛②❡r ❛♥❞ t❤❡ ✉♣♣❡r ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡ t♦ t❤❡ ♣❛❞s✳ ❚❤❡ ❛♥❣❧❡ ✉♥❞❡r
✇❤✐❝❤ t❤✐s ❧❛②❡r ✐s ❡✈❛♣♦r❛t❡❞ ✐s 30◦ ❢♦r ❛❧❧ ♦❢ t❤❡ ✇❛❢❡rs✳ ❆❢t❡r t❤❡ ✜rst ❡✈❛♣♦r❛t✐♦♥✱ st❛t✐❝ ❖2

♦①✐❞❛t✐♦♥ ❢♦r ✷✶ ♠✐♥ ✉♥❞❡r ✸✺ ♠❜❛r ❧❡❛❞s t♦ t❤❡ t✉♥♥❡❧ ❜❛rr✐❡r ❢♦r t❤❡ ❡❧❡❝tr♦♥s✳
❚❤❡♥ t❤❡ s❡❝♦♥❞ ❧❛②❡r ♦❢ ❛❧✉♠✐♥✐✉♠ ✐s ❡✈❛♣♦r❛t❡❞ ✉♥❞❡r ❛♥ ❛♥❣❧❡ ♦❢ −30◦ ❢♦r ❛❧❧ ♦❢ t❤❡ ✇❛❢❡rs✳ ■t
❝r❡❛t❡s t❤❡ t♦♣ ❧❛②❡r ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡ t♦ t❤❡ ❧♦✇❡r ♣❛❞s ❛♥❞ ❝♦♠❡s ❢r♦♠ t❤❡
r✐❣❤t✳ ■♥ ✜❣✳✸✽ ❜✮ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❞✐r❡❝t✐♦♥s ✐s s❤♦✇♥✳
❚❤❡r❡ ✐s t❤❡ ✐❞❡❛✱ t❤❛t t❤❡ ❛❣✐♥❣ ♦❢ t❤❡ q✉❜✐ts ❝❛♥ ❜❡ st♦♣♣❡❞ ♦r s❧♦✇❡❞ ❞♦✇♥ ❜② ❛ ❝❛♣♣✐♥❣ ❧❛②❡r
♦❢ ♦①✐❞❡✳ ❋r♦♠ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✶ ♦♥✱ ✇❡ t❤❡r❡❢♦r❡ ✐♥❝❧✉❞❡❞ ❛♥ ❡①tr❛ ♦①✐❞❛t✐♦♥ st❡♣ ❢♦r ✸ ♠✐♥
✉♥❞❡r ✷✵ ♠❜❛r ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ♣r♦❝❡ss✱ t♦ ❝r❡❛t❡ ❛ ❝♦♥tr♦❧❧❡❞ ♦①✐❞❛t✐♦♥ ❧❛②❡r✳ ❆t
t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss✱ t❤❡ ✇❛❢❡r ❝❛♥ ❜❡ ✉♥❧♦❛❞❡❞ ❛♥❞ ♦♥❡ ❝❛♥ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ ❧✐❢t ♦✛ st❡♣✳
❆ ✜rst ❡st✐♠❛t✐♦♥ ♦❢ ❤♦✇ t❤❡ ♦①✐❞❛t✐♦♥ ♣r❡ss✉r❡ ❛♥❞ t✐♠❡✱ t♦ ❝r❡❛t❡ t❤❡ t✉♥♥❡❧ ❜❛rr✐❡r✱ ❝❤❛♥❣❡s
t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❥✉♥❝t✐♦♥✱ ❝❛♥ ❜❡ ♠❛❞❡ ❢r♦♠ r❡s✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ♦❢
t❤❡ ❥✉♥❝t✐♦♥s Rn ❜② ✜tt✐♥❣ t❤❡ r❡❧❛t✐♦♥

Rn ∼ (toxPox)
x
. ✭✷✸✮

✹✺



❚❛❜❧❡ ✶✵✿ ❙✉♠♠❛r② ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✉s❡❞ ❢♦r t❤❡ ❛❧✉♠✐♥✐✉♠ ❡✈❛♣♦r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ t❤❡ P❧❛ss②s✳

❉❡s❝✉♠ st❡♣✿ ●❡tt❡r st❡♣✿ ❊✈❛♣♦r❛t✐♦♥s✿ ❖①✐❞❛t✐♦♥✿

❱♦❧t❛❣❡✿ ✷✵✵ ❱ ▼❛t❡r✐❛❧✿ ❚✐ ▼❛t❡r✐❛❧✿ ❆❧ Pr❡ss✳✿ ✸✺ ♠❜❛r
❈✉rr❡♥t✿ ✶✵ ♠❆ ❊✈❛♣✳ r❛t❡✿ ✵✱✷ ♥♠✴s ❚❤✐❝❦♥❡ss✿ s❡❡ s❡❝t✳✶✵ ❚✐♠❡✿ ✷✶ ♠✐♥
❆r ✢♦✇✿ ✶✵ s❝❝♠ ❉✉r❛t✐♦♥✿ ✷ ♠✐♥ ❆♥❣❧❡✿ ±30◦ ❈❛♣♣✐♥❣ ❧❛②❡r✿
O2 ✢♦✇✿ ✺ s❝❝♠ ❊✈❛♣✳ r❛t❡✿ ✶ ♥♠✴s Pr❡ss✳✿ ✷✵ ♠❜❛r
❚✐♠❡✿ ✶ ♠✐♥ ❚✐♠❡✿ ✸ ♠✐♥

❚❤❡ q✉❡st✐♦♥ ✐s✱ ✇❤❛t t❤❡ ✈❛❧✉❡ ♦❢ x ✐s ✐♥ t❤✐s r❡❧❛t✐♦♥✳ ❇② ♠❡❛s✉r✐♥❣ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡
♦❢ s♦♠❡ s❛♠♣❧❡s ✇✐t❤ ❞✐✛❡r❡♥t ♦①✐❞❛t✐♦♥ t✐♠❡s ❛♥❞ ♣r❡ss✉r❡s ♦♥❡ ❝❛♥ ❡①tr❛❝t x ✇✐t❤ ❛ ✜t t❤r♦✉❣❤
t❤❡ ❞❛t❛✳
■♥ ❬✷✼❪ t❤❡ ❛✉t❤♦rs ❢♦✉♥❞ t❤❛t t❤❡ r❡s✐st❛♥❝❡ ❞❡♣❡♥❞s ♠♦r❡ ♦♥ t❤❡ ♦①✐❞❛t✐♦♥ t✐♠❡ t❤❛♥ ♦♥ t❤❡
♦①✐❞❛t✐♦♥ ♣r❡ss✉r❡✳ ❋♦r tox ❛♥❞ Pox t❤❡② ❣♦t t❤❡ ✈❛❧✉❡s x = 0, 65 ❛♥❞ y = 0, 43 ✭txox · P y

ox✮✳

✾✳✹✳✷ ▲✐❢t ♦✛ r❡s✐❞✉❛❧ r❡s✐st ❧❛②❡rs ✇✐t❤ ✉♥✇❛♥t❡❞ ❆❧ ❧❛②❡rs

❚❤❡ ❧✐❢t ♦✛ st❡♣ ✐s t❤❡ ❧❛st st❡♣ ✐♥ ❢❛❜r✐❝❛t✐♥❣ s✉♣❡r❝♦♥❞✉❝t✐♥❣ q✉❜✐ts✳ ■♥ t❤✐s st❡♣ t❤❡ ♣♦❧②♠❡r
♠❛s❦ ✇✐t❤ t❤❡ ❛❧✉♠✐♥✐✉♠ ♦♥ t♦♣✱ ✐s t❛❦❡♥ ♦✛✱ s♦ t❤❛t ❥✉st t❤❡ q✉❜✐t str✉❝t✉r❡s st❛② ❜❡❤✐♥❞✳ ❚❤✐s
❧✐❢t ♦✛ ♣r♦❝❡❞✉r❡ ❝❤❛♥❣❡❞ ❛ ❜✐t ♦✈❡r t✐♠❡✱ t♦ ✐♠♣r♦✈❡ t❤❡ r❡s✉❧t✳ ■♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ✇❡ ❥✉st ♣✉t t❤❡
✇❛❢❡r ✐♥ ❆❝❡t♦♥ ♦✈❡r ♥✐❣❤t✳ ❚❤❡ ♥❡①t tr② t♦ ✐♠♣r♦✈❡ t❤❡ ❧✐❢t ♦✛✱ ✇❛s t♦ ♣✉t ✐t ♦♥ t❤❡ ♦r❜✐t❛❧ s❤❛❦❡r
❛t ✺✵ r♣♠ ❢♦r s♦♠❡ t✐♠❡✱ t♦ ❤♦♣❡❢✉❧❧② r❡♠♦✈❡ t❤❡ ♠❛s❦ ❛ ❜✐t q✉✐❝❦❡r✳ ❆♥♦t❤❡r tr② ✇❛s t♦ ❤❡❛t t❤❡
❆❝❡t♦♥ ✉♣ t♦ ✻✵◦❈✱ t♦ ✐♠♣r♦✈❡ t❤❡ t✐♠❡ ♦❢ t❤❡ ❧✐❢t ♦✛ ❡✈❡♥ ♠♦r❡✳ ❆❧❧ t❤♦s❡ ✑tr✐❝❦s✑ t✉r♥❡❞ ♦✉t t♦
♥♦t ✐♠♣r♦✈❡ t❤❡ r❡s✉❧t✳ ❚❤❡ ✜♥❛❧ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ ❧✐❢t ♦✛ st❡♣ ■ ✉s❡❞✱ ✇❛s t♦ ♣✉t t❤❡ ❣❧❛ss ✇✐t❤
t❤❡ ❆❝❡t♦♥ ❛♥❞ t❤❡ ✇❛❢❡r ❛ ❢❡✇ ♠✐♥✉t❡s ✐♥ t❤❡ ❙♦♥✐❝❛t♦r✱ ❧❡❛✈❡ t❤❡ ✇❛❢❡r ❛❣❛✐♥ ✐♥ ❆❝❡t♦♥ ♦✈❡r
♥✐❣❤t✱ ❛♥❞ ❞♦ t❤❡ s♦♥✐❝❛t✐♦♥ ❛ s❡❝♦♥❞ t✐♠❡ ❜❡❢♦r❡ r✐♥s✐♥❣ t❤❡ ✇❛❢❡r ✇✐t❤ ❆❝❡t♦♥✱ ■s♦♣r♦♣❛♥♦❧ ❛♥❞
❞✐st✐❧❧❡❞ ✇❛t❡r✳ ❚❤❡ ❡①❛❝t r❡❝✐♣❡ ✐s ❣✐✈❡♥ ✐♥ t❛❜✳✶✶✳ ■♥ ✜❣✳✸✾ ♣✐❝t✉r❡s ♦❢ t❤❡ ❧✐❢t ♦✛ ❛r❡ s❤♦✇♥✳

❚❛❜❧❡ ✶✶✿ Pr♦❝❡❞✉r❡ st❡♣s ❢♦r t❤❡ ❧✐❢t ♦✛✳

❙t❡♣ ❉❡s❝r✐♣t✐♦♥ ❚✐♠❡ ❋r❡q✉❡♥❝② P♦✇❡r

✶ ▲❡❛✈❡ ✇❛❢❡r ✐♥ ❆❝❡t♦♥ ✺ ♠✐♥
✷ ❙♦♥✐❝❛t✐♦♥ ✶ ♠✐♥ ✸✺ ❦❍③ ✷✵%

✸ ▲❡❛✈❡ ✇❛❢❡r ✐♥ ❆❝❡t♦♥ ♦✈❡r ♥✐❣❤t
✹ ❙♦♥✐❝❛t✐♦♥ ✶ ♠✐♥ ✸✺ ❦❍③ ✷✵%

✺ ❘✐♥s❡ ✇✐t❤ ❆❝❡t♦♥✱ ■s♦♣r♦♣❛♥♦❧ ❛♥❞ ❞✐st✐❧❧❡❞ ✇❛t❡r✳

❋✐❣✉r❡ ✸✾✿ P✐❝t✉r❡s ♦❢ t❤❡ ✇❛❢❡r ♣❧❛❝❡❞ ❢❛❝❡ ❞♦✇♥ ✐♥ ❆❝❡t♦♥ t♦ ❞♦ t❤❡ ❧✐❢t ♦✛ ♦❢ t❤❡ ♣♦❧②♠❡r ♠❛s❦
❛♥❞ t❤❡ ✉♥✇❛♥t❡❞ ❆❧ ❧❛②❡r✳ ■♥ t❤❡ ♣✐❝t✉r❡ ♦♥ t❤❡ r✐❣❤t✱ ♠❛r❦❡❞ ✇✐t❤ t❤❡ r❡❞ ❛rr♦✇✱ t❤❡ q✉❜✐t
str✉❝t✉r❡s ❛r❡ ❛❧r❡❛❞② ✈✐s✐❜❧❡✳

✹✻



✾✳✺ ▼❡❛s✉r✐♥❣ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s

❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✼✱ ❜② ♠❡❛s✉r✐♥❣ t❤❡ r❡s✐st❛♥❝❡ ♦❢ t❤❡ q✉❜✐ts ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✱ ♦♥❡ ❝❛♥
❣❡t ❛ ✜rst ❡st✐♠❛t❡✱ ✐❢ t❤❡ q✉❜✐ts ❛r❡ ✇♦r❦✐♥❣ ❛♥❞ ✐❢ t❤❡② ❛r❡ ✐♥ t❤❡ r✐❣❤t ❢r❡q✉❡♥❝② r❡❣✐♠❡ t❤❡②
❛r❡ ❞❡s✐❣♥❡❞ ❢♦r✳
❚❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ❢♦r t❤❡ r❡s✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts✳ ❋✐rst✱ t❤❡r❡ ✐s t❤❡ ♣♦ss✐❜✐❧✐t②
t♦ ♠❡❛s✉r❡ ♥♦t❤✐♥❣✳ ❚❤✐s ♠❡❛♥s t❤❛t ②♦✉r ❥✉♥❝t✐♦♥ ✐s ♦♣❡♥ ❛♥❞ ♥♦t ❝♦♥♥❡❝t❡❞ ❛t ❛❧❧✳ ❙♦♠❡t❤✐♥❣
✐♥ ②♦✉r ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ♠✉st ❜❡ ✇r♦♥❣✳ ❙❡❝♦♥❞✱ ✐❢ ②♦✉ ♠❡❛s✉r❡ ❛ ✈❡r② s♠❛❧❧ r❡s✐st❛♥❝❡ ❝❧♦s❡ t♦
③❡r♦ ②♦✉ ❤❛✈❡ t♦ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ q✉❜✐t ♣❛❞s✳ ❚❤✐s ❛❧s♦ ♣♦✐♥ts
t♦ ❛ ♣r♦❜❧❡♠ ✐♥ ❢❛❜r✐❝❛t✐♦♥ ✇❤❡r❡ ❛ s♠❛❧❧ s❤♦rt ❤❛s ❜❡❡♥ ❝r❡❛t❡❞ s♦♠❡✇❤❡r❡✳ ❋✐♥❛❧❧② ②♦✉ ❝❛♥
♠❡❛s✉r❡ ❛ ✈❛❧✉❡ ❢♦r t❤❡ r❡s✐st❛♥❝❡ ✐♥ t❤❡ ❢❡✇ ❦Ω r❛♥❣❡✳ ❚❤❡ ❡①❛❝t ✈❛❧✉❡ ❞❡♣❡♥❞s ♦♥ ②♦✉r ❞❡s✐❣♥✳
❨♦✉r ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss s❡❡♠s t♦ ✇♦r❦ ❛♥❞ t❤❡ q✉❜✐t s❤♦✉❧❞ ❜❡ ♠❡❛s✉r❛❜❧❡ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳
■♥ ✜❣✳✹✵ ❛ s❦❡t❝❤ ❛♥❞ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ s❡t ✉♣ ❢♦r t❤❡ ❥✉♥❝t✐♦♥✲r❡s✐st❛♥❝❡✲♠❡❛s✉r❡♠❡♥ts ❛r❡ s❤♦✇♥✳
❇② ♣✉tt✐♥❣ s♠❛❧❧ ♥❡❡❞❧❡s ♦♥ ❡❛❝❤ ♦❢ t❤❡ ♣❛❞s ♦❢ ❛ q✉❜✐t✱ t❤❡ r❡s✐st❛♥❝❡ ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ✇✐t❤ ❛
♠✉❧t✐♠❡t❡r✳ ■♥ ❛❞❞✐t✐♦♥ ❛ ✶✵ ❦Ω r❡s✐st❛♥❝❡ ✐s ❝♦♥♥❡❝t❡❞ ✐♥ s❡r✐❡s ✇✐t❤ t❤❡ q✉❜✐t ❛♥❞ t❤❡ ♠✉❧t✐♠❡t❡r
t♦ ♣r❡✈❡♥t ❤✐❣❤ ✈♦❧t❛❣❡s ✇❤✐❝❤ ❝♦✉❧❞ ❧❡❛❞ t♦ ❛ s❤♦rt ✐♥ t❤❡ q✉❜✐t✳ ❚❤r♦✉❣❤ ❛ ♠✐❝r♦s❝♦♣❡ ♦♥❡ ❝❛♥
s❡❡ t❤❡ q✉❜✐ts ❛♥❞ ❝❛♥ ❣✉✐❞❡ t❤❡ ♥❡❡❞❧❡s ♦♥ t❤❡ ♣❛❞s✳ ■♥ ✜❣✳✹✶ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❛❧❧ t❤❡ ♠❡❛s✉r❡❞

❋✐❣✉r❡ ✹✵✿ ❆ s❦❡t❝❤ ❛♥❞ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ s❡t ✉♣ ❢♦r ♠❡❛s✉r✐♥❣ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡
q✉❜✐ts✳

r❡s✐st❛♥❝❡s ❢♦r t❤❡ ✷ µ♠ ❛♥❞ t❤❡ ✷✱✺ µ♠ ❧♦♥❣ t❡st❥✉♥❝t✐♦♥s ♦❢ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✽ ❛r❡ ♣❧♦tt❡❞
❢♦r ❞✐✛❡r❡♥t ❞❛t❡s ♦✈❡r ❛ ♣❡r✐♦❞ ♦❢ ♥❡❛r❧② ✜✈❡ ♠♦♥t❤s✱ ❛t ✇❤✐❝❤ t❤❡ ❥✉♥❝t✐♦♥s ✇❤❡r❡ r❡♠❡❛s✉r❡❞
t♦ s❡❡ ✐❢ ❛♥❞ ❤♦✇ t❤❡ r❡s✐st❛♥❝❡s ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❚❤❡ ❡rr♦r ❜❛rs ❛r❡ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s
♦❢ t❤❡ ❛✈❡r❛❣❡s✳ ❋♦r t❤✐s ✇❛❢❡r ❛ ❝❛♣♣✐♥❣ ♦①✐❞❛t✐♦♥ st❡♣ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ♣r♦❝❡❞✉r❡
t♦ ♣r❡✈❡♥t t❤❡ ❛❣✐♥❣ ♦❢ t❤❡ q✉❜✐ts ✇❛s ❛❞❞❡❞✳ ❚❤❡ r❡s✐st❛♥❝❡s ♠❡❛s✉r❡❞ ♦♥ ✵✼✳✵✻✳✶✾ ❛r❡ t❤❡
t❡st❥✉♥❝t✐♦♥s ❡①❝❧✉❞✐♥❣ t❤❡ ❥✉♥❝t✐♦♥s ✇❤✐❝❤ ✇❤❡r❡ ♣✉t ✐♥ t❤❡ ❢r✐❞❣❡✳ ❖♥ ✶✸✳✵✻✳✶✾ t❤❡ r❡♠❛✐♥✐♥❣
❥✉♥❝t✐♦♥s ❢r♦♠ t❤❡ ❝♦♦❧❞♦✇♥ ✇❡r❡ ♠❡❛s✉r❡❞✳ ❇❡❧♦✇ t❤❡ ❝❤❛rt ❛ ❢❡✇ ❛❞❞✐t✐♦♥❛❧ ❞❛t❡s ❛r❡ ♠❛r❦❡❞
✇❤✐❝❤ ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡s✐st❛♥❝❡s✳ ❆❢t❡r ❞✐❝✐♥❣ t❤❡② ✇❡r❡ ♣✉t ❜❛❝❦ ✐♥t♦
t❤❡ ❞❡s✐❝❛t♦r ✉♥t✐❧ t❤❡② ✇❡r❡ ✉s❡❞ t♦ ❝♦♦❧ ❞♦✇♥✳ ❖♥❡ ❝❛♥ s❡❡✱ t❤❛t t❤❡ r❡s✐st❛♥❝❡s ❣r♦✇s ♦✈❡r t✐♠❡✱
❜✉t s❡❡♠s t♦ s❛t✉r❛t❡ ❛t s♦♠❡ ♣♦✐♥t✳ ■♥ t❤✐s ♣❡r✐♦❞ ♦❢ ♥❡❛r❧② ✜✈❡ ♠♦♥t❤s t❤❡ ❥✉♥❝t✐♦♥ r❡s✐st❛♥❝❡s
❢♦r t❤❡ ✷ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❝❤❛♥❣❡❞ ❢r♦♠ ✹✱✽±✵✱✹ ❦Ω t♦ ✻✱✼±✵✱✻ ❦Ω ❛♥❞ ❢♦r t❤❡ ✷✱✺ µ♠ ❧♦♥❣
❥✉♥❝t✐♦♥s ❢r♦♠ ✸✱✸±✵✱✷ ❦Ω t♦ ✹✱✻±✵✱✷ ❦Ω✳ ❙♦ ❜♦t❤ ❞❡s✐❣♥s ❛❣❡❞ ❜② ❛❜♦✉t ✹✵%✳ ❚❤❡ ❤✉❣❡ ❞❡❝r❡❛s❡
♦❢ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥s ❛❢t❡r ❞✐❝✐♥❣ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t✱ t❤❛t t❤❡② ✇❡r❡ ❞✐❝✐♥❣ ♠❛r❦s ❛♥❞ ✇❡r❡ ❥✉st
❞✐❝❡❞ ❛✇❛②✳

✹✼



❋✐❣✉r❡ ✹✶✿ ◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✽✱ ♠❡❛s✉r❡❞ ♦✈❡r t✐♠❡✳ ❚❤❡ ♥✉♠❜❡rs
♥❡①t t♦ t❤❡ ❞❛t❛ ♣♦✐♥ts ❛r❡ t❤❡ ♥✉♠❜❡r ♦❢ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥s ♦✉t ♦❢ ❛ t♦t❛❧ ♦❢ ✶✷✵ ❥✉♥❝t✐♦♥s✱ ❢♦r ❡❛❝❤
❥✉♥❝t✐♦♥ s✐③❡✳ ❚❤❡ ❡rr♦r ❜❛rs ❛r❡ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ t❤❡ ❛✈❡r❛❣❡✳ ■♥ t❤❡ ❜✉❜❜❧❡s ❜❡❧♦✇ t❤❡
❝❤❛rt ❛ ❢❡✇ ❛❞❞✐t✐♦♥❛❧ ❞❛t❡s ❛r❡ ♠❛r❦❡❞✱ ✇❤✐❝❤ ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ ❢♦r t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ r❡s✐st❛♥❝❡
❛♥❞ t❤❡ ❞❡❝r❡❛s❡ ♦❢ ❥✉♥❝t✐♦♥s t❤❛t ❛r❡ ❛❧✐✈❡ ♦✈❡r t✐♠❡✳

✹✽



✑❈♦♥t✐♥✉♦✉s ✐♠♣r♦✈❡♠❡♥t ✐s ❜❡tt❡r
t❤❛♥ ❞❡❧❛②❡❞ ♣❡r❢❡❝t✐♦♥✳✑

▼❛r❦ ❚✇❛✐♥

✶✵ ❋❛❜r✐❝❛t✐♦♥ ♣r♦❣r❡ss

■♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❣r❡ss ✐s ♣r❡s❡♥t❡❞ ✇✐t❤ ❡①❛♠♣❧❡s ♦♥ ❛ s❡❧❡❝t✐♦♥ ♦❢ ✇❛❢❡rs✳ ❇❡❢♦r❡
✇❡ st❛rt ❧❡t✬s ♠❡♥t✐♦♥ ❛ ❢❡✇ ❣❡♥❡r❛❧ t❤✐♥❣s t❤❛t ❛r❡ t❤❡ s❛♠❡ ❢♦r ❡❛❝❤ ✇❛❢❡r✳
❚❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡✐t❤❡r t❛❦❡♥ ✇✐t❤ t❤❡ ✑■♥❧❡♥s❡❉✉♦✑ ❞❡t❡❝t♦r✱ ✇❤❡r❡ t❤❡
❡❧❡❝tr♦♥s ❛r❡ r❡✢❡❝t❡❞ ❜❛❝❦ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❥✉♥❝t✐♦♥s t♦ ✇❤❡r❡ t❤❡② ❝❛♠❡ ❢r♦♠✱ ♦r ✇✐t❤ t❤❡ ✑❙❊✷✑
❞❡t❡❝t♦r✱ ✇❤❡r❡ t❤❡ ✐♠❛❣❡ ✐s ❝r❡❛t❡❞ ✇✐t❤ t❤❡ s❡❝♦♥❞❛r② ❡❧❡❝tr♦♥s ❣❡♥❡r❛t❡❞ t❤r♦✉❣❤ s❝❛tt❡r✐♥❣ ♦♥
t❤❡ str✉❝t✉r❡✳
❚❤❡ r❡❝✐♣❡ ❢♦r t❤❡ ❛❧✉♠✐♥✐✉♠ ❡✈❛♣♦r❛t✐♦♥ ✐s ✐♥ ❣❡♥❡r❛❧ t❤❡ s❛♠❡ ❢♦r ❡❛❝❤ ♣r❡s❡♥t❡❞ ✇❛❢❡r✳ ❖♥❡
❝❛♥ ✜♥❞ t❤❡ ❡①❛❝t ♣❛r❛♠❡t❡rs ✐♥ s❡❝t✐♦♥ ✾✳✹✳✶✳ ❏✉st t❤❡ t❤✐❝❦♥❡ss❡s ♦❢ t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❤❛✈❡
❜❡❡♥ ✈❛r✐❡❞✳ ❚❤❡② ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✜rst
❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ❝❤❛♥❣❡s t❤❡ ✇✐❞t❤s ♦❢ t❤❡ tr❡♥❝❤❡s ❛♥❞ t❤❡r❡❢♦r❡ ❝❤❛♥❣❡s t❤❡ ✇✐❞t❤
♦❢ t❤❡ s❡❝♦♥❞ ❝❛❜❧❡✳ ■♥ s♦♠❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✲❜❡❛♠ ♣✐❝t✉r❡s t❤✐s ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡✱ ❛s ♦♥❡ ❝❛❜❧❡ ✐s
t❤✐♥♥❡r t❤❛♥ t❤❡ ♦t❤❡r ♦♥❡✱ ♦r ✐♥ t❤❡ ✇♦rst ❝❛s❡✱ ♥♦ ❧♦♥❣❡r ❝♦♥♥❡❝t❡❞ ❛t ❛❧❧✳

✶✵✳✶ ❚❡st ❢♦r ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ s✐③❡s ♦♥ ❙✐❧✐❝♦♥

❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇❛❢❡r ✐s t♦ s❡❡ ✐❢ t❤❡ q✉❜✐t ❢❛❜r✐❝❛t✐♦♥ ✐♥ ❣❡♥❡r❛❧ ✐s ❣♦✐♥❣ t♦ ✇♦r❦✳ ❚♦ ♠❛❦❡ ✐t ❛s
s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ✇❡ ✉s❡ s✐❧✐❝♦♥ t♦ ❛✈♦✐❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❣♦❧❞ ❧❛②❡r ♥❡❡❞❡❞ ♦♥ s❛♣♣❤✐r❡ s✉❜str❛t❡s✳
❆s s❤♦✇♥ ✐♥ ✜❣✳✹✷✱ ✐♥ t❤✐s ❞❡s✐❣♥ t❤❡r❡ ❛r❡ ♥✐♥❡ t✐♠❡s t❤❡ s❛♠❡ t✇♦ q✉❜✐t ❧✐♥❡s✱ ✇✐t❤ ❥✉♥❝t✐♦♥
❧❡♥❣t❤s ❢r♦♠ ✶ µ♠ ✲ ✶✵ µ♠✳ ❚❤❡ ❞♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ ❞✐✛❡r❡♥t ❡❧❡♠❡♥ts ❛r❡ ❧✐st❡❞ ✐♥ t❛❜✳✶✷✳

❋✐❣✉r❡ ✹✷✿ ❆ s❦❡t❝❤ ♦❢ t❤❡ ❞❡s✐❣♥ ♦♥ t❤❡
✇❛❢❡r✳ ❚❤❡r❡ ❛r❡ ♥✐♥❡ t✐♠❡s t❤❡ s❛♠❡ ❢♦✉r
✑❥✉♥❝t✐♦♥ ❧✐♥❡s✑ ✇✐t❤ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❢r♦♠ ✶
µ♠ ✲ ✶✵ µ♠✳ ❚❤❡ t♦♣ t✇♦ ❧✐♥❡s ❛r❡ ❛❧✇❛②s
❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ❥✉♥❝t✐♦♥ ✇✐❞t❤ ♦❢ ✶✵✵ ♥♠
❛♥❞ t❤❡ ❜♦tt♦♠ t✇♦ ❧✐♥❡s ❛r❡ ❥✉♥❝t✐♦♥s ✇✐t❤
❛ ✇✐❞t❤ ♦❢ ✷✵✵ ♥♠✳ ■♥ ♦♥❡ ❝❛s❡ t❤❡② ❣♦ ❢r♦♠
✶ µ♠ ✲ ✶✵ µ♠ ❢r♦♠ ❜♦tt♦♠ t♦ t♦♣ ❛♥❞ ✐♥ t❤❡
♦t❤❡r ❝❛s❡ ❢r♦♠ ✶✵ µ♠ ✲ ✶ µ♠✳

❚❛❜❧❡ ✶✷✿ ❉♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ ❥✉♥❝t✐♦♥s ♦♥
t❤❡ s✐❧✐❝♦♥ ✇❛❢❡r✳

❉♦s❡s✿

P❛❞s ✹✱✺
✸✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✹✱✺
✷✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✺
✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✺
❏✉♥❝t✐♦♥ ❛r❡❛ ✼✱✺
❚r❡♥❝❤ ✻✱✺
❯♥❞❡r❝✉t ❝♦rr❡❝t✐♦♥ ✶
❯♥❞❡r❝✉t ✶✱✹

❍❛❧❢ ♦❢ t❤❡♠ ❤❛✈❡ ❛ ❥✉♥❝t✐♦♥ ✇✐❞t❤ ♦❢ ✶✵✵ ♥♠ ❛♥❞ t❤❡ ♦t❤❡r ❤❛❧❢ ❛ ✇✐❞t❤ ♦❢ ✷✵✵ ♥♠✱ s♣r❡❛❞
♦✈❡r t❤❡ ✇❛❢❡r✳ ■♥ t♦t❛❧✱ ✇❡ t❤❡♥ ❤❛✈❡ 9 × 2 × 2 × 10 = 360 ❥✉♥❝t✐♦♥s ✇❤✐❝❤ ♠❡❛♥s 10 × 2 = 20
❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥s✱ ❡❛❝❤ 9× 2 = 18 t✐♠❡s✳ ❲✐t❤ t❤✐s ❛♠♦✉♥t ♦❢ ❥✉♥❝t✐♦♥s ✇❡ ❝❛♥ ❛❧r❡❛❞② ❞♦ s♦♠❡
st❛t✐st✐❝s✳ ■♥ ✜❣✳✹✸ t❤❡ r❡s✐st❛♥❝❡ ♦❢ ❡✈❡r② s✐♥❣❧❡ ❥✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✇❛s♥✬t ♦♣❡♥✱ ✐s ♣❧♦tt❡❞✳ ❚❤❡
♣♦s✐t✐♦♥s ♦♥ t❤❡ ①✲❛①✐s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♥✉♠❜❡r❡❞ ♣♦s✐t✐♦♥s ✐♥ ✜❣✳✹✷✳ ■♥ ✭❛✮ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤
❛ ✇✐❞t❤ ♦❢ ✶✵✵ ♥♠ ❛♥❞ ✐♥ ✭❜✮ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✇✐❞t❤ ♦❢ ✷✵✵ ♥♠ ❛r❡ s❤♦✇♥✳ ❚❤❡ ✶ µ♠ ❥✉♥❝✲
t✐♦♥s ❛r❡ ❛❧❧ ♦♣❡♥ ♦r s❤♦rt✱ s♦ t❤❡② ❛r❡ ❡①❝❧✉❞❡❞✳ ❆❧s♦ t❤❡ ✷ µ♠ ❥✉♥❝t✐♦♥s ❛r❡ ❡①❝❧✉❞❡❞ ❜❡❝❛✉s❡
t❤❡✐r r❡s✐st❛♥❝❡ ✐s s♦ ❤✐❣❤✱ t❤❛t ✐t ✐s ❞✐✣❝✉❧t t♦ ❝♦♠♣❛r❡ t♦ t❤❡ ♦t❤❡rs✳ ❆t ❡❛❝❤ ♣♦s✐t✐♦♥ t❤❡r❡ ❛r❡
t✇♦ ✐❞❡♥t✐❝❛❧ ❥✉♥❝t✐♦♥s✳ ❖♥❡ ✐s ♠❛r❦❡❞ ✇✐t❤ ❛ ❞♦t ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✇✐t❤ ❛ ❝r♦ss✳ ❚❤❡ ❞✐✛❡r❡♥t
❝♦❧♦✉rs ❧❛❜❡❧ t❤❡ ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ s✐③❡s✳ ❊❛❝❤ ❝♦❧♦✉r s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❡ s❛♠❡ ♥♦r♠❛❧ st❛t❡

✹✾



✭❛✮ ✭❜✮

❋✐❣✉r❡ ✹✸✿ ◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s Rn ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ♦♥ t❤❡ s✐❧✐❝♦♥ ✇❛❢❡r✱ ✇✐t❤ ❛ ❞❡s✐❣♥ ❧❡♥❣t❤
♦❢ ✸ µ♠ ✲ ✶✵ µ♠ ❛t ♥✐♥❡ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s ♦♥ t❤❡ ✇❛❢❡r✳ ■♥ ✭❛✮ t❤❡r❡ ❛r❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✇✐❞t❤ ♦❢
✶✵✵ ♥♠✳ ■♥ ✭❜✮ t❤❡r❡ ❛r❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✇✐❞t❤ ♦❢ ✷✵✵ ♥♠✳ ✶ µ♠ ❥✉♥❝t✐♦♥s ❛r❡ ❛❧❧ ♦♣❡♥ ❛♥❞ ❛❧s♦
♠♦st ♦❢ t❤❡ ✷ µ♠ ❥✉♥❝t✐♦♥s✳ ❚❤♦s❡ ✇❤✐❝❤ ❤❛✈❡ s✉r✈✐✈❡❞ ❛r❡ ❡①❝❧✉❞❡❞ ❞✉❡ t♦ t❤❡✐r ❜✐❣ r❡s✐st❛♥❝❡✱
❢♦r ❛ ❜❡tt❡r ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ♦t❤❡r ❥✉♥❝t✐♦♥s✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❞❡s✐❣♥ ❧❡♥❣t❤
✐s ♥♦t t❤❡ r❡❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❞✉❡ t♦ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡✳ ❆t ❡❛❝❤ ♦❢ t❤❡ ♥✐♥❡ ♣♦s✐t✐♦♥s
t❤❡r❡ ❛r❡ ✐❞❡♥t✐❝❛❧ ❥✉♥❝t✐♦♥s✳ ❖♥❡ ♦❢ t❤❡♠ ✐s ❛❧✇❛②s ♠❛r❦❡❞ ✇✐t❤ ❛ ❞♦t ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✇✐t❤ ❛
❝r♦ss✳

r❡s✐st❛♥❝❡✳ ❚❤❡ ❛✈❡r❛❣❡❞ r❡s✐st❛♥❝❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❛r❡ ♣❧♦tt❡❞ ✐♥ ✜❣✳✹✹✳
■♥ ✜❣✳✹✺ t❤❡ s✉r✈✐✈❛❧ r❛t❡s ❛r❡ ♣❧♦tt❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦♥ t❤❡ ✇❛❢❡r ✐♥ ✭❛✮✱ ❛♥❞ ❞❡♣❡♥❞✐♥❣

❋✐❣✉r❡ ✹✹✿ ❆✈❡r❛❣❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ s✐③❡s✳ ❚❤❡ ✜t ❧✐♥❡s r❡♣r❡s❡♥t
t❤❡ 1

A ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ♦♥ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✳ ❚❤❡ ❞❛t❛ ♣♦✐♥ts ❛r❡ ♣❧♦tt❡❞
❢♦r t❤❡ ❞❡s✐❣♥❡❞ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❛♥❞ ✇✐❞t❤s✳ ❚❤❡ r❡❛❧ ❥✉♥❝t✐♦♥ ❛r❡❛s ❛r❡ ❛ ❜✐t s♠❛❧❧❡r t❤❛♥ t❤❡
❞❡s✐❣♥❡❞ ♦♥❡s ❞✉❡ t♦ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ❢♦r t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❛♥❞ ❛ s♠❛❧❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡
❥✉♥❝t✐♦♥ ❛r❡❛ ❞✉❡ t♦ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✜rst ❡✈❛♣♦r❛t✐♦♥ ❧❛②❡r ♦♥ t❤❡ s✐❞❡ ♦❢ t❤❡ ♣♦❧②♠❡r ♠❛s❦✳
❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞❡s✐❣♥❡❞ ❛♥❞ r❡❛❧ ❥✉♥❝t✐♦♥ ❛r❡❛ ✐s r❡♣r❡s❡♥t❡❞ ✇✐t❤ t❤❡ ✜t ♣❛r❛♠❡t❡r
b✳ ■t ✐s ✐♥ ❜♦t❤ ❝❛s❡s ❛❜♦✉t ✲✶ µ♠✳ ▼♦st ♦❢ t❤❡ ❛r❡❛ ❣❡ts ❧♦st ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡✳
❚❤❡ r❡❛❧ ❥✉♥❝t✐♦♥s ❛r❡ t❤❡r❡❢♦r❡ ❛❜♦✉t ✶ µ♠ s❤♦rt❡r t❤❛♥ t❤❡ ❞❡s✐❣♥❡❞ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s✳

♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ✐♥ ✭❜✮✳ ❲❡ ❝❛♥ s❡❡ ✐♥ ✭❛✮✱ t❤❛t ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✇❛❢❡r✱ t❤❡
❥✉♥❝t✐♦♥s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ s✉r✈✐✈❡ t❤❛♥ ♦♥ t❤❡ ❧❡❢t✳ ❚❤✐s ❝♦✉❧❞ ❤❛✈❡ ❞✐✛❡r❡♥t r❡❛s♦♥s✳ ■t ❝♦✉❧❞
❜❡ ❞✉❡ t♦ ♥♦t ✉♥✐❢♦r♠❧② s♣✐♥❝♦❛t❡❞ ♣♦❧②♠❡r ❧❛②❡rs✳ ❆t s♦♠❡ ♣♦✐♥t t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ♣♦❧②♠❡r ❧❛②❡r

✺✵



❞♦❡s♥✬t ✜t t♦ t❤❡ ❞♦s❡ ❢❛❝t♦rs ❛♥②♠♦r❡ ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥s ❞♦♥✬t ❝♦♠❡ ♦✉t r✐❣❤t✳ ■t ❝♦✉❧❞ ❛❧s♦ ❜❡ ❞✉❡
t♦ s♦♠❡ s❤✐❢ts ♦r ❝❤❛♥❣❡s ♦♥ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ❞✉r✐♥❣ ❧✐t❤♦❣r❛♣❤②✳ ■♥ t❤✐s ❝❛s❡ t❤❡ str✉❝t✉r❡s ✇❡r❡
✇r✐tt❡♥ ✐♥ t❤❡ ♦r❞❡r t❤❡ ♣♦s✐t✐♦♥s ❛r❡ ❧❛❜❡❧❧❡❞✳ ■t ❧♦♦❦s ❧✐❦❡ t❤❡ ❜❡❛♠ ✐♠♣r♦✈❡s ♦✈❡r t✐♠❡✱ ❜✉t t❤❡♥
❞✉r✐♥❣ t❤❡ ♠♦✈❡♠❡♥t ❢r♦♠ ♦♥❡ ❡♥❞ ♦❢ t❤❡ ✇❛❢❡r t♦ t❤❡ ♦t❤❡r s✐❞❡ ✭❢r♦♠ ♣♦s✐t✐♦♥ ✸ t♦ ✹ ❛♥❞ ❢r♦♠
♣♦s✐t✐♦♥ ✻ t♦ ✼✮ s♦♠❡t❤✐♥❣ ❤❛♣♣❡♥❡❞ t❤❛t t❤❡ q✉❜✐ts ❛r❡♥✬t ✇♦r❦✐♥❣ ❛♥②♠♦r❡ ❜❡❢♦r❡ ✐t ✐♠♣r♦✈❡s
❛❣❛✐♥✳ ▼♦st ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ❛t ♣♦s✐t✐♦♥ ✷ ❛r❡ ❛ ❜✐t ❤✐❣❤❡r ✐♥ r❡s✐st❛♥❝❡ t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤♦s❡

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✹✺✿ ✭❛✮ ❙✉r✈✐✈❛❧ r❛t❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✵✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ✇✐t❤ ❛ ✷✵✵ ♥♠ ✇✐❞❡
tr❡♥❝❤ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ♣♦s✐t✐♦♥ ♦♥ t❤❡ ✇❛❢❡r✳ ❚❤❡ ♥✉♠❜❡rs t♦ t❤❡ ✇❛❢❡r ♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞
t♦ t❤❡ ♣♦s✐t✐♦♥ ✐♥ ✜❣✳✹✷✳ ❖♥❡ ❝❛♥ s❡❡ t❤❛t ♠♦r❡ ❥✉♥❝t✐♦♥s s✉r✈✐✈❡❞ ♦♥ t❤❡ r✐❣❤t ♦❢ t❤❡ ✇❛❢❡r✳ ✭❜✮
❙✉r✈✐✈❛❧ r❛t❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✵✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ✇✐t❤ ❛ ✷✵✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❞❡♣❡♥❞✐♥❣
♦♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳ ❋♦r ❡❛❝❤ ❧❡♥❣t❤ t❤❡ ✷✵✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❥✉♥❝t✐♦♥s ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦
s✉r✈✐✈❡✱ ✇❤✐❝❤ ✐s ❡s♣❡❝✐❛❧❧② ✈✐s✐❜❧❡ ❢♦r ❜✐❣❣❡r ❥✉♥❝t✐♦♥s✳

❥✉♥❝t✐♦♥s ❛t t❤❡ ♦t❤❡r ♣♦s✐t✐♦♥s✳ ❆❧❧ ✐♥ ❛❧❧✱ ✐t ❧♦♦❦s ❧✐❦❡ t❤❡r❡ ❛r❡ ❛ ❢❡✇ ♣♦s✐t✐♦♥s ❛t ✇❤✐❝❤ t❤❡
❢❛❜r✐❝❛t✐♦♥ ❢❛✐❧❡❞ ❛t s♦♠❡ ♣♦✐♥t✳ ❚❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ r❡♣r♦❞✉❝✐❜✐❧✐t② ♦✈❡r t❤❡
✇❛❢❡r ❝❛♥ ❝❤❛♥❣❡ ❛ ❜✐t✳ ■♥ ❣❡♥❡r❛❧ ♥♦ r❡❛❧ t❡♥❞❡♥❝②✱ ❤♦✇ t❤❡ r❡s✐st❛♥❝❡s ♦r t❤❡ ❥✉♥❝t✐♦♥s ❝❤❛♥❣❡
♦✈❡r t❤❡ ✇❛❢❡r✱ ✐s ✈✐s✐❜❧❡✳
❈♦♠♣❛r✐♥❣ t❤❡ ✶✵✵ ♥♠ ✇✐❞❡ ❥✉♥❝t✐♦♥ ❛r❡❛s ✇✐t❤ t❤❡ ✷✵✵ ♥♠ ✇✐❞❡ ❥✉♥❝t✐♦♥ ❛r❡❛s✱ ✇❡ ❝❛♥ s❛② t❤❛t
✐♥ t♦t❛❧ ♠♦r❡ ♦❢ t❤❡ ✷✵✵ ♥♠ ✇✐❞❡ ❥✉♥❝t✐♦♥s ❤❛✈❡ s✉r✈✐✈❡❞✳ ❚❤❡② ❛❧s♦ s❡❡♠ t♦ ❜❡ ❛ ❜✐t ♠♦r❡ st❛❜❧❡
✐♥ r❡s✐st❛♥❝❡✳ ■♥ ❜♦t❤ ❝❛s❡s t❤❡r❡ ✐s ❛ t❡♥❞❡♥❝②✱ t❤❛t ❜✐❣❣❡r ❥✉♥❝t✐♦♥s s✉r✈✐✈❡ ♠♦r❡ ♦❢t❡♥ t❤❛♥ s♠❛❧❧
♦♥❡s✱ ❛s s❤♦✇♥ ✐♥ ✜❣✳✹✺ ✭❜✮✳ ❱❡r② ❜✐❣ ❥✉♥❝t✐♦♥s✱ ❧✐❦❡ t❤❡ ✶✵ µ♠ ❥✉♥❝t✐♦♥s✱ t❤❡♥ ❛❣❛✐♥ ❛r❡ ♠♦r❡
❧✐❦❡❧② t♦ ♥♦t s✉r✈✐✈❡✳

✶✵✳✷ ❉♦s❡ t❡st ♦♥ s❛♣♣❤✐r❡ ✲ ❑❈✵✵✸✸✷✾

❖♥ t❤✐s ✇❛❢❡r ❛ ❞♦s❡ t❡st ✇❛s ✇r✐tt❡♥ t♦ ❣❡t ❛♥ ✐❞❡❛ ❛t ✇❤✐❝❤ ❞♦s❡s t♦ st❛rt✱ t♦ ❣❡t ❛ ✇♦r❦✐♥❣
q✉❜✐t ♦♥ s❛♣♣❤✐r❡✳ ■♥ ✜❣✳✹✻ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ✑q✉❜✐t ❝❤❛✐♥s✑ ♦♥ t❤❡ ✇❛❢❡r ✐s s❤♦✇♥✳ ❚❤❡r❡ ❛r❡
t✇♦ r♦✇s ✇✐t❤ t✇❡❧✈❡ ❝♦❧✉♠♥s✳ ■♥ t❤❡ ✉♣♣❡r r♦✇ t❤❡ ❥✉♥❝t✐♦♥s ❤❛✈❡ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠✱ ✐♥
t❤❡ ❧♦✇❡r r♦✇ t❤❡② ❤❛✈❡ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✺✵ ♥♠✳ ❊❛❝❤ ❝♦❧✉♠♥ ❝♦♥s✐sts ♦❢ t❡♥ ❝♦♥t✐❣✉♦✉s q✉❜✐ts
✇✐t❤ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❢r♦♠ ✶ µ♠ t♦ ✶✵ µ♠✳ ❚❤❡ ✈❡r② ✜rst ❛♥❞ t❤❡ ✈❡r② ❧❛st ❝♦❧✉♠♥ ❛r❡ q✉❜✐ts
❢❛❜r✐❝❛t❡❞ ✇✐t❤ t❤❡ ✑♦❧❞ ❞♦s❡s✑ ❢r♦♠ t❤❡ s✐❧✐❝♦♥ ✇❛❢❡r ✭s❡❡✳ t❛❜✳✶✷✮✱ t♦ ❝♦♠♣❛r❡ t❤❡♠ t♦ t❤❡ ♥❡✇
♦♥❡s✳ ❚❤❡ ❞❡s✐❣♥ ✇✐t❤ t❤❡ ♦❧❞ ❞♦s❡s ✇❛s ♣✉t ♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ✇❛❢❡r t♦ s❡❡ ✐❢ t❤❡r❡ ✐s ❛ ✈❛r✐❛t✐♦♥
♦❢ t❤❡ ❞♦s❡ ❛❝r♦ss ✐t✳ ❋♦r t❤❡ r❡st ♦❢ t❤❡ ❝♦❧✉♠♥s t❤❡ ❞♦s❡ ❢❛❝t♦r ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ q✉❜✐t ✐s
✐♥❝r❡❛s❡❞ ❜② ✰✵✱✷✺✱ ❡✈❡r② ❝♦❧✉♠♥ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✳ ❚❤❡r❡❢♦r❡✱ ❜❡s✐❞❡ t❤❡ ✜rst ❛♥❞ ❧❛st ❝♦❧✉♠♥s✱
t❤❡r❡ ❛r❡ ♥♦ t✇♦ ✐❞❡♥t✐❝❛❧ q✉❜✐ts✳ ❚❤❡r❡ ❛r❡ ✷✵✵ ❥✉♥❝t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦r ❝♦♠❜✐♥❛t✐♦♥s✳
■♥ t❛❜✳✶✸ t❤❡ ❞♦s❡ ✈❛❧✉❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝♦❧✉♠♥s ❛r❡ s❤♦✇♥✳

✺✶



❋✐❣✉r❡ ✹✻✿ ❆ s❝r❡❡♥s❤♦t ♦❢ t❤❡ ❞❡s✐❣♥ ❢♦r t❤❡ ❞♦s❡ t❡st ✇❤✐❝❤ ✐s ✇r✐tt❡♥ ♦♥ t❤❡ s❛♣♣❤✐r❡ ✇❛❢❡r
❑❈✵✵✸✸✷✾✳ ❚❤❡r❡ ❛r❡ t✇♦ r♦✇s ✇✐t❤ ✶✷ ❧✐♥❡s ♦❢ ✶✵ q✉❜✐ts ❡❛❝❤ ✇✐t❤ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❢r♦♠ ✶ µ♠ ✲
✶✵ µ♠✳ ❚❤❡ ✈❡r② ✜rst ❛♥❞ ❧❛st ❧✐♥❡s ❛r❡ q✉❜✐ts ✇✐t❤ t❤❡ ❞♦s❡ ✈❛❧✉❡s ❢r♦♠ t❛❜✳✶✷✳ ❇❡t✇❡❡♥ t❤❡♠ t❤❡
❞♦s❡ ✈❛❧✉❡s ✐♥❝r❡❛s❡ ❜② ✰✵✱✷✺ ❢r♦♠ ❧✐♥❡ t♦ ❧✐♥❡✱ st❛rt✐♥❣ ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ✈❛❧✉❡s ❢r♦♠ t❛❜✳✶✸✳

❚❛❜❧❡ ✶✸✿ ❉♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ ❞✐✛❡r❡♥t ❞❡s✐❣♥ ❡❧❡♠❡♥ts ♦❢ ❛ q✉❜✐t ♦♥ t❤❡ s❛♣♣❤✐r❡ ✇❛❢❡r ❑❈✵✵✸✸✷✾✳
❚❤❡ ❞❛r❦ ②❡❧❧♦✇ ♠❛r❦❡❞ ✈❛❧✉❡s ❛r❡ t❤♦s❡ ✇❤✐❝❤ ❛r❡ ❝❤♦s❡♥ t♦ ❧♦♦❦ t❤❡ ❜❡st ❛♥❞ ❛r❡ s❡t ❛s t❤❡ ♥❡✇
❞♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ ♥❡①t ❢❛❜r✐❝❛t✐♦♥✳

❉♦s❡✿ +0, 25 +0, 5 ✰✵✱✼✺ ✰✶ ✰✶✱✷✺ ✰✶✱✺ ✰✶✱✼✺ ✰✷ ✰✷✱✷✺

✷✱✼✺ ✸ ✸✱✷✺ ✸✱✺ ✸✱✼✺ ✹ ✹✱✷✺ ✹✱✺ ✹✱✼✺ ✺
✸✱✷✺ ✸✱✺ ✸✱✼✺ ✹ ✹✱✷✺ ✹✱✺ ✹✱✼✺ ✺ ✺✱✷✺ ✺✱✺
✸✱✼✺ ✹ ✹✱✷✺ ✹✱✺ ✹✱✼✺ ✺ ✺✱✷✺ ✺✱✺ ✺✱✼✺ ✻
✹ ✹✱✷✺ ✹✱✺ ✹✱✼✺ ✺ ✺✱✷✺ ✺✱✺ ✺✱✼✺ ✻ ✻✱✷✺

✹✱✷✺ ✹✱✺ ✹✱✼✺ ✺ ✺✱✷✺ ✺✱✺ ✺✱✼✺ ✻ ✻✱✷✺ ✻✱✺
✹✱✷✺ ✹✱✺ ✹✱✼✺ ✺ ✺✱✷✺ ✺✱✺ ✺✱✼✺ ✻ ✻✱✷✺ ✻✱✺
✶ ✶ ✶ . . .
✶✱✹ ✶✱✹ ✶✱✹ . . .

P❛❞s✱ ✸✳✲ & ✷✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✿ ■♥ ✜❣✳✹✼ t❤❡ ♣❛❞s✱ t❤❡ ✸✳✲✱ t❤❡ ✷✳✲ ❛♥❞ ❛ s♠❛❧❧ s❡❝t✐♦♥ ♦❢ t❤❡
✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡s t♦ t❤❡ ❥✉♥❝t✐♦♥s ❛r❡ s❤♦✇♥ ❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢ ❞♦s❡ ✈❛❧✉❡s✳ ■♥ t❤❡ ✜rst ♣✐❝t✉r❡
♦♥❡ ❝❛♥ ❝❧❡❛r❧② s❡❡ t❤❡ r♦✉❣❤ ❡❞❣❡s ♦❢ t❤❡ ♣❛❞ ❞✉❡ t♦ ❛ t♦♦ ❧♦✇ ❞♦s❡✳ ❆❧s♦ t❤❡ tr❛♥s✐t✐♦♥ t♦ t❤❡
✸✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✐s ♥♦t ❞❡✈❡❧♦♣❡❞ ❛t ❛❧❧ ❛♥❞ t❤❡ ✷✳✲ ❛♥❞ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡s ❛❧s♦ s❡❡♠ t♦ ❜❡ ♥♦t
♣❡r❢❡❝t❧② ❞❡✈❡❧♦♣❡❞✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡s t❤❡ ❡❞❣❡s ♦❢ t❤❡ ♣❛❞ ❣❡t s♠♦♦t❤❡r ❛♥❞ t❤❡ ❝♦r♥❡rs
t✉r♥ ❢r♦♠ r♦✉♥❞ ❝♦r♥❡rs ✐♥t♦ ✇❡❧❧ ♣r♦♥♦✉♥❝❡❞ s❤❛r♣ ❝♦r♥❡rs✳ ❚❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ♣❛❞ ❛♥❞ t❤❡
✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❝❧♦s❡s ❛♥❞ ❛❧s♦ t❤❡ ❧✐♥❡s ✐ts❡❧❢ ❜❡❝♦♠❡ ♠♦r❡ ♣r♦♥♦✉♥❝❡❞✳ ❋♦r ❛ ✇♦r❦✐♥❣ q✉❜✐t ✐t
✐s ♥♦t r❡❛❧❧② ✐♠♣♦rt❛♥t t♦ ❤❛✈❡ ❣♦♦❞ ❧♦♦❦✐♥❣ ♣❛❞s✱ ❜✉t t♦ ❦♥♦✇ ❛♥❞ ♠❛❦❡ s✉r❡ t❤❛t ②♦✉ ❣❡t ✇❤❛t
②♦✉ ❞❡s✐❣♥✱ ✐t ❝❛♥ ❜❡ ❤❡❧♣❢✉❧ t♦ ❦♥♦✇ ❤♦✇ t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ✈❛❧✉❡s ❝♦♠❡ ♦✉t ✐♥ t❤❡ ✉s❡❞ r❡s✐st✳ ■♥
❣❡♥❡r❛❧✱ ✐t s❤♦✉❧❞ ❜❡ ❛s ❧✐tt❧❡ ❞♦s❡ ❛s ♣♦ss✐❜❧❡✱ t♦ r❡❞✉❝❡ ❜❛❝❦ s❝❛tt❡r❡❞ ❡❧❡❝tr♦♥s ❛♥❞ t❤❡ ♣r♦①✐♠✐t②
❡✛❡❝t✱ ❜✉t ❛s ♠✉❝❤ ❛s ♥❡❝❡ss❛r②✱ t♦ ❞❡✈❡❧♦♣ ✇✐t❤ ❛ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ❛❧❧ t❤❡ str✉❝t✉r❡s ②♦✉ ✇❛♥t✳
❊✈❡♥ ✐❢ t❤❡r❡ ✐s ❛ ❜✐t ♦❢ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♣♦❧②♠❡r t❤✐❝❦♥❡ss✱ ♦r ✇r✐t❡✜❡❧❞ ❛❧✐❣♥♠❡♥t✱ ♦r ♦t❤❡r ♥♦t
100% ♣❡r❢❡❝t❧② r❡♣r♦❞✉❝✐❜❧❡ ♣r♦❝❡❞✉r❡ st❡♣s✱ ②♦✉ ✇❛♥t t♦ ❣❡t ②♦✉r ❞❡s✐❣♥❡❞ str✉❝t✉r❡s✳ ❈♦♠♣❛r✐♥❣
t❤❡ ♣✐❝t✉r❡s✱ t❤❡ ❡❧❡♠❡♥ts ♠❛r❦❡❞ ✇✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇ ❛r❡ ❝❤♦s❡♥ t♦ ❜❡ ❛ ❣♦♦❞ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥
t♦♦ ❧♦✇ ❞♦s❡ ❛♥❞ t♦♦ ❤✐❣❤ ❞♦s❡✳ ❚❤❡r❡ t❤❡ ❡❧❡♠❡♥ts ❝♦♠❡ ♦✉t ❝❧❡❛r❧②✱ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♦t❤❡r
❡❧❡♠❡♥ts✱ ❜✉t ❛r❡ ♥♦t t❤♦s❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ❞♦s❡ ✈❛❧✉❡s✳ ❚❤❡② ❛r❡ s♦♠❡✇❤❡r❡ ✐♥ ❜❡t✇❡❡♥ ❛♥❞
s❤♦✉❧❞ ❜❡ t♦❧❡r❛♥t t♦ s♦♠❡ r❛♥❣❡ ♦❢ ✐rr❡❣✉❧❛r✐t✐❡s ✐♥ ❢❛❜r✐❝❛t✐♦♥✳ ❚❤♦s❡ ❛r❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥ts ❢♦r
t❤❡ ♥❡①t q✉❜✐t ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❛r❡ ❛❧s♦ ♠❛r❦❡❞ ❛s t❤❡ ❜♦❧❞ ✈❛❧✉❡s ❝♦❧♦✉r❡❞ ✐♥ ❞❛r❦ ②❡❧❧♦✇ ✐♥ t❛❜✳✶✸✳

✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ & ❏✉♥❝t✐♦♥s✿ ❚♦ ✜♥❞ t❤❡ ❞♦s❡ ✈❛❧✉❡s ❢♦r t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛♥❞ t❤❡
❥✉♥❝t✐♦♥ ❛r❡❛s t❤❡ ✽ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❢♦r ❛ s❡❧❡❝t✐♦♥ ♦❢ ❞♦s❡ ✈❛❧✉❡s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳✹✽✳ ❋♦r t❤❡
❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ t❤❡r❡ ❛r❡ ♣✐❝t✉r❡s ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ❛♥❞ ❛❢t❡r ❧✐❢t ♦✛✳ ❲✐t❤
t❤♦s❡ ♦♥❡ ❝❛♥ ❝♦♠♣❛r❡ ✇❤❛t ✐s s❡❡♥ ✉♥❞❡r t❤❡ ♠✐❝r♦s❝♦♣❡ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ t♦ ✇❤❛t ❝♦♠❡s ♦✉t ✐♥
t❤❡ ❡♥❞✳ ❖♥❡ ❝❛♥ ❣❡t ❛♥ ✐❞❡❛ ❤♦✇ t❤❡ str✉❝t✉r❡s s❤♦✉❧❞ ❧♦♦❦ ❧✐❦❡ ❛❧r❡❛❞② ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣✳ ❋♦r t❤❡

✺✷



❋✐❣✉r❡ ✹✼✿ ▼✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s ♦❢ ♣❛rts ♦❢ t❤❡ q✉❜✐ts ♦♥ t❤❡ s❛♣♣❤✐r❡ ✇❛❢❡r ❑❈✵✵✸✸✷✾ ✇r✐tt❡♥ ✇✐t❤
❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs✳ ❖♥❡ ❝❛♥ s❡❡ t❤❡ ❧♦✇❡r ❡♥❞ ♦❢ t❤❡ ♣❛❞✱ t❤❡ t❤✐r❞✱ t❤❡ s❡❝♦♥❞ ❛♥❞ ❛ s♠❛❧❧
s❡❝t✐♦♥ ♦❢ t❤❡ ✜rst ❝♦♥♥❡❝t✐♦♥ ❧✐♥❡ t♦ t❤❡ ❥✉♥❝t✐♦♥✳ ❚❤❡ ❜❧✉❡ ❛rr♦✇s ♠❛r❦ t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ✇✐t❤
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦s❡ ✇❤✐❝❤ ❛r❡ ❝❤♦s❡♥ t♦ ❧♦♦❦ t❤❡ ❜❡st ❛♥❞ ✇✐❧❧ t❤❡r❡❢♦r❡ ❜❡ ✉s❡❞ ❢♦r t❤❡ ♥❡①t
❢❛❜r✐❝❛t✐♦♥✳

❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❥✉st t❤❡ ♣✐❝t✉r❡s ❛❢t❡r ❧✐❢t ♦✛ ❛r❡ s❤♦✇♥✳
❖♥ t❤❡ ✜rst ♣✐❝t✉r❡s ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ♦♥❡ ❝❛♥ ❛❧r❡❛❞② s❡❡✱ t❤❛t t❤❡r❡ ✐s t♦♦ ❧♦✇ ❞♦s❡ t♦ ❝r❡❛t❡ ❛
str✉❝t✉r❡✳ ❚❤❡ ❥✉♥❝t✐♦♥s ❛r❡ ❜❛r❡❧② ✈✐s✐❜❧❡ ✐♥ t❤❡ ♣♦❧②♠❡r ❛s t❤❡ ❝❤❛✐♥ ❜r❡❛❦✐♥❣ ✐♥ t❤❡ ♣♦❧②♠❡r
♦♥❧② ❤❛♣♣❡♥❡❞ ♦♥ t♦♣ ♦❢ t❤❡ ♣♦❧②♠❡r ❧❛②❡r✳ ●♦✐♥❣ t♦ t❤❡ ❞♦s❡ ❢❛❝t♦r ♦❢ ✬◆❊❲ ❞♦s❡ ✰ ✵✱✺✬ ✐t ❧♦♦❦s
❧✐❦❡ t❤❡r❡ ✐s ❡♥♦✉❣❤ ❞♦s❡✳ ❈♦♠♣❛r✐♥❣ ✐t t♦ t❤❡ ♣✐❝t✉r❡s ❛❢t❡r ❧✐❢t ♦✛✱ ✇❡ s❡❡ t❤❛t ✐t r❡❛❧❧② ❝r❡❛t❡s ❛
❥✉♥❝t✐♦♥ t❤❡ ✜rst t✐♠❡✱ ❜✉t ✐t ❞♦❡s♥✬t ❧♦♦❦ ✈❡r② s❤❛r♣ ❡❞❣❡❞ ❛♥❞ ✇❡❧❧ ♣r♦♥♦✉♥❝❡❞✳ ■♥❝r❡❛s✐♥❣ t❤❡
❞♦s❡ ❢❛❝t♦r ❜② ❛♥♦t❤❡r ✰✵✱✷✺ ❧❡❛❞s t♦ ❥✉♥❝t✐♦♥s t❤❛t ❧♦♦❦ q✉✐t❡ ❣♦♦❞✱ ❛t ❧❡❛st ✉♥❞❡r t❤❡ ♦♣t✐❝❛❧
♠✐❝r♦s❝♦♣❡✳ ❚♦ ❜❡ s❛✈❡ ✇✐t❤✐♥ ✈❛r②✐♥❣ ♣♦❧②♠❡r ❧❛②❡r t❤✐❝❦♥❡ss❡s ✇❡ ❝❤♦♦s❡ t❤❡ ❞♦s❡ ❢❛❝t♦r ✬◆❊❲
❞♦s❡ ✰✶✬ t♦ ❜❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐♥ t❤❡ ♥❡①t ❞♦s❡ t❡st✳ ■t ✐s ♠❛r❦❡❞ ✇✐t❤ ❛ ❜❧✉❡ ❛rr♦✇ ✐♥ ✜❣✳✹✽✳
❋♦r t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✐t ✐s ♠♦r❡ ❞✐✣❝✉❧t t♦ ✜♥❞ ❛ ❣♦♦❞ ❞♦s❡ ❢❛❝t♦r ❢♦r t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❥✉st
❢r♦♠ t❤❡ ♣✐❝t✉r❡s ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣✳ ❈♦♠♣❛r✐♥❣ t❤❡♠ t♦ t❤❡ ♣✐❝t✉r❡s ❛❢t❡r ❧✐❢t ♦✛ ✇❡ ❝❛♥ s❡❡✱ t❤❛t
t❤❡ ❧✐♥❡s ❣❡t t❤✐❝❦❡r ❛♥❞ t❤✐❝❦❡r ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡✳ ❆ ✈✐s✐❜❧❡ ❞✐✛❡r❡♥❝❡ ❝❛♥ ❜❡ s❡❡♥ ❜❡t✇❡❡♥ t❤❡
❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡ ✰✵✱✺✬ ❛♥❞ ✬◆❊❲ ❞♦s❡ ✰✵✱✼✺✬✳ ❋r♦♠ t❤✐s ✈❛❧✉❡ ✉♣ t♦ t❤❡ ❧❛st ❞♦s❡ ❢❛❝t♦rs
t❤❡ t❤✐❝❦♥❡ss ❞♦❡s♥✬t s❡❡♠ t♦ ❝❤❛♥❣❡ ❛ ❧♦t✳ ❖♥ t❤❡ ❧❛st ♣✐❝t✉r❡s ✇✐t❤ t❤❡ ❤✐❣❤❡st ❞♦s❡ ❢❛❝t♦rs
t❤❡r❡ ✐s ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ♠✉❝❤ ♠♦r❡ ❞♦s❡ t❤❛♥ ♥❡❡❞❡❞✳ ▲♦♦❦✐♥❣ ❜❛❝❦✱ ❛❧r❡❛❞② ❛ ❞♦s❡ ❢❛❝t♦r ♦❢
✬◆❊❲ ❞♦s❡ ✰✵✱✼✺✬ ❝r❡❛t❡s ♥✐❝❡ ❝❛❜❧❡s ✇✐t❤ ✇❡❧❧ ♣r♦♥♦✉♥❝❡❞ ❡❞❣❡s✳ ❚❤✐s ❞♦s❡ ❢❛❝t♦r ✭❛❣❛✐♥ ♠❛r❦❡❞
✇✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇✮ ✐s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r t❤❡ ❞♦s❡ t❡st ♦❢ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡
✐♥ t❤❡ ♥❡①t ❢❛❜r✐❝❛t✐♦♥ r✉♥✳

❚r❡♥❝❤❡s✿ ❋♦r t❤❡ tr❡♥❝❤❡s ♦♥❡ ❤❛s t♦ ❜❡ ❛ ❜✐t ♠♦r❡ ❝❛r❡❢✉❧✱ ❛s t❤❡ ❝❛❜❧❡s ❝r❡❛t❡❞ t❤r♦✉❣❤ t❤✐s
s♠❛❧❧ ❣❛♣ ❛r❡ ♥♦t ✑❞✐r❡❝t❧②✑ ❡✈❛♣♦r❛t❡❞ ❛t t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ tr❡♥❝❤✱ ❜✉t ✉♥❞❡r♥❡❛t❤ ❛ ♥❡❛r❜②
♦✈❡r❤❛♥❣ ✐♥ t❤❡ ♣♦❧②♠❡r ♠❛s❦✳ ◆♦t ❥✉st t❤❡ ❞♦s❡ ♦❢ t❤❡ tr❡♥❝❤ ❝♦✉❧❞ ❤❛✈❡ ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡
♦✉t❝♦♠❡✱ ❜✉t ❛❧s♦ t❤❡ s✐③❡ ♦❢ t❤❡ tr❡♥❝❤✱ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❛♥❞ t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛s ✇❡❧❧ ❛s t❤❡ ✐♥t❡♥t✐♦♥❛❧ ❛♥❞ ✉♥✐♥t❡♥t✐♦♥❛❧ ✉♥❞❡r❝✉t✳ ■t ✐s t❤❡r❡❢♦r❡ t❤❡ ♠♦st
s❡♥s✐t✐✈❡ ♣❛rt ♦❢ t❤❡ q✉❜✐t t♦ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥✳
❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❝❤❛♥❣❡s t❤❡ ✇✐❞t❤ ♦❢ t❤❡ tr❡♥❝❤✳ ■s t❤❡ tr❡♥❝❤ t♦♦ t❤✐♥
✭♦r t❤❡ ❛❧✉♠✐♥✐✉♠ t♦♦ t❤✐❝❦✮ ✐t ❝❛♥ ❤❛♣♣❡♥✱ t❤❛t t❤❡ ✜rst ❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ❝❧♦s❡s t❤❡
tr❡♥❝❤ ❢♦r t❤❡ s❡❝♦♥❞ ❝❛❜❧❡ s♦ t❤❛t ✐t ❝♦✉❧❞♥✬t ❜❡ ❝r❡❛t❡❞✳ ❖♥❡ ❡♥❞s ✉♣ ✇✐t❤ ❥✉st ♦♥❡ ❝♦♥♥❡❝t✐♥❣
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❋✐❣✉r❡ ✹✽✿ ▼✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s ♦❢ t❤❡ ✽ µ♠ ❥✉♥❝t✐♦♥s ❢♦r ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs✳ ❚❤❡ ✜rst r♦✇
♣✐❝t✉r❡s ❛r❡ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣✳ ❚❤❡ s❡❝♦♥❞ r♦✇ ❛r❡ t❤❡
s❛♠❡ ❥✉♥❝t✐♦♥s✱ ♥♦✇ ❛❢t❡r ❧✐❢t ♦✛✳ ❚❤❡ t❤✐r❞ r♦✇ ❛r❡ t❤❡ ✽ µ♠ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤
❛❢t❡r ❧✐❢t ♦✛✳ ❲✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇s t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ✭t❤❡ ✶✳❝♦♥♥❡❝t✐♥❣ ❧✐♥❡✱ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛
❛♥❞ t❤❡ tr❡♥❝❤✮ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦s❡ ✈❛❧✉❡s ❛r❡ ♠❛r❦❡❞ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♥❡①t
❢❛❜r✐❝❛t✐♦♥ r✉♥✳

❝❛❜❧❡✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡ ❡✈❛♣♦r❛t❡s ❡✐t❤❡r ❧❡ss ❛❧✉♠✐♥✐✉♠ ♦r ❞❡s✐❣♥s t❤❡ tr❡♥❝❤ ❛ ❜✐t ✇✐❞❡r✳ ❚❤❡
❡✈❛♣♦r❛t✐♦♥ r❛t❡ ❛♥❞ t❤❡ tr❡♥❝❤ t❤❡r❡❢♦r❡ ❞❡♣❡♥❞ ♦♥ ❡❛❝❤ ♦t❤❡r✳
❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❤❛s ❛ s♠❛❧❧ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ tr❡♥❝❤✳ ❆s s❤♦✇♥ ✐♥ ✜❣✳✹✾
✭❝✮ ✇❡ ❝❛♥ s❡❡ ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣ ❢♦r ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s✳
❚❤❡ ♣✐❝t✉r❡ ❛❜♦✈❡ ✐s ❛ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡ ♦❢ ❛ ✶✵ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣✳ ❚❤❡ ❜♦tt♦♠
♣✐❝t✉r❡ s❤♦✇s ❛ ✷ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥✳ ❲✐t❤ t❤❡ ❛rr♦✇s t❤❡ ♣❛rts ✇❤✐❝❤ s❤♦✇ t❤❡ ✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣
❛r❡ ♠❛r❦❡❞✳ ❋♦r t❤❡ ✶✵ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ t❤✐s ✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣ ❤❛s ❛ r♦✉♥❞❡r s❤❛♣❡ t❤❛♥ ❢♦r
t❤❡ ✷ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥✳ ❇♦t❤ ❥✉♥❝t✐♦♥s ❛r❡ ✇r✐tt❡♥ ✇✐t❤ t❤❡ s❛♠❡ ❞♦s❡ ❢❛❝t♦rs✳ ❚❤❡ ❞✐✛❡r❡♥❝❡
t❤❡r❡❢♦r❡ ❤❛s t♦ ❜❡ ❞✉❡ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✳ ▼♦r❡ ❞♦s❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❜✐❣❣❡r ❥✉♥❝t✐♦♥
❛r❡❛ ✐♥❝r❡❛s❡s t❤❡ ♣r♦①✐♠✐t② ❡✛❡❝t ♦♥ t❤❡ tr❡♥❝❤✳ ❚❤❡ ✉♥❞❡r❝✉t ♥❡❛r t❤❡ ❥✉♥❝t✐♦♥ s❡❡s ♠♦r❡ ❞♦s❡ ✐❢
t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ✐s ❜✐❣❣❡r✳ ❚❤✐s ✐s ✈✐s✐❜❧❡ ✐♥ t❤❡ r♦✉♥❞ ❝♦r♥❡rs ♦❢ t❤❡ ✉♥❞❡r❝✉t ♥❡❛r t❤❡ ❥✉♥❝t✐♦♥✳
❚❤❡ ❞♦s❡ ❢❛❝t♦r ✉s❡❞ ❛s st❛rt✐♥❣ ♣♦✐♥t ❢♦r t❤❡ ❞♦s❡ t❡st ♦♥ t❤❡ ♥❡①t ✇❛❢❡r ✭✬◆❊❲ ❞♦s❡ ✰✶✱✺✬✮ ✐s
♠❛r❦❡❞ ✇✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇ ✐♥ ✜❣✳✹✽✳ ❋♦r t❤✐s ❞♦s❡ ❢♦✉r ✇✐r❡s ❛r❡ ❝❧❡❛r❧② ✈✐s✐❜❧❡ ❝♦♥♥❡❝t✐♥❣ t❤❡
❥✉♥❝t✐♦♥ ❛r❡❛ ✇✐t❤ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✳ ❊✈❡♥ ✐❢ t❤❡ ❝❛❜❧❡s ❞♦❡s♥✬t ❝♦♠❡ ♦✉t ❝♦rr❡❝t❧②✱ ✇❡ ❞♦♥✬t
❣♦ t♦ ❤✐❣❤❡r ❞♦s❡s ❛s ✐t ❝♦✉❧❞ ❜❡ ❞✉❡ t♦ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs✳ ❋♦r t❤✐s ❡✈❛♣♦r❛t✐♦♥
t❤❡ ✜rst ❧❛②❡r ✐s ✹✵ ♥♠ t❤✐❝❦ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❤❛s ❛ t❤✐❝❦♥❡ss ♦❢ ✻✵ ♥♠✳ ❈♦♠♣❛r❡❞ t♦ t❤❡
♣r❡✈✐♦✉s ❡✈❛♣♦r❛t✐♦♥ ✇❤❡r❡ t❤❡ ❧❛②❡rs ✇❡r❡ ✷✺ ♥♠ ✰ ✸✵ ♥♠✱ t❤✐s t✐♠❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ✐s ♥❡❛r❧②
t✇✐❝❡ ❛s t❤✐❝❦✳ ❋♦r t❤❡ ♥❡①t ✇❛❢❡r ✇❡ ❛❣❛✐♥ r❡❞✉❝❡ t❤❡ t❤✐❝❦♥❡ss t♦ ✸✵ ♥♠ ✰ ✹✺ ♥♠✳

❲❤② ❛r❡ t❤❡r❡ ❢♦✉r ❝❛❜❧❡s❄ ❈♦♠♣❛r✐♥❣ t❤❡ ❢♦✉r ❝❛❜❧❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✐♥ ✜❣✳✹✽ ✇❡ s❡❡ t❤❛t
s♦♠❡ ♦❢ t❤❡♠ ❛r❡ ❛❧✐❣♥❡❞ ♠♦r❡ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛♥❞ ♦t❤❡rs ❛r❡ ❢✉rt❤❡r ♦✉t✳
❊s♣❡❝✐❛❧❧② ❛t t❤❡ ❧❛st ♣✐❝t✉r❡s ✇✐t❤ t❤❡ ❤✐❣❤❡st ❞♦s❡ ❢❛❝t♦rs✱ ♦♥❡ ❝❛♥ s❡❡✱ t❤❛t t❤❡ ♦✉t❡r ❧✐♥❡s ❛r❡
♥♦t ❛❧✇❛②s ❛t t❤❡ s❛♠❡ ♣❧❛❝❡✱ ❜✉t s❡❡♠ t♦ ♠♦✈❡ ❛ ❜✐t✳ ❚❤❡ ✐♥♥❡r ♦♥❡s ❛r❡ st❛❜❧❡ ❛t t❤❡✐r ♣♦s✐t✐♦♥
❛♥❞ ❤❛✈❡ ❛ ❝✉t ✐♥ t❤❡ ♠✐❞❞❧❡✳ ❚❤✐s ❝✉t ✐s ❛❧s♦ ✈✐s✐❜❧❡ ❛ ❜✐t ❡♥❧❛r❣❡❞ ✐♥ ✜❣✳✹✾ ✭❛✮ ❛♥❞ ✭❜✮✳ ■t t✉r♥s
♦✉t t❤❛t t❤❡ ❧✐♥❡s ✇✐t❤ t❤❡ ❝✉t ❛r❡ t❤❡ ❧✐♥❡s ✇❡ ✇❛♥t✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ✑✇♦❜❜❧✐♥❣ ❧✐♥❡s✑ ❛r❡ ♥♦t t❤❡
✑r❡❛❧✑ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡s✳ ❇✉t ✇❤② s♦♠❡ ♦❢ t❤❡♠ ❤❛✈❡ ❛ ❝✉t ❛t ❛❧❧❄ ❆♥❞ ✇❤❛t ❛r❡ t❤❡s❡ ❡①tr❛ ❧✐♥❡s❄
■♥ ✜❣✳✹✾ ✭❛✮ ❛♥ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡ ♦❢ ❛ ❥✉♥❝t✐♦♥ ❛❢t❡r ❧✐❢t ♦✛ ❛♥❞ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ✐s s❤♦✇♥✳
❚❤❡ ❝✉t s❡❡♠s t♦ ❜❡ q✉✐t❡ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ❝❛❜❧❡✳ ❙♦♠❡t❤✐♥❣ ❤❛s t♦ ❜❡ ✐♥ t❤❡
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♠✐❞❞❧❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣ ✭♠❛r❦❡❞ ✇✐t❤ ❣r❡❡♥✮ t❤❛t ♣r❡✈❡♥ts t❤❡ ❛❧✉♠✐♥✐✉♠ t♦ r❡❛❝❤ t❤❡
✇❛❢❡r ❞✉r✐♥❣ ❡✈❛♣♦r❛t✐♦♥✳ ❚❤❡ ♣r♦①✐♠✐t② ❡✛❡❝t ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛♥❞ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥ ❧✐♥❡ ✇♦✉❧❞
r❡s✉❧t ✐♥ ❛♥ ❡①❝❡ss ❞♦s❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✉♥❞❡r❝✉t✳ ■♥ t❤❡ ♠✐❞❞❧❡ ❜❡t✇❡❡♥ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡
❛♥❞ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ t❤❡ ♣r♦①✐♠✐t② ❡✛❡❝t ✇♦✉❧❞ ❜❡ t❤❡ s♠❛❧❧❡st✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ✉♥❞❡r❝✉t
t❤❡r❡ ✐s s♠❛❧❧❡r t❤❛♥ ♦♥ t❤❡ s✐❞❡s✳ ■❢ t❤❡ ✉♥❞❡r❝✉t ✐s t♦♦ s♠❛❧❧✱ t❤❡ ❛❧✉♠✐♥✐✉♠ ❣❡ts ❡✈❛♣♦r❛t❡❞
❥✉st ♦♥ t❤❡ ♣♦❧②♠❡r ✇❛❧❧ ♦❢ t❤❡ ♠❛s❦✳ ❆♥❞ ❞♦❡s♥✬t r❡❛❝❤ t❤❡ ✇❛❢❡r✳ ❚❤✐s ✇♦✉❧❞ r❡s✉❧t ✐♥ ❛ ✑❝✉t✑
✐♥ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡✳ ❚❤❡ ❝✉t ✐♥ t❤❡ ❝❡♥t❡r ✐s t❤❡r❡❢♦r❡ ♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ r♦✉♥❞ s❤❛♣❡ ♦❢ t❤❡
✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣✳

❋✐❣✉r❡ ✹✾✿ ✭❛✮ ❋♦✉r ❧✐♥❡s ❝♦♥♥❡❝t✐♥❣ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ✇✐t❤ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✳ ❚✇♦ ♦❢ t❤❡♠
❤❛✈❡ ❛ ❝✉t ✐♥ t❤❡ ♠✐❞❞❧❡✳ ❚❤♦s❡ ❛r❡ t❤❡ ❧✐♥❡s ✇❡ ✇❛♥t✳ ■❢ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❧✐♥❡s t♦ t❤❡ ♣♦❧②♠❡r
♠❛s❦✱ s❤♦✇♥ ❜❡❧♦✇✱ ✇❡ ❝❛♥ s✉s♣❡❝t t❤❛t t❤❡ ❝✉t ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ✉♥❞❡r❝✉t str✉❝t✉r❡ ✐♥ t❤❡
♣♦❧②♠❡r ♠❛s❦ ✭♠❛r❦❡❞ ✇✐t❤ ❣r❡❡♥✮✳ ■❢ t❤❡ ✉♥❞❡r❝✉t ✐s t♦♦ s♠❛❧❧✱ t❤❡ ❛❧✉♠✐♥✐✉♠ ✐s ❥✉st ❡✈❛♣♦r❛t❡❞
♦♥ t❤❡ ♠❛s❦ ❛♥❞ ❝❛♥✬t r❡❛❝❤ t❤❡ ✇❛❢❡r t♦ ❝r❡❛t❡ t❤❡ ❝❛❜❧❡✳ ✭❜✮ ❋♦❧❧♦✇✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❡✈❛♣♦r❛t❡❞
❛❧✉♠✐♥✐✉♠ ♦♥ t❤❡ ✇❛❧❧ ♦❢ t❤❡ ♣♦❧②♠❡r ♠❛s❦✱ ✐t ❝♦✉❧❞ ❡✐t❤❡r ❢❛❧❧ ❞♦✇♥ ♦♥ t❤❡ str✉❝t✉r❡s✱ ❢❛❧❧ ✐♥
t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ❛✇❛② ❢r♦♠ t❤❡ str✉❝t✉r❡s ❛s ♦♥ t❤❡ ♣✐❝t✉r❡ ❛❜♦✈❡ ✭s❡❡ ✈✐♦❧❡t ❛rr♦✇✮✱ ♦r st❛♥❞
❛✇❛② ❛s ✈✐s✐❜❧❡ ♦♥ t❤❡ ♣✐❝t✉r❡ ❜❡❧♦✇ ✭❛❧s♦ ♠❛r❦❡❞ ✇✐t❤ ❛ ✈✐♦❧❡t ❛rr♦✇✮✳ ✭❝✮ s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡
✐♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t✱ ❢♦r ❛ ✶✵ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ❛♥❞ ❛ ✷ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥✳ ❚❤❡ ✉♥❞❡r❝✉t
str✉❝t✉r❡s ❛r❡ ♠❛r❦❡❞ ✇✐t❤ t❤❡ ②❡❧❧♦✇ ❛rr♦✇s✳ ❚❤❡ ❞♦s❡s ❛r❡ t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ❥✉♥❝t✐♦♥s✳ ❚❤❡
r♦✉♥❞❡r ❡❞❣❡s ♦❢ t❤❡ ✉♥❞❡r❝✉t str✉❝t✉r❡ ❢♦r t❤❡ ✶✵ µ♠ ❥✉♥❝t✐♦♥ ✐s ♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ ♣r♦①✐♠✐t②
❡✛❡❝t ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❜✐❣❣❡r ❥✉♥❝t✐♦♥ ❛r❡❛s✳

❲❤❛t ❛r❡ t❤❡s❡ ✑✇♦❜❜❧✐♥❣ ❧✐♥❡s✑❄ ❚♦ ✜♥❞ ♦✉t ✇❤❛t t❤❡s❡ ❡①tr❛ ❝❛❜❧❡s ❛r❡ ❛♥❞ ✇❤❡r❡ t❤❡②
❝♦♠❡ ❢r♦♠ ❧❡t✬s ❤❛✈❡ ❛ ❧♦♦❦ ❛t t❤❡ ♣✐❝t✉r❡s ✐♥ ✜❣✳✹✾ ✭❜✮ ❛♥❞ t❤❡ ✉♣♣❡r ♣✐❝t✉r❡ ✐♥ ✭❛✮✳ ❙♦♠❡t✐♠❡s t❤❡
❧✐♥❡s ❛r❡ ❥✉st ♥❡①t t♦ t❤❡ ❝❛❜❧❡s ✇✐t❤ t❤❡ ❣❛♣✱ s♦♠❡t✐♠❡s t❤❡② ❛r❡ ❢✉rt❤❡r ♦✉t ❛♥❞ ❝♦♥t✐♥✉❡ ❛❧♦♥❣
t❤❡ s✐❞❡ ♦❢ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛♥❞ s♦♠❡t✐♠❡s t❤❡② ♣♦✐♥t ❛✇❛② ✐♥ r❛♥❞♦♠ ❞✐r❡❝t✐♦♥s✳ ■♥ ✭❜✮ t❤❡s❡
❢❡❛t✉r❡s ❛r❡ ♠❛r❦❡❞ ✇✐t❤ t❤❡ ✈✐♦❧❡t ❛rr♦✇s✳ ▼♦st ❧✐❦❡❧② t❤❡s❡ ❡①tr❛ ❧✐♥❡s ❛r❡ ❛❧✉♠✐♥✐✉♠ ❡✈❛♣♦r❛t❡❞
♦♥ t❤❡ ✇❛❧❧ ♦❢ t❤❡ q✉❜✐t ♠❛s❦✳ ■t s❤♦✉❧❞ ❜❡ r❡♠♦✈❡❞ ❞✉r✐♥❣ t❤❡ ❧✐❢t ♦✛ st❡♣✱ ❜✉t s♦♠❡❤♦✇ st❛②
❜❡❤✐♥❞✳ ■❢ ✐t ✐s str♦♥❣❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ♦♥ t❤❡ ✇❛❢❡r s♦ t❤❛t ✐t ❞♦❡s♥✬t ❧✐❢t ♦✛✱ ✐t
❝♦✉❧❞ ❢❛❧❧ ♦♥ t❤❡ str✉❝t✉r❡s ✭✜❣✳✹✾ ✭❛✮✮✱ ♦♣❡♥ ✉♣ ✭✉♣♣❡r ♣✐❝t✉r❡ ✐♥ ✜❣✳✹✾ ✭❜✮✮✱ ♦r ♣♦✐♥t ❛✇❛② ✭♣✐❝t✉r❡
❜❡❧♦✇ ✐♥ ✜❣✳✹✾ ✭❜✮✮ ❜❡❝❛✉s❡ ❥✉st ❛ ♣❛rt ♦❢ t❤❡ ❛❧✉♠✐♥✐✉♠ st✐❝❦s t♦ t❤❡ ❛❧✉♠✐♥✐✉♠ ♦♥ t❤❡ ✇❛❢❡r✳
❚❤❡ ✇♦❜❜❧✐♥❣ ❧✐♥❡s t❤❡r❡❢♦r❡ ❛r❡ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❢r♦♠ t❤❡ ✇❛❧❧ ♦❢ t❤❡
♣♦❧②♠❡r ♠❛s❦✳ ■❢ t❤✐s r❡s✐❞✉❛❧ ❛❧✉♠✐♥✐✉♠ ❝♦♥♥❡❝ts t❤❡ ✑✇r♦♥❣✑ ❥✉♥❝t✐♦♥ ❧❛②❡r ❛♥❞ ❝♦♥♥❡❝t✐♦♥✲❧✐♥❡
✐t ❝❛♥ r❡s✉❧t ✐♥ ❛ s❤♦rt ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥ ✇♦✉❧❞♥✬t ✇♦r❦✳ ❚❤❡r❡❢♦r❡ t❤❡ ❣♦❛❧ ❢♦r t❤❡
♥❡①t ❢❛❜r✐❝❛t✐♦♥ r✉♥ ✐s t♦ ❣❡t r✐❞ ♦❢ t❤✐s ❡①tr❛ ❧✐♥❡s✳

✺✺



✶✵✳✸ ❍❛✈✐♥❣ ❛ ❝❧♦s❡r ❧♦♦❦ ✇✐t❤ t❤❡ ❡✲❜❡❛♠ ✲ ❑❈✵✵✸✸✷✻

❖♥ t❤✐s ✇❛❢❡r ❛♥♦t❤❡r✱ ❛ ❜✐t s♠❛❧❧❡r ❞♦s❡ t❡st✱ ❜✉t ✐♥ ❣❡♥❡r❛❧ ❞❡s✐❣♥❡❞ ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ ✜❣✳✹✻✱
✐s ✇r✐tt❡♥✳ ❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ❞❛r❦ ②❡❧❧♦✇ ♠❛r❦❡❞ ❞♦s❡ ❢❛❝t♦rs ♦❢ t❛❜✳✶✸✱ t❤❡ ❞♦s❡s ❢♦r t❤❡ ✶✳✲
❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✱ t❤❡ tr❡♥❝❤ ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✱ ❛r❡ ✈❛r✐❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❞♦s❡ ❢❛❝t♦r ❛❜♦✉t
+0, 25 ❡❛❝❤ t✐♠❡✱ ❛s ②♦✉ ❝❛♥ s❡❡ ✐♥ t❛❜✳✶✹✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ ♣r❡✈✐♦✉s ❞♦s❡ t❡st ✐s✱ t❤❛t ♥♦✇ t❤❡
❞♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ tr❡♥❝❤ ❛♥❞ t❤❡ ❞♦s❡s ❢♦r t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛♥❞ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛r❡ ❤✐❣❤❡r
t❤❛♥ ❜❡❢♦r❡✳ ❚❤❡ ♣r♦①✐♠✐t② ❡✛❡❝t ♦♥ t❤❡ ✉♥❞❡r❝✉t s❤♦✉❧❞ ❜❡ ❤✐❣❤❡r ❛♥❞ t❤❡ ✉♥❞❡r❝✉t t❤❡r❡❢♦r❡ ❛
❜✐t ✇✐❞❡r✳ ❚❤✐s s❤♦✉❧❞ ❤♦♣❡❢✉❧❧② ❛✈♦✐❞ t❤❡ ❣❛♣ ✐♥ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡s✳ ❚❤❡ ✑♦❧❞ ❞♦s❡s✑ ✉s❡❞ ❢♦r
t❤❡ ✈❡r② ✜rst ❛♥❞ t❤❡ ✈❡r② ❧❛st ❧✐♥❡ ❛r❡ ❛❣❛✐♥ t❤❡ ✈❛❧✉❡s ❢r♦♠ t❛❜✳✶✷✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣✐❝t✉r❡s

❚❛❜❧❡ ✶✹✿ ❉♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✻✳

❉♦s❡s✿ ◆❊❲ ✰✵✱✷✺ ✰✵✱✺ ✰✵✱✼✺ ✰✶

P❛❞s ✹✱✺ ✹✱✺ ✳✳✳
✸✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✹✱✼✺ ✹✱✼✺ ✳✳✳
✷✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✺ ✺ ✳✳✳
✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✹✱✼✺ ✺ ✺✱✷✺ ✺✱✺ ✺✱✼✺
❏✉♥❝t✐♦♥ ❛r❡❛ ✺✱✷✺ ✺✱✺ ✺✱✼✺ ✻ ✻✱✷✺
❚r❡♥❝❤ ✺✱✼✺ ✻ ✻✱✷✺ ✻✱✺ ✻✱✼✺
❯♥❞❡r❝✉t ❝♦rr❡❝t✐♦♥ ✶ ✶ ✳✳✳
❯♥❞❡r❝✉t ✶✱✹ ✶✱✹ ✳✳✳

✇✐t❤ ❛♥ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡ ❛❧s♦ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ❛r❡ s❤♦✇♥✳ ❲✐t❤ t❤❡ ❡✲❜❡❛♠
♣✐❝t✉r❡s ✇❡ ♥♦✇ ❤❛✈❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❧♦♦❦ ❛t t❤❡ ❥✉♥❝t✐♦♥s ❛♥❞ ❝❛♥ ❜❡tt❡r s❡❡ ✇❤❛t✬s ❣♦✐♥❣ ♦♥✳

❆❧✉♠✐♥✐✉♠ ❜❛rs ♥❡①t t♦ t❤❡ ❥✉♥❝t✐♦♥✿ ▲❡t✬s st❛rt ✇✐t❤ t❤❡ ✑✇♦❜❜❧✐♥❣ ❧✐♥❡s✑ t❤❛t ❛♣♣❡❛r❡❞
♦♥ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r ❛♥❞ s❡❡ ✐❢ ✇❡ ✜♥❞ t❤❡♠ ❛❣❛✐♥ ♦♥ t❤✐s ✇❛❢❡r✳ ■♥ ✜❣✳✺✵ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡
♣✐❝t✉r❡s ♦❢ t❤❡ ✻ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠✱ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ❛♥❞ ❛❢t❡r ❧✐❢t
♦✛✱ ❛r❡ s❤♦✇♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs✳ ■♥ ❛❞❞✐t✐♦♥ t❤❡r❡ ❛r❡ ❛❧s♦ ♣✐❝t✉r❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s
✉♥❞❡r t❤❡ ❡✲❜❡❛♠ ♠✐❝r♦s❝♦♣❡✳ ❋♦❝✉s✐♥❣ ♦♥ t❤❡ ♣✐❝t✉r❡s ❛❢t❡r ❧✐❢t ♦✛ t❤❡r❡ s❡❡♠ t♦ ❜❡ ❛❣❛✐♥ s♦♠❡
❡①tr❛ ❧✐♥❡s✳ ❚❤✐s t✐♠❡ ❡✈❡♥ ❝❧♦s❡r t♦ t❤❡ ✇❛♥t❡❞ ❡✈❛♣♦r❛t❡❞ ❝❛❜❧❡s✳ ❆❧s♦ ♦♥ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s
t❤✐s ❡①tr❛ ❧✐♥❡s ❛r❡ ✈✐s✐❜❧❡✳ ❚❤❡② ❛r❡ ♠❛r❦❡❞ ✐♥ ❣r❡❡♥ ♦♥ t❤❡ ✜rst ♣✐❝t✉r❡✱ ❜✉t ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥
❡❛❝❤ ♦♥❡✳
■♥ ✜❣✳✺✶✱ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ ❥✉♥❝t✐♦♥s t❛❦❡♥ ✉♥❞❡r ❞✐✛❡r❡♥t ✐♥❝❧✐♥❛t✐♦♥s ♦❢ t❤❡ ❜❡❛♠✱ ❛r❡ s❤♦✇♥✳
❚❤♦s❡ ♣r♦✈✐❞❡ ❛ ❞✐✛❡r❡♥t ✈✐❡✇ ♦♥ t❤❡ ❥✉♥❝t✐♦♥s ❛♥❞ ❛ ❜❡tt❡r s♣❛t✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✇❤❛t✬s ❣♦✐♥❣
♦♥✳ ✭❛✮ ✐s ③♦♦♠❡❞ ✐♥ ♦♥ ♦♥❡ ♦❢ t❤✐s ❡①tr❛ ❧✐♥❡s✱ ❛❣❛✐♥ ❝♦❧♦✉r❡❞ ✐♥ ❣r❡❡♥✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r
✇❡ ❤❛❞ t❤❡ t❤❡♦r②✱ t❤❛t t❤❡s❡ ❡①tr❛ ❧✐♥❡s ❛r❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❢r♦♠ t❤❡ ✇❛❧❧ ♦❢ t❤❡ ♣♦❧②♠❡r ♠❛s❦✳
▲♦♦❦✐♥❣ ❛t t❤✐s ♣✐❝t✉r❡ ✐♥ ✜❣✳✺✶ ✭❛✮ t❤✐s t❤❡♦r② ✐s ❝♦♥✜r♠❡❞✳ ■t ❧♦♦❦s ❧✐❦❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ❤❛s
❞❡t❛❝❤❡❞ ❢r♦♠ t❤❡ ✇❛❧❧ ✇❤✐❝❤ ✇❛s ✇❛s❤❡❞ ❛✇❛② ❞✉r✐♥❣ t❤❡ ❧✐❢t ♦✛ ❛♥❞ ❢❡❧❧ ♦✈❡r ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢
t❤❡ ❡✈❛♣♦r❛t❡❞ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡✳ ❖♥ t✇♦ ❝♦r♥❡rs ✇❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤✐s ❛❧✉♠✐♥✐✉♠
❧❛②❡r t♦ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛♥❞ t♦ t❤❡ ❥✉♥❝t✐♦♥ ✐ts❡❧❢✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ❞❡s✐❣♥ ✐t ♠❛❦❡s s❡♥s❡✱
t❤❛t t❤❡s❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❝♦♠❡ ❢r♦♠ t❤❡ ✇❛❧❧ ♦❢ t❤❡ ♣♦❧②♠❡r ♠❛s❦✳ ❚❤❡② ❛♣♣❡❛r ❥✉st ♦♥ t❤❡
s✐❞❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡ ✇❤❡r❡ t❤❡ tr❡♥❝❤ ✐s ✇r✐tt❡♥✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛♥❞
t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❝♦✉❧❞ ❜❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ t♦♦ ♠✉❝❤ ❞♦s❡ t❤❛t ❝r❡❛t❡s ❛♥ ✉♥✇❛♥t❡❞ ✉♥❞❡r❝✉t✳
■❢ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❢r♦♠ t❤❡ s✐❞❡ t❤❛t s❤♦✉❧❞ ❝♦♠♣❧❡t❡❧② ❣♦ ♦♥ t❤❡ ✇❛❧❧ ♦❢ t❤❡ tr❡♥❝❤ r❡❛❝❤❡s t❤❡
✇❛❢❡r✱ ✐t ✇♦✉❧❞ ❜❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✱ ❛s ✐t ✐s t❤❡ ❝❛s❡ ❢♦r t❤✐s ❥✉♥❝t✐♦♥s✳
❖♥ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r ✇❡ ❛❧s♦ s❛✇ t❤✐s ✑❡①tr❛ ❧✐♥❡s✑ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡ ♦r ❡✈❡♥
♣♦✐♥t✐♥❣ ❛✇❛② ✐♥ r❛♥❞♦♠ ❞✐r❡❝t✐♦♥s✳ ❆❧s♦ t❤✐s ❝❛♥ ❜❡ s❡❡♥ ♦♥ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ❛♥❞ ❡①♣❧❛✐♥❡❞
✇✐t❤ t❤❡ s❛♠❡ t❤❡♦r②✳ ▼❛r❦❡❞ ✇✐t❤ t❤❡ ❜❧✉❡ ❝✐r❝❧❡s ✐♥ ✜❣✳✺✵✱ t❤❡r❡ s♦♠❡t✐♠❡s ❛♣♣❡❛r ✇❤✐t❡ ❡❞❣❡s
♦♥ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛♥❞ ❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✳ ❆❣❛✐♥ ❛ ③♦♦♠ ♦♥ t❤❡ ❥✉♥❝t✐♦♥ ✭s❡❡
✜❣✳✺✶ ✭❜✮✮ s❤♦✇s ✇❤❛t✬s ❣♦✐♥❣ ♦♥✳ ❚❤❡ ✇❤✐t❡ ❛r❡❛s ✇❡ ❢♦✉♥❞✱ ❛r❡ ❢❡❛t✉r❡s t❤❛t ♣♦✐♥t ❛✇❛② ❢r♦♠
t❤❡ q✉❜✐t str✉❝t✉r❡s ♦♥ t❤❡ ✇❛❢❡r✳ ❖♥ t❤❡ ✜rst ♣✐❝t✉r❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ❢r♦♠ t❤❡ ♣♦❧②♠❡r
✇❛❧❧ ♦❢ t❤❡ ✉♣♣❡r tr❡♥❝❤ ❤❛s♥✬t ❢♦❧❞❡❞ ✉♣✱ ❜✉t st✐❧❧ st❛♥❞s ✉♣r✐❣❤t✳ ❚❤❡ ♦♥❡ ♦❢ t❤❡ tr❡♥❝❤ ❜❡❧♦✇
t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❢♦❧❞❡❞ ♦✈❡r ♦♥t♦ t❤❡ ❡✈❛♣♦r❛t❡❞ ❝❛❜❧❡✳ ■❢ t❤✐s ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ❢❛❧❧s ✐♥ t❤❡ ♦t❤❡r
❞✐r❡❝t✐♦♥✱ ❛✇❛② ❢r♦♠ t❤❡ ❡✈❛♣♦r❛t❡❞ tr❡♥❝❤✱ ✐t ✇♦✉❧❞ ❜❡ ✈✐s✐❜❧❡ ❛s t❤❡ ❡①tr❛ ❧✐♥❡s ❢✉rt❤❡r ♦✉t✳ ❆❧s♦

✺✻



❋✐❣✉r❡ ✺✵✿ ■♥ t❤❡ ✜rst t✇♦ r♦✇s t❤❡r❡ ❛r❡ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s ♦❢ t❤❡ 6µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s
✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠✱ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ❛♥❞ ❛❢t❡r ❧✐❢t ♦✛✱ ❢♦r ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs✳ ■♥ t❤❡
❧❛st r♦✇ t❤❡r❡ ❛r❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ ❡❛❝❤ ❥✉♥❝t✐♦♥ ❛❢t❡r ♠❡❛s✉r✐♥❣ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡✳
❚❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ✇❡r❡ t❛❦❡♥ ✇✐t❤ t❤❡ s❡tt✐♥❣s✿ ❲❉ ❂ ✽✳✻ ♠♠✱ ❙✐❣♥❛❧ ❂ ■♥❧❡♥s❡❉✉♦✱ ❆♣❡rt✉r❡
❙✐③❡ ❂ ✸✵ µ♠✱ ❊❍❚ ❂ ✸ ❦❱✳ ❚❤❡ ❝♦❧♦✉r❡❞ ❢❡❛t✉r❡s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t✳

❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ t❤❡ ❡①tr❛ ♣❛rts ♦❢ ❛❧✉♠✐♥✐✉♠ ❢r♦♠ t❤❡ ♣♦❧②♠❡r ✇❛❧❧ ❝♦✉❧❞ st✐❝❦ t♦
t❤❡ str✉❝t✉r❡s ♦♥ t❤❡ ✇❛❢❡r✳

❙❤❛❞♦✇s ♦♥ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s✿ ❖♥ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ✐♥ ✜❣✳✺✵ t❤❡r❡ ❛r❡ ❢✉rt❤❡r ❛rt❡❢❛❝ts
✈✐s✐❜❧❡ t❤❛t s❤♦✉❧❞ ♥♦t ❜❡ t❤❡r❡✱ ❧✐❦❡ t❤❡ s❤❛❞♦✇✲❧✐❦❡ ❜❧❛❝❦ str✉❝t✉r❡s✱ ♠❛r❦❡❞ ♦♥ ♦♥❡ ♣✐❝t✉r❡ ✇✐t❤
t❤❡ ❣r❡❡♥ ❛rr♦✇s✳ ■♥ t❤❡ ♣✐❝t✉r❡s✱ s❤♦✇✐♥❣ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡
✰✵✱✷✺✬ ✈❛❧✉❡s✱ t❤❡s❡ ✑s❤❛❞♦✇s✑ ❛r❡ ❡✈❡♥ ♦♥ t♦♣ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡✱
t❤❡② s❡❡♠ t♦ ♠♦✈❡ ❛✇❛② ❢r♦♠ t❤❡ ❝❛❜❧❡✳ ❚❤❡ ❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ✬♦❧❞ ❞♦s❡✬ ❢❛❝t♦rs ❧♦♦❦s t❤❡ ❜❡st✱
r❡❣❛r❞✐♥❣ t❤❡s❡ s❤❛❞♦✇s✳ ❖♥ t❤❡ ③♦♦♠❡❞ ✐♥ ♣✐❝t✉r❡s ♦❢ ✜❣✳✺✶ ❛✮ ❛♥❞ ❜✮ t❤❡s❡ s❤❛❞♦✇ str✉❝t✉r❡s
❛r❡ ❛❧s♦ ✈✐s✐❜❧❡✳ ❚❤❡② ❛r❡ ❢❛❧s❡ ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✳ ❚❤❡② ❤❛✈❡ ❛ r♦✉❣❤ ❡❞❣❡ ♦♥ t❤❡ s✐❞❡ ❛✇❛② ❢r♦♠
t❤❡ ❝❛❜❧❡✱ ❛♥❞ ❛ ♠♦r❡ s❤❛r♣ ❡❞❣❡ ♦♥ t❤❡ s✐❞❡ ❝❧♦s❡ t♦ t❤❡ ❝❛❜❧❡✳ ■❢ ✇❡ ❧♦♦❦ ❝❧♦s❡ ❡♥♦✉❣❤✱ ❛❧s♦ ✉♥❞❡r
t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs t❤❛t ✢✐♣♣❡❞ ♦✈❡r✱ t❤❡r❡ s❡❡♠s t♦ ❜❡ s✉❝❤ ❛ s❤❛❞♦✇ str✉❝t✉r❡✳ ❊s♣❡❝✐❛❧❧② ✐♥
t❤❡ ♣✐❝t✉r❡ ✐♥ ❜✮ ✐t ❧♦♦❦s ❛s ✐❢ t❤❡ s❤❛❞♦✇s ✇❡r❡ st❛♥❞✐♥❣ ✐♥✐t✐❛❧❧② ❧✐❦❡ ❛ ❜r✐❞❣❡ ❝♦❧❧❛♣s❡❞ ♦♥t♦ t❤❡
✇❛❢❡r✳
▼② ❤②♣♦t❤❡s✐s t♦ t❤✐s s❤❛❞♦✇s ✐s✱ t❤❛t t❤❡② ❛r❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ♦①✐❞❡ ❧❛②❡rs ♦❢ ❛ ❜✐t ♦❢ ❛❧✉♠✐♥✐✉♠✱
t❤❛t s❡tt❧❡s ❞♦✇♥ ✉♥❞❡r♥❡❛t❤ t❤❡ ✉♥❞❡r❝✉t✱ ✇❤✐❧❡ ❡✈❛♣♦r❛t✐♥❣ t❤❡ ❝❛❜❧❡ ✐♥t♦ t❤❡ ✉♥❞❡r❝✉t ✭❚❤❡
✇❤♦❧❡ ✇❛❢❡r ✐s ✉♣s✐❞❡ ❞♦✇♥ ❞✉r✐♥❣ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❞ t✐❧t❡❞ ❜② ❛♥ ❛♥❣❧❡ ♦❢ 30◦✮✳ ❆❝❝♦r❞✐♥❣ t♦
t❤✐s t❤❡♦r②✱ t❤❡ ♦①✐❞❡ ❧❛②❡r ❤❛s t♦ st❛rt t♦ ❧♦♦s❡♥ ❢r♦♠ t❤❡ ♣♦❧②♠❡r ♠❛s❦ ❞✉r✐♥❣ t❤❡ ❧✐❢t ♦✛ ❛♥❞
r❡♠❛✐♥s ♦♥ t❤❡ s✉❜str❛t❡ ❛s ♥♦✇ r❡❛❧❧② s♦♠❡ ❦✐♥❞ ♦❢ s❤❛❞♦✇ ♦❢ t❤❡ ✉♥❞❡r❝✉t✳ ■❢ t❤✐s ❤②♣♦t❤❡s✐s
✐s tr✉❡✱ t❤✐s s❤❛❞♦✇s s❤♦✇ ♠♦r❡ ♦r ❧❡ss ❡①❛❝t❧② ✇❤❡r❡ ❛♥❞ ❤♦✇ ❞❡❡♣ t❤❡ ✉♥❞❡r❝✉t ✐s ❞❡✈❡❧♦♣❡❞✱
✇✐t❤♦✉t ❧♦♦❦✐♥❣ ❞✐r❡❝t❧② ✐♥t♦ t❤❡ ✉♥❞❡r❝✉t✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t✱ ❜② ❧♦♦❦✐♥❣ ❛❣❛✐♥ ❛t t❤❡
❡✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ ✜❣✳✺✵✱ t❤❡ ✉♥❞❡r❝✉t ❡①t❡♥❞s t♦ t❤❡ ❡♥❞s ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✳ ❚❤❡ ✇❤♦❧❡ ❛r❡❛
❜♦r❞❡r❡❞ ❜② t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✱ t❤❡ ❝❛❜❧❡ ❛♥❞ t❤❡ s❤❛❞♦✇ ✭✐♥❞✐❝❛t❡❞ ✇✐t❤ t❤❡ ♦r❛♥❣❡ ❛r❡❛ ♦♥ t❤❡
t❤✐r❞ ❡✲❜❡❛♠ ♣✐❝t✉r❡✮✱ ✐s ❛♥ ✉♥❞❡r❝✉t ✐♥ t❤❡ ✇r✐tt❡♥ ♣♦❧②♠❡r ♠❛s❦✳
❍❛✈✐♥❣ ❛ ❧♦♦❦ ❛t t❤❡ ✉♥❞❡r❝✉t ♦❢ ❛ st✐t❝❤✐♥❣ ❡rr♦r ♦♥ t❤❡ ♣❛❞s✱ ♠❛r❦❡❞ ✇✐t❤ t❤❡ r❡❞ ❛rr♦✇ ✐♥
✜❣✳✺✶ ❝✮✱ ♠❛❦❡s t❤✐s ✑❜✐❣✑ ✉♥❞❡r❝✉t ❛r❡❛s ♥❡❛r t❤❡ ❥✉♥❝t✐♦♥ ❝♦♥❝❡✐✈❛❜❧❡✳ ❊✈❡♥ t❤❡r❡ ❛♥ ✉♥❞❡r❝✉t
✐s ✈✐s✐❜❧❡✱ t❤♦✉❣❤ t❤❡ ❞♦s❡ ✐s ♠✉❝❤ ❧♦✇❡r t❤❛♥ ❢♦r t❤❡ str✉❝t✉r❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳

❆❞❞✐t✐♦♥❛❧ s❤❛❞♦✇s✱ ♦r t❤❡ s❛♠❡ ❛s t❤♦s❡ ♥❡①t t♦ t❤❡ ❥✉♥❝t✐♦♥s❄ ■♥ ✜❣✳✺✷ ❡✲❜❡❛♠ ♣✐❝t✉r❡s
♦❢ ❛ ♣❛rt ♦❢ t❤❡ ✶✳✲ ❛♥❞ t❤❡ ✷✳✲❝♦♥♥❡❝t✐♦♥✲❝❛❜❧❡ ✐♥ ❛✮ ❛♥❞ t❤❡ ❝♦r♥❡r ♦❢ ❛ ♣❛❞ ✐♥ ❜✮ ❛r❡ s❤♦✇♥✳ ❖♥

✺✼



❋✐❣✉r❡ ✺✶✿ ❆❧❧ ♦❢ t❤❡ ♣✐❝t✉r❡s ❛r❡ t❛❦❡♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡tt✐♥❣s ❢♦r t❤❡ ❡✲❜❡❛♠✿ ❙✐❣♥❛❧ ❂ ❙❊✷✱
❆♣❡rt✉r❡ ❙✐③❡ ❂ ✸✵ µ♠✱ ❊❍❚ ❂ ✸ ❦❱✳ ❏✉st t❤❡ ✇♦r❦✐♥❣ ❞✐st❛♥❝❡ ✭❲❉✮ ✐s ❛ ❜✐t ❞✐✛❡r❡♥t✳ ❋♦r ✭❛✮
■ ✉s❡❞ ❲❉ ❂ ✻ ♠♠✱ ❢♦r ✭❜✮ ❲❉ ❂ ✼✱✻ ♠♠ ❛♥❞ ❢♦r ✭❝✮ ❲❉ ❂ ✼✱✽ ♠♠✳ ■♥ ❛✮ ❛ ③♦♦♠ ♦♥ t❤❡
✉♣♣❡r ❝❛❜❧❡ ♦❢ t❤❡ ✷ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛ tr❡♥❝❤ ♦❢ ✶✺✵ ♥♠ ❢♦r t❤❡ ✬♦❧❞ ❞♦s❡✬ ✈❛❧✉❡s ✉♥❞❡r ❛♥
❛♥❣❧❡ ♦❢ 30◦ ✐s s❤♦✇♥✳ ✭◆♦t✐❝❡ t❤❛t t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ♦❧❞ ❞♦s❡ ✈❛❧✉❡s ❛r❡ ❞❡s✐❣♥❡❞ ♠✐rr♦r❡❞✳
❋♦r t❤❡♠ t❤❡ ❧♦✇❡r ❝❛❜❧❡ ✐s ❡✈❛♣♦r❛t❡❞ ✜rst✳✮ ❚❤❡ ❝♦❧❧❛♣s❡❞ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ♦❢ t❤❡ tr❡♥❝❤ ✇❛❧❧✱
❝♦❧♦✉r❡❞ ✐♥ ❣r❡❡♥✱ ✐s ♥✐❝❡❧② ✈✐s✐❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ❝❛❜❧❡✱ ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✱ ♦♥❡ ❝❛♥ s❡❡
t❤❡ s❤❛❞♦✇ ❧✐❦❡ str✉❝t✉r❡✳ ■t ✐s ❥✉st ✈✐s✐❜❧❡ ✇✐t❤ t❤❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡✲❜❡❛♠✳ ■♥ ❜✮ t❤❡ ✷ µ♠
❧♦♥❣ ❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡✬ ✈❛❧✉❡s ✉♥❞❡r ❛♥ ❛♥❣❧❡ ♦❢ 53◦ ✐s
s❤♦✇♥✳ ❚❤❡ ✇❛❧❧ ♦❢ t❤❡ ✉♣♣❡r tr❡♥❝❤ ✐s st✐❧❧ st❛♥❞✐♥❣ ✇❤❡r❡❛s t❤❡ ❧♦✇❡r ♦♥❡ ✐s ❛❧r❡❛❞② ❝♦❧❧❛♣s❡❞✳
❆❧s♦ ❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ t❤❡ ❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ♦♥ t❤❡ ✇❛❧❧ ❛r❡ st✐❧❧ st❛♥❞✐♥❣
❛♥❞ ❞✐❞ ♥♦t ❧✐❢t ♦✛✳ ❆s ✐♥ ❛✮ ❤❡r❡ ❛❧s♦ t❤❡ s❤❛❞♦✇ ❧✐❦❡ str✉❝t✉r❡s ❛r❡ ✈✐s✐❜❧❡ ❛♥❞ ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✳
❊s♣❡❝✐❛❧❧② ✐♥ t❤❡ ③♦♦♠❡❞ ✐♥ ♣✐❝t✉r❡ ✐t ❧♦♦❦s ❛s ✐❢ ✐t✬s s♦♠❡❤♦✇ ❢♦❧❞❡❞ ✉♣✳ ❲❡ ❛❧s♦ ❝❛♥ s❡❡✱ t❤❛t
t❤❡ r❡❛❧ ❥✉♥❝t✐♦♥ ❛r❡❛✱ ♠❛r❦❡❞ ✇✐t❤ ♦r❛♥❣❡✱ ✐s ♥♦t t❤❡ s❛♠❡ ❛s t❤❡ ❞❡s✐❣♥❡❞ ♦♥❡✳ ❉✉❡ t♦ t❤❡ ❛♥❣❧❡
✉♥❞❡r ✇❤✐❝❤ t❤❡ ❥✉♥❝t✐♦♥ ✐s ❡✈❛♣♦r❛t❡❞ s♠❛❧❧ ♣❛rts ❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛r❡ ♠✐ss✐♥❣✳
■♥ ❝✮ ❛ ♣✐❝t✉r❡ ♦❢ t❤❡ st✐t❝❤✐♥❣ ❡rr♦r ♦♥ t❤❡ ♣❛❞ ♦❢ t❤❡ s❛♠❡ ❥✉♥❝t✐♦♥ ❛s ✐♥ ❜✮ ✐s s❤♦✇♥✳ ❚❤❡ ❧✐♥❡
❢r♦♠ t♦♣ t♦ ❜♦tt♦♠ ✐s s❝r❛t❝❤❡❞ ✇✐t❤ t❤❡ ♥❡❡❞❧❡ ✉s❡❞ ❢♦r ♠❡❛s✉r✐♥❣ t❤❡ r❡s✐st❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳
■t ❝✉ts t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ✇❤✐❝❤ ✇❛s ♦♥ t♦♣ ♦❢ t❤❡ st✐t❝❤✐♥❣ ❡rr♦r✳ ❖♥ t❤❡ ③♦♦♠❡❞ ✐♥ ♣✐❝t✉r❡ ✐t ✐s
♥✐❝❡❧② ✈✐s✐❜❧❡ t❤❛t ❛❧r❡❛❞② t❤❡ ❞♦s❡ ❢❛❝t♦r ♦❢ ✹✱✺✱ ✇❤✐❝❤ ✇❛s ✉s❡❞ ❢♦r t❤✐s ♣❛❞✱ ❝r❡❛t❡s ❛♥ ✉♥❞❡r❝✉t
❛s ♠❛r❦❡❞ ✇✐t❤ t❤❡ r❡❞ ❛rr♦✇✳

t❤❡ s✐❞❡s ❛❣❛✐♥ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs r❡♠❛✐♥❡❞ ❜❡❤✐♥❞ ❢r♦♠ t❤❡ ♣♦❧②♠❡r ♠❛s❦✳ ❯♥❞❡r t❤❡s❡ ❛❧✉♠✐♥✐✉♠
❧❛②❡rs ❢r♦♠ t❤❡ ✇❛❧❧✱ str✉❝t✉r❡s ❛r❡ ✈✐s✐❜❧❡ ✇❤✐❝❤ ❧♦♦❦ ❧✐❦❡ t❤❡ s❤❛❞♦✇ str✉❝t✉r❡s ♥❡❛r t❤❡ ❥✉♥❝t✐♦♥s✳
❯♥❢♦rt✉♥❛t❡❧② ♦♥❡ ❝❛♥ ♥♦t s❡❡✱ ✐❢ t❤❡s❡ s❤❛❞♦✇s ❛r❡ ♦♥ ♦♥❡ s✐❞❡ ❛❜♦✈❡ t❤❡ ❢♦❧❞❡❞ ❞♦✇♥ ❆❧ ❧❛②❡rs
❛♥❞ ♦♥ t❤❡ ♦t❤❡r s✐❞❡ ❜❡♥❡❛t❤ t❤❡ ❆❧ ❧❛②❡rs✱ ♦r ✐❢ ✐t ✐s t❤❡ s❛♠❡ ♦♥ ❜♦t❤ s✐❞❡s✳ ■❢ ✐t ✐s ❞✐✛❡r❡♥t
♦♥ t❤❡ t✇♦ s✐❞❡s✱ t❤❡ s❤❛❞♦✇s ❝♦✉❧❞ ❜❡✱ ❛s ❜❡❢♦r❡✱ t❤✐♥ ♦①✐❞✐③❡❞ ❧❛②❡rs ♦❢ ❛❧✉♠✐♥✐✉♠ t❤❛t s❡tt❧❡❞
❞♦✇♥ ♦♥ t❤❡ s✐❞❡ ♦❢ t❤❡ str✉❝t✉r❡ ❞✉r✐♥❣ t❤❡ ❡✈❛♣♦r❛t✐♦♥✳ ■❢ ✐t ✐s t❤❡ s❛♠❡ ♦♥ ❜♦t❤ s✐❞❡s✱ t❤❡♥ ✇❡
❞♦♥✬t ❦♥♦✇ ✇❤❡r❡ t❤✐s str✉❝t✉r❡s ❝♦♠❡ ❢r♦♠✳ ❚❤❡♥ ♠❛②❜❡ ❛❧s♦ t❤❡ t❤❡♦r② ❢♦r t❤❡ s❤❛❞♦✇s ❛t t❤❡
♣♦s✐t✐♦♥s ♦❢ t❤❡ ✉♥❞❡r❝✉t ✐s♥✬t t❤❡ r✐❣❤t ♦♥❡✳ ❚♦ ❜❡ s✉r❡ t❤✐s ❤❛s t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ❢✉rt❤❡r✳

❘❡❛❧ ❥✉♥❝t✐♦♥ ❛r❡❛s✿ ❆♥♦t❤❡r t❤✐♥❣✱ t❤❛t ✐s ♥♦✇ ✈✐s✐❜❧❡ ♦♥ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛s ✇✐t❤ t❤❡ ❡✲❜❡❛♠
♣✐❝t✉r❡s✱ ✐s t❤❛t t❤❡ r❡❛❧ ❥✉♥❝t✐♦♥ ❛r❡❛✱ ♠❛r❦❡❞ ✇✐t❤ ♦r❛♥❣❡ ✐♥ ✜❣✳✺✶✱ ✐s ♥♦t ❡①❛❝t❧② t❤❡ ❞❡s✐❣♥❡❞
♦♥❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ♣♦❧②♠❡r ❧❛②❡rs ❛♥❞ t❤❡ ❛♥❣❧❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❥✉♥❝t✐♦♥ ✐s
❡✈❛♣♦r❛t❡❞ t❤❡r❡ ✐s ❛❧✇❛②s s♦♠❡ ❧♦ss ♦❢ ❛r❡❛ ❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳ ❲❡ ♠❡❛s✉r❡❞ t❤✐s ♠✐ss✐♥❣
❥✉♥❝t✐♦♥ ❛r❡❛ ❢♦r ❛ ❢❡✇ ❥✉♥❝t✐♦♥s ❛♥❞ ❣❡t ❛ ❧❡♥❣t❤ ♦❢ ❛❜♦✉t ✼✽✵ ± ✸✵ ♥♠✱ ✇❤✐❝❤ ✐s ♠✐ss✐♥❣ ✐♥ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❢♦r t❤✐s ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ✇✐t❤ ❛♥ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ♦❢ 30◦✳ ❚❤✐s
s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡ ❞❡s✐❣♥❡❞ ✈❛❧✉❡s t♦ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡s✳ ▲❛t❡r

✺✽



❋✐❣✉r❡ ✺✷✿ ❛✮ ❊✲❜❡❛♠ ♣✐❝t✉r❡ ♦❢ t❤❡ ✷✳✲ ❛♥❞ ✸✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✇✐t❤ t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs ❢❛❧❧❡♥
❞♦✇♥ ❢r♦♠ t❤❡ ✇❛❧❧✳ ❜✮ ❊✲❜❡❛♠ ♣✐❝t✉r❡ ♦❢ ❛ ❝♦r♥❡r ♦❢ ❛ ♣❛❞✳ ■♥ ❜❧✉❡ t❤❡ str✉❝t✉r❡s ❛r❡ ❝♦❧♦✉r❡❞
✇❤✐❝❤ ❧♦♦❦ t❤❡ s❛♠❡ ❛s t❤❡ s❤❛❞♦✇ ❧✐❦❡ str✉❝t✉r❡s ♥❡❛r t❤❡ ❥✉♥❝t✐♦♥✳ P✐❝t✉r❡s ❛r❡ t❛❦❡♥ ✇✐t❤ t❤❡
s❡tt✐♥❣s✿ ❲❉ ❂ ✾✳✻ ♠♠✱ ❙✐❣♥❛❧ ❂ ❙❊✷✱ ❆♣❡rt✉r❡ ❙✐③❡ ❂ ✸✵ µm✱ ❊❍❚ ❂ ✸ ❦❱✳

♦♥ ✇❡ ❛❧s♦ ❢♦✉♥❞ ♦✉t✱ t❤❛t t❤❡ ♠❡❛s✉r✐♥❣ t♦♦❧ ✐♥ t❤❡ s♦❢t✇❛r❡ ♦❢ t❤❡ ❡✲❜❡❛♠ ♠❛❝❤✐♥❡ ✇❛s ❝❛❧✐❜r❛t❡❞
❛ ❜✐t ✐♥❝♦rr❡❝t❧②✳ ❚❤❡ ♠❡❛s✉r❡❞ ❧❡♥❣t❤s t❤❡r❡❢♦r❡ ❤❛s t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ ❛ ❢❛❝t♦r ✶✱✷✺ t♦ ❣❡t t❤❡
r❡❛❧ ❧❡♥❣t❤s✳ ■♥ ♦✉r ❝❛s❡ t❤✐s ✇♦✉❧❞ ❜❡ ✾✼✺ ± ✸✽ ♥♠ t❤❛t ❛r❡ ♠✐ss✐♥❣ ✐♥ ❧❡♥❣t❤ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s✳
▲♦♦❦✐♥❣ ❜❛❝❦ ❛t ✜❣✳✹✹✱ ✇❤❡r❡ ✇❡ ❢♦✉♥❞ t❤❛t t❤❡ ❥✉♥❝t✐♦♥s s❤♦✉❧❞ t❤❡♦r❡t✐❝❛❧❧② ❜❡ ❛❜♦✉t ✶ µ♠
s❤♦rt❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s✱ ✇❡ ♥♦✇ ❢♦✉♥❞ t❤❡ ❡①♣❧❛♥❛t✐♦♥✳ ■t ✐s ❞✉❡ t♦ t❤❡ ✉s❡❞
♣♦❧②♠❡r t❤✐❝❦♥❡ss ❛♥❞ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡✳ ❚❤❡ ♠❡❛s✉r❡❞ ✾✼✺ ± ✸✽ ♥♠ ✜t q✉✐t❡ ✇❡❧❧ t♦ t❤❡ ✜tt❡❞
✶ µ♠ ❢r♦♠ ✜❣✳✹✹✳

❉✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s✿ ❈♦♠♣❛r✐♥❣ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ t❤❡
❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ♣✐❝t✉r❡s ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ ✐♥ ✜❣✳✺✵✱ t❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t s❡❡♠s t♦ ✜t t❤❡
s❤❛❞♦✇s ♦♥ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s✱ ❛s ♠❛r❦❡❞ ✇✐t❤ t❤❡ r❡❞ ❧✐♥❡s✳ ❇✉t t❤❡♥✱ ✇❤② ✐s♥✬t ❛ ❜✐❣ s♣♦t ♦❢
❛❧✉♠✐♥✐✉♠ ❡✈❛♣♦r❛t❡❞ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✱ ❛s ✐t s❤♦✉❧❞ ❜❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r♦✉♥❞
s❤❛♣❡s ♦❢ t❤❡ ♦✉t❧✐♥❡s❄ ❚❤❡ ③♦♦♠❡❞ ✐♥ ♣✐❝t✉r❡ ✐♥ ✜❣✳✺✵ ♣r♦✈✐❞❡s ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ✉♥❞❡r❝✉t
str✉❝t✉r❡s✳ ❚❤❡r❡ s❡❡♠s t♦ ❜❡ ❛ ♣❛rt ✇❤✐❝❤ ❧♦♦❦s ❛ ❜✐t ❜r✐❣❤t❡r t❤❛♥✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❞❡✈❡❧♦♣❡❞
str✉❝t✉r❡s ♦❢ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡s✳ ■♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✱ t❤❡r❡ ✐s ❛ t❤✐♥ ❧✐♥❡ ✇❤✐❝❤
❛❣❛✐♥ ❧♦♦❦s ❛ ❜✐t ❞❛r❦❡r✳ ❚❤✐s ♠❡❛♥s✱ t❤❛t ✇❡ ♠♦st ❧✐❦❡❧② ❤❛❞ ❛ ❦✐♥❞ ♦❢ ✇r♦♥❣ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢
✇❤❛t ✇❡ s❡❡ ♦♥ t❤❡ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s✳ ■t s❡❡♠s t❤❛t t❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t ✐♥ t❤❡ ♣♦❧②♠❡r
♠❛s❦ ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ s❤♦✇s t❤❡ ✉♣♣❡r ❡❞❣❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t ✐♥ t❤❡ ✜rst ♣♦❧②♠❡r ❧❛②❡r✳ ❚❤❡ ❜r✐❣❤t❡r
❛r❡❛s s❤♦✇ t❤❡ s❡❝♦♥❞ ♣♦❧②♠❡r ❧❛②❡r ♦♥ t♦♣ ♦❢ t❤❡ ✜rst ♦♥❡✳ ❚❤❡② ❞❡✜♥❡ t❤❡ s❤❛r♣ ❛♥❞ str❛✐❣❤t
❡❞❣❡s ♦❢ t❤❡ tr❡♥❝❤ ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✱ ❞❡s♣✐t❡ t❤❡ ❜✐❣ ✉♥❞❡r❝✉t ❛r❡❛ ✭♦r❛♥❣❡ ❛r❡❛ ✐♥ ✜❣✳✺✵✮✳
❚❤❡ s❤❛❞♦✇s s❡❡♠ t♦ ❜❡❝♦♠❡ s♠❛❧❧❡r ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ✐♥✲
❝r❡❛s✐♥❣ ❞❡s✐❣♥❡❞ ✉♥❞❡r❝✉t ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡✳ ■♥ t❤❡ ♣✐❝t✉r❡s ❛❢t❡r ❞❡✈❡❧♦♣✐♥❣ t❤✐s ✐s ✈✐s✐❜❧❡ ✐♥
t❤❡ ♠♦r❡ r♦✉♥❞ s❤❛♣❡❞ str✉❝t✉r❡s ♦❢ t❤❡ ✉♥❞❡r❝✉t✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ✉♥❞❡r❝✉t ♦✈❡r❤❛♥❣ ✐s ♠❛✐♥❧②
t❤❡ s❡❝♦♥❞ ♣♦❧②♠❡r ❧❛②❡r✱ t❤❡ P▼▼❆✱ ❛♥❞ ❧❡ss ♦❢ t❤❡ ✜rst ❡✈❛♣♦r❛t❡❞ ❈♦♣♦❧②♠❡r ▼▼❆✳

◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s✿ ■♥ ✜❣✳✺✸ t❤❡ ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ❢♦r
t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs ❛r❡ ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ❞❡s✐❣♥❡❞ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r
✐s ❛❜♦✉t ±0, 1 ❦Ω✳ ❋♦r t❤❡ ❥✉♥❝t✐♦♥s ✐♥ ✭❛✮ t❤❡ ✹ µ♠ ❛♥❞ ✾ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❛r❡♥✬t ✇♦r❦✐♥❣
❜❡❝❛✉s❡ ♦❢ ❛ st✐t❝❤✐♥❣ ❡rr♦r ❛t t❤❡s❡ ❥✉♥❝t✐♦♥s✳ ❋♦r t❤❡ ❥✉♥❝t✐♦♥s ✐♥ ✭❜✮ st✐t❝❤✐♥❣ ❡rr♦rs ❛♣♣❡❛r ❛t
t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ✶✵ µ♠ ❛♥❞ ✺ µ♠ ❧❡♥❣t❤✳ ❈♦♠♣❛r✐♥❣ t❤❡ ♣❧♦ts ❢♦r t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵ ♥♠
✇✐❞❡ tr❡♥❝❤ ✐♥ ✭❛✮ ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ✐♥ ✭❜✮✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t ♥❡❛r❧② ❛❧❧
♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✐♥ ✭❜✮ ❛r❡ s❤♦rt ♦r ♦♣❡♥✳ ❏✉st ❛ ❢❡✇ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❢❛❝t♦rs✱
❛♥❞ t❤❡ ✶ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❞♦s❡ ❢❛❝t♦r ✬◆❊❲ ❞♦s❡ ✰✶✬✱ s❡❡♠ t♦ ✇♦r❦✳ ❆♣♣❛r❡♥t❧② t❤❡
✇✐❞❡r tr❡♥❝❤ ❧❡❛❞s t♦ ❛ s❤♦rt ✐♥ t❤❡ ❥✉♥❝t✐♦♥✳ ❚❤❡ ❤✐❣❤❡st ❞♦s❡ ❢❛❝t♦r ❢♦r t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡
✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛❧s♦ ❧❡❛❞ t♦ ❛ s❤♦rt ❢♦r ❛❧❧ ❥✉♥❝t✐♦♥ s✐③❡s✳ ❋♦r t❤✐s ♦r ❤✐❣❤❡r ❞♦s❡ ✈❛❧✉❡s t❤❡
❣❛♣ ❜r♦❛❞❡♥s t♦♦ ♠✉❝❤ ❛♥❞ t❤❡ ❥✉♥❝t✐♦♥s ❣❡t s❤♦rt❡❞✳

✺✾



✭❛✮ ✭❜✮

❋✐❣✉r❡ ✺✸✿ ■♥ ✭❛✮ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ♦❢ ❛❧❧ t❤❡ ❥✉♥❝t✐♦♥s ❢r♦♠ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✻ ✇✐t❤
t❤❡ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤✱ ✇❤✐❝❤ ✇❡r❡♥✬t ♦♣❡♥✱ ❛r❡ ♣❧♦tt❡❞ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs✳ ■♥ ✭❜✮
t❤❡ r❡s✐st❛♥❝❡s ♦❢ ❛❧❧ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛r❡ ♣❧♦tt❡❞✳ ❋♦r t❤❡ ✹ µ♠ ❛♥❞ ✾
µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ✐♥ ✭❛✮ ❛♥❞ t❤❡ ✺ µ♠ ❛♥❞ ✶✵ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ✐♥ ✭❜✮ t❤❡r❡ ❛r❡ ♥♦ r❡s✐st❛♥❝❡s
❜❡❝❛✉s❡ ❛ st✐t❝❤✐♥❣ ❡rr♦r ❤❛♣♣❡♥❡❞ ❛t t❤❡s❡ ❥✉♥❝t✐♦♥s ❞✉r✐♥❣ t❤❡ ❡✲❜❡❛♠ ❧✐t❤♦❣r❛♣❤②✳ ❚❤❡ ✈❛❧✉❡
♦❢ ✵✱✸ ❦Ω ✐s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ❧✐♠✐t ❢♦r ❛ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥s✳ ❆❧❧ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ r❡s✐st❛♥❝❡ ❧♦✇❡r
t❤❛♥ ✵✱✸ ❦Ω ❛r❡ ❝♦♥s✐❞❡r❡❞ s❤♦rt❡❞✳ ❚❤✐s r❡❣✐♦♥ ✐s ❝♦❧♦✉r❡❞ ✐♥ r❡❞✳ ❚❤❡ r❡❣✐♦♥ ❢♦r t❤❡ ✇♦r❦✐♥❣
❥✉♥❝t✐♦♥s ✐s ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✳ ❚❤❡ ❞❡s✐❣♥ ✇✐t❤ t❤❡ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ s❡❡♠s t♦ ✇♦r❦ ❜❡tt❡r t❤❛♥
t❤❡ ❞❡s✐❣♥ ✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛♠♦✉♥t ♦❢ ❥✉♥❝t✐♦♥s t❤❛t ❤❛❞ s✉r✈✐✈❡❞
❛♥❞ ❛r❡ ✇♦r❦✐♥❣ ✐♥ ❜♦t❤ ♦❢ t❤❡ ♣❧♦ts✳ ❋♦r t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❥✉♥❝t✐♦♥s ✐♥ ✭❜✮ ❥✉st ❛ ❢❡✇ ♦❢
t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❢❛❝t♦r ❛♥❞ t❤❡ ✶ µ♠ ❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❞♦s❡ ❢❛❝t♦r ✬◆❊❲ ❞♦s❡
✰✶✬ ❤❛✈❡ s✉r✈✐✈❡❞✳

❲❤❛t ❞♦ t❤❡ ❥✉♥❝t✐♦♥s t♦ t❤❡ r❡s✐st❛♥❝❡s ❧♦♦❦ ❧✐❦❡❄ ❚♦ ❤❛✈❡ ❛ ❜❡tt❡r ❢❡❡❧✐♥❣ ❤♦✇ t❤❡
❥✉♥❝t✐♦♥s ❢♦r t❤❡ ♠❡❛s✉r❡❞ r❡s✐st❛♥❝❡s ❧♦♦❦ ❧✐❦❡✱ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✷✵ ♥♠ tr❡♥❝❤ ❛♥❞ t❤❡ ✬◆❊❲
❞♦s❡✬ ✈❛❧✉❡s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳✺✹✳ ❉❡s♣✐t❡ t❤❡ ✉♥✇❛♥t❡❞ ❛❧✉♠✐♥✐✉♠ ❜❛rs ♥❡❛r t❤❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡✱
t❤❡ ❥✉♥❝t✐♦♥s s❡❡♠ t♦ ✇♦r❦ ❛♥❞ ❞❡❧✐✈❡r r❡s✐st❛♥❝❡s✳ ■❢ ♦♥❡ r❡❛❧❧② ✇❛♥ts t♦ ✉s❡ t❤❡s❡ ❥✉♥❝t✐♦♥s ✐s
❛♥♦t❤❡r q✉❡st✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ♠❡❛s✉r✐♥❣ ❛ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ✐s ♥♦t ❛ ✶✵✵% ✐♥❞✐❝❛t✐♦♥✱ t❤❛t
t❤❡ ❥✉♥❝t✐♦♥ ✐s ❛ ❣♦♦❞ ♦♥❡✳
❖♥❡ ❝❛♥ ❛❧s♦ ❛s❦✱ ✐❢ t❤❡ r❡s✐st❛♥❝❡s ❛r❡ r❡❛❧❧② t❤❡ ♦♥❡s ✇❡ ✇❛♥t t♦ ❦♥♦✇ ✲ t❤r♦✉❣❤ t❤❡ ❥✉♥❝t✐♦♥✱ ♦r
✐❢ t❤❡② ❛r❡ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ r❡s✐st❛♥❝❡s t❤r♦✉❣❤ t❤❡ ❥✉♥❝t✐♦♥ ❆◆❉ t❤r♦✉❣❤ t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛r❄ ■❢
t❤❡ ❜❛rs ❛r❡ r❡❛❧❧② ❥✉st ♦①✐❞❡✱ t❤❡♥ t❤❡ r❡s✐st❛♥❝❡ ✐s ❤✐❣❤ ❛♥❞ t❤❡ r❡s✉❧t ✐s ♦♥❧② s❧✐❣❤t❧② ❞✐st♦rt❡❞
❛s t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❥✉♥❝t✐♦♥✳
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❋✐❣✉r❡ ✺✹✿ ❚❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ✇❡r❡ t❛❦❡♥ ✇✐t❤ t❤❡ s❡tt✐♥❣s✿ ❲❉ ❂ ✽✳✻ ♠♠✱ ❙✐❣♥❛❧ ❂ ■♥❧❡♥s❡❉✉♦✱
❆♣❡rt✉r❡ ❙✐③❡ ❂ ✸✵ µ♠✱ ❊❍❚ ❂ ✸ ❦❱✳ ❚❤♦s❡ ❛r❡ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞
t❤❡ ✬◆❊❲ ❞♦s❡✬ ✈❛❧✉❡s ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✻✳ ❚❤❡ ✹ µ♠ ❛♥❞ t❤❡ ✾ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❛r❡ ♥♦t
✇♦r❦✐♥❣ ❜❡❝❛✉s❡ ♦❢ ❛ st✐t❝❤✐♥❣ ❡rr♦r ❞✉r✐♥❣ ❧✐t❤♦❣r❛♣❤②✳ ❍❡r❡ ♦♥❧② t❤❡ ✾ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ✐s s❤♦✇♥✳
❋♦r t❤❡ ♦t❤❡r ❥✉♥❝t✐♦♥s t❤❡ ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ✉♣♣❡r r✐❣❤t ❝♦r♥❡r✳
❆❧t❤♦✉❣❤ t❤❡r❡ ❛r❡ t❤❡ s❤❛❞♦✇ ❧✐❦❡ str✉❝t✉r❡s ♦♥ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡s ❛♥❞ t❤❡ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs
♦❢ t❤❡ tr❡♥❝❤ ✇❛❧❧ ♥❡①t t♦ t❤❡ ❝❛❜❧❡s✱ t❤❡ ❥✉♥❝t✐♦♥s ♣r♦✈✐❞❡ ✉s❡❢✉❧ r❡s✐st❛♥❝❡s✳ ◆❡✈❡rt❤❡❧❡ss t❤❡s❡
q✉❜✐ts ❛r❡♥✬t s♦♠❡t❤✐♥❣ ♦♥❡ ✇❛♥ts t♦ ✉s❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❥✉♥❝t✐♦♥s s❡❡♠ t♦ ✇♦r❦✳

✶✵✳✹ ❘❡♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r ✲ ❑❈✵✵✸✸✻✶

❖♥ t❤✐s ✇❛❢❡r t❤❡ s❛♠❡ ❞❡s✐❣♥ ❛♥❞ t❤❡ s❛♠❡ ❞♦s❡s ❛s ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✻ ✭s❡❡ t❛❜✳✶✹✮ ✇❡r❡
✉s❡❞✱ ❜✉t ❛ ❢❡✇ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ st❡♣s ✇❡r❡ ❞♦♥❡✳

❆❣✐♥❣ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s✿ ❖♥❡ ♦❢ t❤❡ ❝❤❛♥❣❡s ✇❛s ♠❛❞❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✑❣r♦✇✐♥❣✑ ♥♦r♠❛❧ st❛t❡
r❡s✐st❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ♦✈❡r t✐♠❡✳ ❚❤✐s ✐s ♥♦t ♦♥❧② ♦❜s❡r✈❛❜❧❡ ❢♦r ♦✉r ❥✉♥❝t✐♦♥s✳ ❆❧s♦ ✐♥ t❤❡ ❣❡♥✲
❡r❛❧ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❝✐r❝✉✐t ❝♦♠♠✉♥✐t② t❤❡② ♥♦t✐❝❡❞ t❤✐s ❦✐♥❞ ♦❢ ✑❛❣❡✐♥❣✑ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s✳ ❚❤❡r❡
✐s t❤❡ t❤❡♦r②✱ t❤❛t t❤✐s ❛❣❡✐♥❣ ❛❢t❡r ❢❛❜r✐❝❛t✐♦♥ ♦r✐❣✐♥❛t❡s ✐♥ ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ ❛❧✉♠✐♥✐✉♠ s✉r❢❛❝❡
✇❤✐❧❡ s❧♦✇❧② ♦①✐❞✐③✐♥❣ ✐♥ ❛✐r✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✾✳✺ t❤✐s ❛❣❡✐♥❣ ✇❛s s❤♦✇♥ ✐♥ t❤❡ ❡①❛♠♣❧❡
♦❢ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✽✳ ❚❤❡r❡ t❤❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ❣r♦✇ ❛❜♦✉t ✹✵% ♦✈❡r ❛ ♣❡r✐♦❞ ♦❢
♥❡❛r❧② ✜✈❡ ♠♦♥t❤s ✭s❡❡ ✜❣✳✹✶✮✳
■♥ ❞❡t❛✐❧✱ t✇♦ ♠❡❝❤❛♥✐s♠s ❛r❡ ❦♥♦✇♥ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ r❡s♣♦♥s✐❜❧❡ ❢♦r t❤✐s ❛❣✐♥❣✳ ❖♥❡ ✐s t❤❡ ❝♦♥t✐♥✲
✉✐♥❣ ♦①✐❞❛t✐♦♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❜❛rr✐❡r ✐♥ ❛✐r✳ ❚❤✐s ❤❛♣♣❡♥s ♠♦st❧② ♥❡❛r t❤❡ ❝✐r❝✉♠❢❡r❡♥❝❡ ♦❢ t❤❡
❥✉♥❝t✐♦♥✳ ❚❤❡ ♦t❤❡r ♦♥❡ ✐s t❤❛t t❤❡ ❆❧❖x ❜❛rr✐❡r ✐s r✐❝❤ ♦❢ ♦①②❣❡♥ ❛♥❞ ❥✉st s❧♦✇❧② r❡❧❛①❡s t♦ t❤❡
st❛❜❧❡ ❆❧2❖3 ❜② ❛ ❞✐✛✉s✐✈❡ ♠❛ss tr❛♥s♣♦rt ❢r♦♠ t❤❡ ♦①②❣❡♥ r✐❝❤ s✉r❢❛❝❡ t♦ t❤❡ ❛❧✉♠✐♥✐✉♠✳ ❬✷✽❪
❚❤❡r❡❢♦r❡ ✇❡ tr✐❡❞ t♦ ❛❞❞ ❛♥ ❡①tr❛ ♦①✐❞❛t✐♦♥ st❡♣ ✭✸ ♠✐♥✱ ✷✵ ♠❜❛r✮ ❛❢t❡r t❤❡ ❛❧✉♠✐♥✐✉♠ ❡✈❛♣♦r❛✲
t✐♦♥s ✐♥ t❤❡ P❧❛ss②s✱ ❛s s♦♠❡ ❦✐♥❞ ♦❢ ✑❝❛♣♣✐♥❣ ❧❛②❡r✑✱ t♦ ✐♠♠❡❞✐❛t❡❧② st♦♣ ♦r ♣r❡✈❡♥t t❤✐s ♦①✐❞✐③✐♥❣
❛♥❞ t❤❡ ✐♥❝r❡❛s✐♥❣ ♦❢ t❤❡ r❡s✐st❛♥❝❡s✳ ❖♥ t❤✐s ✇❛❢❡r ■ tr✐❡❞ t❤❡ ❝❛♣♣✐♥❣ ❧❛②❡r t❤❡ ✜rst t✐♠❡ ❛♥❞
❝❤❛♥❣❡❞ t❤❡ r❡❝✐♣❡ ❜② ❛❞❞✐♥❣ t❤✐s st❡♣✳ ❚❤✐s ✇❛s t❤❡♥ ❛❧s♦ ❞♦♥❡ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛❢❡rs✳ ❋✐❣✳✹✶
s❤♦✇s ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ ❛ ✇❛❢❡r ✇✐t❤ t❤✐s ❝❛♣♣✐♥❣ ❧❛②❡r✳ ❚❤❡r❡ ❛r❡ ♦t❤❡r ✐❞❡❛s t♦ ♣r❡✈❡♥t t❤❡

✻✶



❛❣❡✐♥❣ ♦❢ t❤❡ q✉❜✐ts✳ ❖t❤❡r ❣r♦✉♣s ❢♦✉♥❞✱ t❤❛t r❡♠♦✈✐♥❣ ♦r❣❛♥✐❝ r❡s✐❞✉❡s ✇✐t❤ ❛♥ ✐♦♥ ♠✐❧❧ ❜❡❢♦r❡
t❤❡ ❡✈❛♣♦r❛t✐♦♥✱ ❝♦✉❧❞ ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ❢♦r t❤❡ ❛❣❡✐♥❣ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s✳ ❆❧s♦ ❛ ❧♦♥❣ ❧✐❢t ♦✛
✭❛❜♦✉t s❡✈❡r❛❧ ❤♦✉rs✮ ✐♥ ❤♦t s♦❧✈❡♥t ✑❛♥♥❡❛❧s✑ t❤❡ ❥✉♥❝t✐♦♥ ❛♥❞ ❝♦✉❧❞ ♣r❡✈❡♥t t❤❡ ❛❣❡✐♥❣✳ ❬✷✽❪

❈❤❛♥❣❡s ✐♥ t❤❡ ❧✐❢t ♦✛✿ ❆♥♦t❤❡r ❝❤❛♥❣❡ ✇❛s ❞♦♥❡ ✐♥ t❤❡ ❧✐❢t ♦✛ st❡♣✳ ❚❤❡ ✇❛❢❡r ✇❛s ♣✉t t✇♦
t✐♠❡s ❢♦r ✶ ♠✐♥ ❛t ✸✺ ❦❍③ ❛♥❞ ✷✵% ♣♦✇❡r ✐♥ t❤❡ ❙♦♥✐❝❛t♦r✳ ❚❤❡ ✜rst t✐♠❡ ❛❢t❡r ✺ ♠✐♥ ✐♥ ❆❝❡t♦♥✱
❛♥❞ t❤❡ s❡❝♦♥❞ t✐♠❡ ❛❢t❡r ❛♥♦t❤❡r ✑♦✈❡r ♥✐❣❤t s❡ss✐♦♥✑ ✐♥ ❆❝❡t♦♥✳ ❲✐t❤ t❤❡ s♦♥✐❝❛t✐♦♥ t❤❡ ❧✐❢t ♦✛
✇❛s ❛ ❜✐t ♠♦r❡ ✑❜r✉t❛❧✑ t❤❛♥ ♦♥ t❤❡ ✇❛❢❡r ❜❡❢♦r❡ t♦ ❤♦♣❡❢✉❧❧② r❡♠♦✈❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ♥❡①t t♦
t❤❡ tr❡♥❝❤❡s✳

❉✐rt ♦♥ t❤❡ q✉❜✐ts✿ ■♥ ✜❣✳✺✺ ❛ q✉❜✐t ♦♥ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss❡❞ ✇❛❢❡r ❑❈✵✵✸✸✷✻ ❛♥❞ ❛ q✉❜✐t
♦♥ t❤✐s ✇❛❢❡r ❑❈✵✵✸✸✻✶ ✐s s❤♦✇♥✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ s✉r❢❛❝❡s ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡✳ ❚❤❡r❡ ✐s ♠✉❝❤

❋✐❣✉r❡ ✺✺✿ ❖♥ t❤❡ ❧❡❢t ❛ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡ ♦❢ ❛ q✉❜✐t ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✻ ✐s s❤♦✇♥✳ ❆ ❧♦t ♦❢
s♠❛❧❧ ♣❛rt✐❝❧❡s ❛r❡ ✈✐s✐❜❧❡ ♦♥ t❤❡ ♣❛❞s✳ ❚❤✐s ❞✐rt ❝❛♥ ❝❛✉s❡ ❧♦ss❡s ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡ ♠❡❛s✉r❡♠❡♥ts
❛♥❞ t❤❡r❡❢♦r❡ s❤♦✉❧❞ ♥♦t ❜❡ t❤❡r❡✳ ❖♥ t❤❡ r✐❣❤t ❛ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡ ♦❢ ❛ q✉❜✐t ❢r♦♠ t❤❡ ✇❛❢❡r
❑❈✵✵✸✸✻✶ ✐s s❤♦✇♥✳ ❉✉r✐♥❣ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦♥ t❤✐s ✇❛❢❡r ■ t♦♦❦ ❝❛r❡ t♦ ❛✈♦✐❞ ♣❛rt✐❝❧❡s ♣♦ss✐❜❧②
❝♦♠✐♥❣ ❢r♦♠ ❛❧❧ t❤❡ ❧✐q✉✐❞s t❤❡ ✇❛❢❡r ✐s ✐♥ ❝♦♥t❛❝t ❞✉r✐♥❣ ❢❛❜r✐❝❛t✐♦♥✳

♠♦r❡ ✑❞✐rt✑ ❛♥❞ ❧✐tt❧❡ ✉♥✇❛♥t❡❞ ♣❛rt✐❝❧❡s ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✻✳ ❚❤❡s❡ ❝❛♥ ❝❛✉s❡ ❧♦ss❡s ✐♥ t❤❡
♠✐❝r♦✇❛✈❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡r❡❢♦r❡ ❞❡❝r❡❛s❡ t❤❡ ❧✐❢❡t✐♠❡ ♦❢ t❤❡ q✉❜✐t✳ ❚♦ ✐♠♣r♦✈❡ t❤✐s ■ t♦♦❦
❝❛r❡ t♦ ❦❡❡♣ t❤❡ ✇❛❢❡r ❝❧❡❛♥ ❞✉r✐♥❣ ❛❧❧ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ st❡♣s✳ ❊s♣❡❝✐❛❧❧② ❞✉r✐♥❣ st❡♣s ✇✐t❤ ❧✐q✉✐❞s
❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❝❤❛♣t❡r ✾✳ ❚❤❡s❡ st❡♣s✱ ✇❤❡r❡ ♦♥❡ ❤❛s t♦ ♣✉t t❤❡ ✇❛❢❡r ♦✉t ♦❢ ❛ ❧✐q✉✐❞ ❧✐❦❡ ❧✉❣♦❧ ♦r
t❤❡ ❞❡✈❡❧♦♣❡r✱ s❡❡♠ t♦ ❜❡ t❤❡ ♠♦st ❝r✐t✐❝❛❧ ♦♥❡s✳ ❚❤❡ ♣♦✐♥t ✐s✱ t❤❛t t❤❡ ❞✐rt ❞♦❡s♥✬t ❛❞❞ ✉♣ ♦♥❝❡ ✐t
✐s ♦♥ t❤❡ ✇❛❢❡r✱ ❜✉t ❝❛♥ ❛❧s♦ ❜❡ r❡♠♦✈❡❞ ✐♥ ❡❛❝❤ st❡♣✳ ❊✈❡r② st❡♣ ✐s t❤❡r❡❢♦r❡ ❝r✐t✐❝❛❧ ♦♥ ✐ts ♦✇♥✳
❋✐❣✳✺✺ s❤♦✇s t❤❡ r❡s✉❧t ❢♦r t❛❦✐♥❣ ❝❛r❡ ♦❢ t❤❡ st❡♣s✳

❈♦♠♣❛r✐s♦♥ t♦ ♣r❡✈✐♦✉s ✇❛❢❡r✿ ■♥ ✜❣✳✺✻ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞
t❤❡ ✬◆❊❲ ❞♦s❡ ✰✵✱✷✺✬ ♦♥ t❤✐s ✇❛❢❡r ❛r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❥✉♥❝t✐♦♥s ♦♥ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r✳ ❙✐♥❝❡
t❤❡ ❞❡s✐❣♥ ❛♥❞ t❤❡ ❞♦s❡ ❢❛❝t♦rs ❛r❡ t❤❡ s❛♠❡ ♦♥ ❡❛❝❤ ✇❛❢❡r✱ t❤❡ ❥✉♥❝t✐♦♥s t❤✐s t✐♠❡ s❤♦✉❧❞ ❜❡
❛ r❡♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ♦♥ ❑❈✵✵✸✸✷✻✱ ♦r ❡✈❡♥ ❜❡tt❡r ❞✉❡ t♦ ❧❡ss ✑❞✐rt✑ ❞❡♣♦s✐t❡❞ ❞✉r✐♥❣
❢❛❜r✐❝❛t✐♦♥ ❛♥❞ t❤❡ ❤♦♣❡❢✉❧❧② ❜❡tt❡r ❧✐❢t ♦✛✳ ❋♦❝✉s✐♥❣ ♦♥ t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ♥❡①t t♦ t❤❡ ❥✉♥❝t✐♦♥s✱
t❤✐s t✐♠❡ t❤❡② ❛r❡ ❡✐t❤❡r ❣♦♥❡ ❝♦♠♣❧❡t❡❧② ♦r ❧✐❡ ❛r♦✉♥❞ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ t❤❡ ❥✉♥❝t✐♦♥s✱ ♠❛r❦❡❞
✇✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇s✳ ❆❧s♦ ♦♥ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡s t❤❡r❡ ❛r❡ ❧❡ss ♦❢ t❤❡ ❡①tr❛ ❛❧✉♠✐♥✐✉♠ ❧❛②❡rs✳
❚❤✐s ❝♦✉❧❞ ❜❡ ❛♥ ✐♥❞✐❝❛t✐♦♥ t❤❛t t❤❡ ❞✐✛❡r❡♥t ❧✐❢t ♦✛ r❡❛❧❧② ♠❛❦❡s ❛♥ ✐♠♣r♦✈❡♠❡♥t✳

❉♦s❡ ❝♦♠♣❛r✐s♦♥✿ ■♥ ✜❣✳✺✼ ❛ ❞♦s❡ ❝♦♠♣❛r✐s♦♥ ❢♦r t❤❡ ✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ✐s s❤♦✇♥✳ ❚❤✐s t✐♠❡
✇❡ ❝♦♠♣❛r❡ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s t❛❦❡♥ ✇✐t❤ ❜♦t❤ ♦❢ t❤❡ t✇♦ ❞❡t❡❝t♦rs ❢♦r ✐♠❛❣✐♥❣ ❛✈❛✐❧❛❜❧❡ ✐♥
t❤❡ ❡✲❜❡❛♠ ♠❛❝❤✐♥❡✳ ■♥ t❤❡ ✉♣♣❡r r♦✇✱ ♣✐❝t✉r❡s ❛r❡ t❛❦❡♥ ✇✐t❤ t❤❡ ■♥❧❡♥s❡❉✉♦ ❞❡t❡❝t♦r ❢♦r t❤❡
❞✐r❡❝t❧② r❡✢❡❝t❡❞ ❡❧❡❝tr♦♥s✳ ■♥ t❤❡ ❜♦tt♦♠ r♦✇ t❤❡ ♣✐❝t✉r❡s ❛r❡ t❛❦❡♥ ✇✐t❤ t❤❡ ❙❊✷ ❞❡t❡❝t♦r ✇❤✐❝❤
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❋✐❣✉r❡ ✺✻✿ ▼✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵ ♥♠ tr❡♥❝❤ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡ ✰✵✱✷✺✬
❢❛❝t♦rs ❢♦r ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s✳ ❚♦♣ r♦✇ ❛r❡ t❤❡ ❥✉♥❝t✐♦♥s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r ❑❈✵✵✸✸✷✻
s❤♦✇♥ t♦ ❝♦♠♣❛r❡ ✐t t♦ t❤❡ ❥✉♥❝t✐♦♥s ♦❢ t❤✐s ♥❡✇ ❢❛❜r✐❝❛t✐♦♥ r✉♥ ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✶✱ ✐♥ t❤❡
❜♦tt♦♠ r♦✇✳ ❚❤❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ❛r❡ ❛♥ ❡①tr❛ ♦①✐❞❛t✐♦♥ st❡♣ ❛❢t❡r t❤❡ ❛❧✉♠✐♥✐✉♠
❡✈❛♣♦r❛t✐♦♥✱ s♦♥✐❝❛t✐♦♥ ❞✉r✐♥❣ t❤❡ ❧✐❢t ♦✛ st❡♣ ❛♥❞ t❤❡ ♠♦r❡ ❝❛r❡❢✉❧❧② ✇❛❢❡r ❤❛♥❞❧✐♥❣ ✇✐t❤ r❡❣❛r❞
t♦ s♠❛❧❧ ♣❛rt✐❝❧❡s t❤❛t ♠② s❡tt❧❡ ❞♦✇♥ ♦♥ t❤❡ str✉❝t✉r❡s✳

❞❡t❡❝t t❤❡ s❡❝♦♥❞❛r② ❡❧❡❝tr♦♥s ❞❡✢❡❝t❡❞ ❢r♦♠ t❤❡ s✉r❢❛❝❡✳ ❲✐t❤ t❤❡ ■♥❧❡♥s❡❉✉♦ ❞❡t❡❝t♦r ♥❡❛r❧②
❡✈❡r②t❤✐♥❣ ❛r♦✉♥❞ t❤❡ ❥✉♥❝t✐♦♥ ✐s ✈✐s✐❜❧❡✳ ❲✐t❤ t❤❡ ❙❊✷ ❞❡t❡❝t♦r ❢❡❛t✉r❡s ♦♥✱ ♦r ✈❡r② ❝❧♦s❡ t♦ t❤❡
s✉❜str❛t❡ ❛r❡ ✈✐s✐❜❧❡✳ ▲❡t✬s ❤❛✈❡ ❛ ❧♦♦❦ ❛t t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ♥❡①t t♦ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡✳ ■♥ t❤❡
❙❊✷ ♣✐❝t✉r❡s t❤❡② s❡❡♠ t♦ ❜❡ ❣♦♥❡ ❝♦♠♣❧❡t❡❧② ❢♦r ♥❡❛r❧② ❛❧❧ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s✳ ❈♦♠♣❛r✐♥❣ ✐t t♦ t❤❡
■♥❧❡♥s❡❉✉♦ ♣✐❝t✉r❡s ✇❡ s❡❡✱ t❤❛t t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ❚❤❡② ❞✐❞♥✬t ❧✐❢t ♦✛ ♣r♦♣❡r❧② ❛♥❞ s❡❡♠ t♦ ✑✢②✑
❛r♦✉♥❞✱ ❛s t❤❡② st✐❧❧ st✐❝❦ t♦ ♣❛rts ♦❢ t❤❡ ❥✉♥❝t✐♦♥✳ ❊✈❡♥ ✐❢ t❤❡② ❛r❡ st✐❧❧ t❤❡r❡✱ ✐t✬s ❛♥ ✐♠♣r♦✈❡♠❡♥t
t♦ t❤❡ ❧❛st ✇❛❢❡r✱ ✇❤❡r❡ ❛❧❧ ♦❢ t❤❡♠ ✇❡r❡ ❧②✐♥❣ ♥❡①t t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❧✐♥❡✳
■♥st❡❛❞ ♦❢ t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ♥❡①t t♦ t❤❡ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡ ✇❡ ❝❛♥ ♥♦✇ ✜♥❞ t❤❛t t❤✐♥ ❧✐♥❡s ❝♦♥♥❡❝t
t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛♥❞ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✳ ❚❤❡② ❛r❡ ♠❛r❦❡❞ ✇✐t❤ t❤❡ ❜❧✉❡ ❝✐r❝❧❡s ♦♥ t❤❡ ✜rst
♣✐❝t✉r❡s ✐♥ ✜❣✳✺✼✳ ❲❡ ❞✐❞♥✬t r❡❝♦❣♥✐s❡ t❤❡s❡ ❧✐♥❡s ♦♥ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r✱ ❜✉t ♠❛②❜❡ ❥✉st ❝♦✉❧❞♥✬t
s❡❡ t❤❡♠ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs✳ ❲✐t❤ t❤❡s❡ ❧✐♥❡s ✇❡ ❝❛♥ ❝♦♥✜r♠ t❤❛t t❤❡ ✜rst ❡✈❛♣♦r❛t✐♦♥
❝♦♠❡s ❢r♦♠ t❤❡ ❧❡❢t✳ ❚❤❡ ❡✈❛♣♦r❛t✐♦♥ ❢r♦♠ t❤❡ ❧❡❢t s❤♦✉❧❞ ❝r❡❛t❡ t❤❡ ✉♣♣❡r ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡ ❜✉t
s❤♦✉❧❞ ❣♦ ♦♥t♦ t❤❡ ♣♦❧②♠❡r ✇❛❧❧ t❤r♦✉❣❤ t❤❡ tr❡♥❝❤ ❝♦♥♥❡❝t✐♥❣ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ✇✐t❤ t❤❡ ❧♦✇❡r
✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✳ ■♥st❡❛❞ ♦❢ ❜❡✐♥❣ ❡✈❛♣♦r❛t❡❞ ♦♥ t❤❡ ♣♦❧②♠❡r ✇❛❧❧ t❤❡ ❛❧✉♠✐♥✐✉♠ ✐♥st❡❛❞ r❡❛❝❤❡s
t❤❡ ✇❛❢❡r✳ ❚❤❡ ✜rst ❛❧✉♠✐♥✐✉♠ ❧❛②❡r ♦♥ t♦♣ ♦❢ t❤❡ ♣♦❧②♠❡r ♠❛s❦ ♠❛❦❡s t❤❡ tr❡♥❝❤ ❛ ❜✐t s♠❛❧❧❡r✳
❚❤❡r❡❢♦r❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ✐♥ t❤❡ s❡❝♦♥❞ ❡✈❛♣♦r❛t✐♦♥ ❞♦❡s♥✬t r❡❛❝❤ t❤❡ ✇❛❢❡r ❛♥②♠♦r❡✳ ❈♦♠♣❛r✐♥❣
t❤❡ ❧✐♥❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t ❞♦s❡s ♦♥ t❤❡ ❙❊✷ ♣✐❝t✉r❡s ✐♥ ✜❣✳✺✼ ✇❡ ❝❛♥ s❡❡✱ t❤❛t ❛❧s♦ t❤❡ s❡❝♦♥❞ ♦♥❡
♦❢ t❤♦s❡ ❧✐♥❡s ❛♣♣❡❛r✳ ❚❤✐s ✐s t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❞♦s❡ ✐s t❤❛t ♠✉❝❤✱ t❤❛t t❤❡ ✉♥✇❛♥t❡❞ ✉♥❞❡r❝✉t
❛t t❤❡ ♣♦❧②♠❡r ✇❛❧❧ ❣❡ts s♦ ❜✐❣✱ t❤❛t ♥♦✇ t❤❡ ❛❧✉♠✐♥✐✉♠ ❝❛♥ r❡❛❝❤ t❤❡ ✇❛❢❡r✳ ❋♦r t❤❡ ❥✉♥❝t✐♦♥s
✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ t❤✐s ❤❛♣♣❡♥s ❛ ❞♦s❡ ❢❛❝t♦r ♦❢ ✵✱✷✺ ❡❛r❧✐❡r t❤❛♥ ❢♦r t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤
t❤❡ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤✳
■❢ t❤❡s❡ ❧✐♥❡s ❛r❡ r❡❛❧❧② ♥❡✇ ♦♥ t❤✐s ✇❛❢❡r✱ ✐t ♠❡❛♥s t❤❛t t❤❡ ❢❛❜r✐❝❛t✐♦♥ ✐s ♥♦t ❛s r❡♣r♦❞✉❝✐❜❧❡ ❛s
✇❡ ❤♦♣❡❞✳ ❚♦ ❣❡t ❛ ❤✐♥t ✐❢ t❤❡s❡ ❧✐♥❡s ❛r❡ r❡❛❧❧② ♥❡✇ ✐♥ t❤✐s ❢❛❜r✐❝❛t✐♦♥ r✉♥✱ ✇❡ ❝❛♥ ❤❛✈❡ ❛ ❧♦♦❦ ❛t
t❤❡ r❡s✐st❛♥❝❡s✳

◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s✿ ■♥ ✜❣✳✺✽ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ ❛❧❧ ❥✉♥❝t✐♦♥s ♦♥ t❤✐s ✇❛❢❡r
❛r❡ ♣❧♦tt❡❞✳ ❖♥❡ t✐♠❡ ❛❣❛✐♥st t❤❡ ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❛♥❞ ♦♥❡ t✐♠❡ ❛❣❛✐♥st t❤❡ ❞✐✛❡r❡♥t ❞♦s❡
❢❛❝t♦rs✳ ❚❤❡ ❛r❡❛ ✇✐t❤ t❤❡ ❥✉♥❝t✐♦♥s t❤❛t ❛r❡ ✇♦r❦✐♥❣ ✐s ❛❣❛✐♥ ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✱ t❤❡ ❛r❡❛ ✇✐t❤ t❤❡
❥✉♥❝t✐♦♥s t❤❛t ❛r❡ s❤♦rt ✐s ❝♦❧♦✉r❡❞ ✐♥ r❡❞✳ ❚❤❡ ❧✐♠✐t ✐s ❛❣❛✐♥ ❝❤♦s❡♥ t♦ ❜❡ ✵✱✸ ❦Ω✳ ❆t ✜rst ❣❧❛♥❝❡
♦♥❡ ❝❛♥ s❡❡✱ t❤❛t ❥✉st ❛ ❢❡✇ ❥✉♥❝t✐♦♥s ❤❛✈❡ s✉r✈✐✈❡❞✳ ❋♦r ❜♦t❤ tr❡♥❝❤ ✇✐❞t❤s ♥❡❛r❧② ❛❧❧ ♦❢ t❤❡♠ ❛r❡
♦♣❡♥ ♦r s❤♦rt✳ ❚❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠ ♥❡✈❡rt❤❡❧❡ss s❡❡♠ t♦ ✇♦r❦ ❛ ❜✐t ❜❡tt❡r✳
❈♦♠♣❛r✐♥❣ t❤❡ ❞♦s❡ ❢❛❝t♦rs ♠♦st ♦❢ t❤❡ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥s ❛r❡ ✇r✐tt❡♥ ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❞♦s❡
❢❛❝t♦rs✳ ■♥ ✜❣✳✺✼ ✇❡ ❝❛♥ s❡❡✱ ✇❤② t❤✐s ✐s t❤❡ ❝❛s❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✉♥✇❛♥t❡❞ ❧✐♥❡s ❝♦♥♥❡❝t✐♥❣ t❤❡
❥✉♥❝t✐♦♥ ❛r❡❛ ✇✐t❤ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛♥❞ t❤❡r❡❢♦r❡ ❝r❡❛t✐♥❣ ❛ s❤♦rt✱ ❧❡ss ❞♦s❡ ✇♦r❦s t❤❡ ❜❡st✳
❈♦♠♣❛r✐♥❣ t❤❡ r❡s✐st❛♥❝❡s t♦ t❤❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r✱ t❤❡ ❢❛❜r✐❝❛t✐♦♥ s❡❡♠s t♦ ❜❡

✻✸



❋✐❣✉r❡ ✺✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ❞✐✛❡r❡♥t ❞♦s❡
❢❛❝t♦rs ❢♦r t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✱ t❤❡ tr❡♥❝❤ ❛♥❞ t❤❡ ✶✳ ❝♦♥♥❡❝t✐♦♥ ❧✐♥❡✳ ❚❤❡ ❞♦s❡ ❢❛❝t♦rs ❛r❡ t❤❡ s❛♠❡ ❛s
❢♦r t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r ❑❈✵✵✸✸✷✻ ✐♥ t❛❜✳✶✹✳ ❚❤❡ ✉♥✇❛♥t❡❞ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡s ❛r❡ ❣❡tt✐♥❣ t❤✐❝❦❡r ❛♥❞
t❤✐❝❦❡r ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❞♦s❡s✳ ❆❧s♦ ❢♦r t❤❡ ✜rst ♣✐❝t✉r❡ ✇✐t❤ t❤❡ ❧♦✇❡st ❞♦s❡s ✐t s❡❡♠s t♦ ❜❡ t♦♦ ♠✉❝❤
❞♦s❡ s♦♠❡✇❤❡r❡ ❜❡❝❛✉s❡ t❤❡ ✉♥✇❛♥t❡❞ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡ ❛♣♣❡❛rs✳ ❚❤❡ ❜✐❣ s❤❛❞♦✇ ❧✐❦❡ t❤✐♥❣s t❤❛t
❛r❡ ✢♦❛t✐♥❣ ❛r♦✉♥❞ ❛r❡ ❥✉st ✈✐s✐❜❧❡ ✇✐t❤ t❤❡ ■♥❧❡♥s❡❉✉♦ ❞❡t❡❝t♦r ❛♥❞ ♥♦t ✇✐t❤ t❤❡ s❡❝♦♥❞ ❡❧❡❝tr♦♥
❞❡t❡❝t♦r ❙❊✷✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ❛r❡✿ ❙✐❣♥❛❧ ❂ ■♥❧❡♥s❡❉✉♦✴❙❊✷✱ ❊❍❚ ❂ ✸
❦❱✱ ❲❉ ❂ ✺✱✻ ♠♠✱ ❆♣❡rt✉r❡ ❙✐③❡ ❂ ✸✵ µm✳ ❚❤❡ ✉♣♣❡r r♦✇ ✐s t❛❦❡♥ ✇✐t❤ t❤❡ ■♥❧❡♥s❡❉✉♦ ❞❡t❡❝t♦r
❛♥❞ t❤❡ ❜♦tt♦♠ r♦✇ ✐s t❛❦❡♥ ✇✐t❤ t❤❡ ❙❊✷ ❞❡t❡❝t♦r✳

❡✈❡♥ ✇♦rs❡✳ ❋♦r t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❥✉♥❝t✐♦♥s t❤❡ r❡s✉❧t ✐s ❛❜♦✉t t❤❡ s❛♠❡✳ ❏✉st ❛ ❢❡✇ ♦❢ t❤❡
❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❞♦s❡ ❢❛❝t♦r ✬◆❊❲ ❞♦s❡✬ ❤❛✈❡ s✉r✈✐✈❡❞✳ ❋♦r t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵ ♥♠ ✇✐❞❡
tr❡♥❝❤ t❤❡r❡ ✇❡r❡ ♠♦r❡ t❤❛♥ t✇✐❝❡ ❛s ♠❛♥② ❥✉♥❝t✐♦♥s ❛❜♦✈❡ t❤❡ ✵✱✸ ❦Ω ❧✐♠✐t t❤❛♥ t❤✐s t✐♠❡✳ ❍❡r❡
♠♦st ♦❢ t❤❡ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥s ❛r❡ ✇r✐tt❡♥ ✇✐t❤ t❤❡ s♠❛❧❧❡st ❞♦s❡ ❢❛❝t♦rs✱ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❞♦s❡
❢❛❝t♦rs✳
❖♥❡ s❤♦✉❧❞ ❤❛✈❡ ✐♥ ♠✐♥❞✱ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ✵✱✸ ❦Ω ✇❛s ❛ ❝❤♦✐❝❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧♦✇❡st r❡s✐st❛♥❝❡s
♦♥ t❤❡ ♣r❡✈✐♦✉s ✇❛❢❡r✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡s ♦♥ t❤❡ r❡s✐st❛♥❝❡ ♣❧♦ts r❡❢❡r t♦ t❤✐s ✈❛❧✉❡✳ ▼❛②❜❡ t❤❡
❧♦✇❡st r❡s✐st❛♥❝❡ ♦❢ t❤❡ ✇♦r❦✐♥❣ ✶✵ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❛ ❜❡tt❡r ❝❤♦✐❝❡✳ ❆t ❧❡❛st
t❤❡s❡ t✇♦ ✇❛❢❡rs ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❡✈❡♥ ✐❢ t❤❡ ✇♦r❞s ✑✇♦r❦✐♥❣✑ ❛♥❞ ✑s❤♦rt✑ ❞♦ ♥♦t
❤❛✈❡ t♦ ❛❣r❡❡ ✇✐t❤ t❤❡ ✑r❡❛❧ ✇♦r❧❞✑✳

❈♦♠♣❛r❡ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s✿ ■♥ ✜❣✳✺✾ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ t❤❡ ✶ µ♠ ✲ ✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s✱ ❛
tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✺✵ ♥♠ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❢❛❝t♦rs✱ ♦♥❝❡ t❛❦❡♥ ✇✐t❤ t❤❡ ■♥❧❡♥s❡❉✉♦ ❛♥❞ ♦♥❝❡
t❛❦❡♥ ✇✐t❤ t❤❡ ❙❊✷ ❞❡t❡❝t♦r✱ ❛r❡ s❤♦✇♥✳ ❆❝❝♦r❞✐♥❣ t♦ ✜❣✳✺✽ t❤❡ ✶ µ♠✱ t❤❡ ✷ µ♠ ❛♥❞ t❤❡ ✹ µ♠ ❧♦♥❣
❥✉♥❝t✐♦♥s ✇♦r❦ ❛♥❞ ❣✐✈❡ ❛❝❝❡♣t❛❜❧❡ r❡s✐st❛♥❝❡s✱ ✇❤❡r❡❛s t❤❡ ♦t❤❡r t✇♦ ❥✉♥❝t✐♦♥s ❛r❡ s❤♦rt✳ ❋♦r t❤❡
✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ✐t ✐s ❝❧❡❛r t❤❛t t❤✐s ✐s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡①tr❛ ❧✐♥❡ ❢r♦♠ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ t♦ t❤❡
❜♦tt♦♠ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✳ ❋♦r t❤❡ ✸ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ✐t ❝♦✉❧❞ ❜❡ ❞✉❡ t♦ t❤❡ ❜✐❣ ♣❛rt✐❝❧❡s ❧②✐♥❣
❛r♦✉♥❞ ♦♥ t❤❡ ❡✈❛♣♦r❛t❡❞ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡✳ ❆❧s♦ ❤❡r❡ ✐t ✐s ✈✐s✐❜❧❡✱ t❤❛t ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❥✉♥❝t✐♦♥
❛r❡❛✱ ♠♦r❡ ❞♦s❡ ✐s ❞❡♣♦s✐t❡❞✳ ❚❤❡r❡❢♦r❡ t❤❡ ♣r♦①✐♠✐t② ❡✛❡❝t ♦♥ t❤❡ tr❡♥❝❤ ✐s ❛❧s♦ ❤✐❣❤❡r✳ ❆t s♦♠❡

✻✹



❋✐❣✉r❡ ✺✽✿ ❚❤❡ ✜rst t✇♦ ♣❧♦ts ❛r❡ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ❢r♦♠ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵
♥♠ ✇✐❞❡ tr❡♥❝❤✳ ❖♥ t❤❡ ❧❡❢t t❤❡ r❡s✐st❛♥❝❡ ✐s ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤✱ ♦♥ t❤❡ r✐❣❤t
♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs✳ ❋♦r t❤❡ ✾ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s t❤❡r❡ ❛r❡ ♥♦ r❡s✐st❛♥❝❡s
❜❡❝❛✉s❡ ♦❢ ❛ st✐t❝❤✐♥❣ ❡rr♦r ❞✉r✐♥❣ ❧✐t❤♦❣r❛♣❤②✳ ❈♦♠♣❛r✐♥❣ t❤❡ ❥✉♥❝t✐♦♥ s✐③❡s✱ t❤❡ ✶ µ♠ ❛♥❞ ✷
µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s s❡❡♠ t♦ ✇♦r❦ t❤❡ ❜❡st✱ ❛s t❤❡r❡ ❛r❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs ❛❧✐✈❡✳
❚❤❡✐r ❢❛❜r✐❝❛t✐♦♥ ✐s t❤❡r❡❢♦r❡ ♠♦r❡ st❛❜❧❡ ❢♦r ✈❛r②✐♥❣ ❞♦s❡✳ ❈♦♠♣❛r✐♥❣ t❤❡ ❞♦s❡s✱ t❤❡ ✬◆❊❲ ❞♦s❡✬
❞♦s❡ ❢❛❝t♦rs ❧❡❛❞ t♦ t❤❡ ❜❡st r❡s✉❧ts ❝♦♠♣❛r✐♥❣ ❛❧❧ t❤❡ ❥✉♥❝t✐♦♥ s✐③❡s✳ ❚❤❡ ❧♦✇❡r t✇♦ ♣❧♦ts ❛r❡ t❤❡
♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤✳ ❍❡r❡ ✐t ❧♦♦❦s ❛s ✐❢ ❥✉st ❛
❢❡✇ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡✬ ❛♥❞ ❛ ❢❡✇ ✇✐t❤ t❤❡ ✬♦❧❞ ❞♦s❡s✬ s✉r✈✐✈❡❞✳

♣♦✐♥t t❤❡ ✉♥✇❛♥t❡❞ ✉♥❞❡r❝✉t ✐s s♦ ❜✐❣✱ t❤❛t ❛❧s♦ t❤✐s ✑❡①tr❛ ❝❛❜❧❡✑ ✐s ❡✈❛♣♦r❛t❡❞ ♦♥ t❤❡ s✉❜str❛t❡✳
❖♥❡ ❝❛♥ ♦❜s❡r✈❡ ❤♦✇ ✐t ❜✉✐❧❞s ✉♣ ❛t t❤❡ s♠❛❧❧❡r ❥✉♥❝t✐♦♥s ✉♥t✐❧ ✐t ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡ ❛♥❞ ❝♦♥♥❡❝t❡❞
❢♦r t❤❡ ✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ✇❤❛t ✇❡ ✇❛♥t t♦ ❢❛❜r✐❝❛t❡ ✐♥ t❤❡ ❡♥❞✱ ✇❡ t❤❡r❡❢♦r❡ ❤❛✈❡
t♦ ❛❞❥✉st t❤❡ ❞♦s❡ ❢❛❝t♦r t♦ t❤❡ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤✳
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❋✐❣✉r❡ ✺✾✿ ❊✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✺✵ ♥♠ ❛♥❞ t❤❡ ❞♦s❡ ❢❛❝t♦rs
✬◆❊❲ ❞♦s❡✬✳ ❚❤❡ t♦♣ r♦✇ ❛r❡ ♣✐❝t✉r❡s t❛❦❡♥ ✇✐t❤ t❤❡ ■♥❧❡♥s❡❉✉♦ ❞❡t❡❝t♦r ❛♥❞ t❤❡ ♣✐❝t✉r❡s ✐♥ t❤❡
❜♦tt♦♠ r♦✇ ❛r❡ ♣✐❝t✉r❡s t❛❦❡♥ ✇✐t❤ t❤❡ ❙❊✷ ❞❡t❡❝t♦r✳ ❚❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ♣✐❝t✉r❡s ❛r❡✿
❊❍❚ ❂ ✸ ❦❱✱ ❲❉ ❂ ✺✱✻ ♠♠✱ ❆♣❡rt✉r❡ ❙✐③❡ ❂ ✸✵ µ♠✳

✶✵✳✺ ▲❛st t❡st ✲ ❑❈✵✵✸✸✻✹

❉❡s♣✐t❡ t❤❡ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥s ✇❡ ❣♦t✱ ✇❡ ❦♥♦✇ ✇❤② t❤❡② ❛r❡♥✬t ✇♦r❦✐♥❣✳ ❚❤❡r❡❢♦r❡
✇❡ ❛r❡ ✐♥ ❣❡♥❡r❛❧ ❝❧♦s❡ t♦ ❣❡t ❛ ✇❤♦❧❡ ✇❛❢❡r ♦❢ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥s✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❡ ❤❛✈❡ t♦ ❣❡t
r✐❞ ♦✛ ❛r❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ❛♥❞ t❤❡ t❤✐♥ ❡①tr❛ ❧✐♥❡s ❝♦♥♥❡❝t✐♥❣ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛♥❞ t❤❡ ✶✳✲
❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✳ ❚♦ ❞♦ s♦ ✇❡ ❤❛✈❡ t♦ ❛✈♦✐❞ t❤❛t ❛❧✉♠✐♥✐✉♠ t❤❛t s❤♦✉❧❞ ❣♦ ♦♥ t❤❡ ✇❛❧❧ ♦❢ t❤❡ ♠❛s❦
❛❧s♦ r❡❛❝❤❡s t❤❡ ✇❛❢❡r✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❞♦♥❡ ❜② ❡✐t❤❡r r❡❞✉❝✐♥❣ t❤❡ ✉♥✇❛♥t❡❞ ✉♥❞❡r❝✉t ❜② ❞❡❝r❡❛s✐♥❣
t❤❡ ❞♦s❡✱ ❝❤❛♥❣✐♥❣ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡✱ ♦r ✐♥❝r❡❛s✐♥❣ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣♦❧②♠❡r ❧❛②❡rs✳ ❚❤❡
♦♥❧② ❝❤❛♥❣❡ t❤❛t ❝❛♥ ❜❡ ❞♦♥❡ ❧♦❝❛❧❧② ❛♥❞ ❞♦❡s♥✬t ❛✛❡❝t t❤❡ ❛❧r❡❛❞② ✇♦r❦✐♥❣ ♣❛rts ♦❢ t❤❡ q✉❜✐t✱ ✐s
t♦ ❝❤❛♥❣❡ t❤❡ ❞♦s❡✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ❞♦s❡ t❡st ✇❡ ✜① t❤❡ ❞♦s❡ ❢❛❝t♦r ❢♦r t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛
❛♥❞ ❥✉st ✈❛r② t❤❡ ❞♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛♥❞ t❤❡ tr❡♥❝❤✳ ❋♦r t❤❡ tr❡♥❝❤ ✇❡ ❧♦✇❡r
t❤❡ st❛rt✐♥❣ ❞♦s❡ ❢r♦♠ ✺✱✼✺ t♦ ✺ t♦ ❤♦♣❡❢✉❧❧② ❣❡t r✐❞ ♦❢ t❤❡ ❡①tr❛ ❧✐♥❡✳ ❆❞❞✐t✐♦♥❛❧❧② ✇❡ ❝♦♠♣❡♥s❛t❡
t❤✐s ♠✐ss✐♥❣ ✑♣r♦①✐♠✐t② ❡✛❡❝t ❞♦s❡✑ ❛t t❤❡ ✇❛♥t❡❞ ✉♥❞❡r❝✉t ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❞♦s❡ ❢❛❝t♦r ❢♦r t❤❡
✉♥❞❡r❝✉t ❢r♦♠ ✶✱✹ t♦ ✶✱✽✳ ❲❡ ❛❧s♦ ❛❞❞ ❛ ❞♦s❡ t❡st ❢♦r ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ❛♥
✉♥❞❡r❝✉t ❞♦s❡ ♦❢ ✶✱✻✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ❢♦r t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ st❛②s t❤❡ s❛♠❡✳ ❆ s✉♠♠❛r② ♦❢ t❤❡
❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦r ❝♦♠❜✐♥❛t✐♦♥s ✐s ❣✐✈❡♥ ✐♥ t❛❜✳✶✺✳ ❍♦✇ t❤❡ ❞♦s❡ t❡sts ❛r❡ ❛rr❛♥❣❡❞ ♦♥ t❤❡ ✇❛❢❡r
✐s s❤♦✇♥ ✐♥ ✜❣✳✻✵✳

❚❛❜❧❡ ✶✺✿ ❉♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✹✳

❉♦s❡s✿ ◆❊❲ ✰✵✱✷✺ ✰✵✱✺ ✰✵✱✼✺ ✰✶

P❛❞s ✹✱✺ ✹✱✺ ✳✳✳
✸✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✹✱✼✺ ✹✱✼✺ ✳✳✳
✷✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✺ ✺ ✳✳✳
✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✹✱✼✺ ✺ ✺✱✷✺ ✺✱✺ ✺✱✼✺
❏✉♥❝t✐♦♥ ❛r❡❛ ✺✱✷✺ ✺✱✷✺ ✳✳✳
❚r❡♥❝❤ ✺ ✺✱✷✺ ✺✱✺ ✺✱✼✺ ✻
❯♥❞❡r❝✉t ❝♦rr❡❝t✐♦♥ ✶ ✶ ✳✳✳
❯♥❞❡r❝✉t ✶✱✽✴✶✱✻ ✶✱✽✴✶✱✻ ✳✳✳

✻✻



❋✐❣✉r❡ ✻✵✿ ❉❡s✐❣♥ ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✹✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ r♦✇ ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✉♥❞❡r❝✉t ❞♦s❡ ✐s
✇r✐tt❡♥✳ ❚❤❡ ❝✐r❝❧❡❞ ❧✐♥❡s ❛r❡ q✉❜✐ts ✇✐t❤ t❤❡ ❞♦s❡ ✈❛❧✉❡s ♦❢ t❛❜✳✶✷✳

▼✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s✿ ▲❡t✬s st❛rt ❛❣❛✐♥ ✇✐t❤ ❛ ❧♦♦❦ ❛t t❤❡ ♠✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s✳ ■♥ ✜❣✳✻✶ t❤❡ ✺
µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❛r❡ s❤♦✇♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs ❛♥❞ t❤❡ ❞✐✛❡r❡♥t tr❡♥❝❤ ✇✐❞t❤s✳ ❲✐t❤
t❤❡ ❞r❛✇♥ ✉♣ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❜r✐❣❤t❡r ❛♥❞ ❞❛r❦❡r ❛r❡❛s ♥❡❛r t❤❡ ❥✉♥❝t✐♦♥ ❛s t❤❡ ❞✐✛❡r❡♥t
♣♦❧②♠❡r ❧❛②❡rs ✐♥ s❡❝t✐♦♥ ✶✵✳✸✱ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ ❜❡tt❡r ♦✉t❝♦♠❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✉♥❞❡r❝✉t✳ ❚❤❡
r♦✉♥❞ str✉❝t✉r❡s✱ ❝♦❧♦✉r❡❞ ✐♥ r❡❞ ♦♥ t❤❡ ✜st ♣✐❝t✉r❡✱ ❛r❡ s♠❛❧❧❡r t❤❛♥ ♦♥ t❤❡ ✇❛❢❡r ❜❡❢♦r❡✳ ❚❤❡②
❛r❡ ♥❡❛r❧② ❣♦♥❡ ❢♦r t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡ ✰✶✬ ❞♦s❡ ❢❛❝t♦r✳
❚❤❡ ♦✈❡r❤❛♥❣ ♦❢ t❤❡ ✉♥❞❡r❝✉t ❢♦r t❤♦s❡ ❥✉♥❝t✐♦♥s ✐s t❤❡r❡❢♦r❡ ♠♦st❧② t❤❡ s❡❝♦♥❞ ♣♦❧②♠❡r ❧❛②❡r✳ ■t
✐s ✉♥❧✐❦❡❧② t❤❛t t❤❡ ❡✈❛♣♦r❛t❡❞ ❝♦♥♥❡❝t✐♥❣ ❧✐♥❡s ❛r❡ ❝✉t ✐♥ t❤❡ ♠✐❞❞❧❡ ❛s ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✾
♦r s❤❛❞♦✇ ❧✐❦❡ str✉❝t✉r❡s ❛♣♣❡❛r ♥❡①t t♦ t❤❡ ❝❛❜❧❡s ❛s ♦♥ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✷✻✳

❘❡s✐st❛♥❝❡s✿ ■♥ t❤❡ ✜❣✉r❡s ✻✷✱ ✻✺ ❛♥❞ ✻✼ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ ❛❧❧ t❤❡ q✉❜✐ts ♦♥ t❤❡
✇❛❢❡r ❑❈✵✵✸✸✻✹ ❛r❡ ♣❧♦tt❡❞✳ ❋♦r t❤❡ q✉❜✐ts ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❢❛❝t♦rs✱ ❝♦❧♦✉r❡❞ ✐♥ ❜❧✉❡✱ r❡❞ ❛♥❞
❣r❡❡♥✱ ♣✐❝t✉r❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳✻✸✱ ✜❣✳✻✹✱ ✜❣✳✻✻ ❛♥❞ ✜❣✳✻✽✳ ❖♥❡ ❧❛st t✐♠❡ ✇❡ t❛❦❡
❛ ❧♦♦❦ ❛t t❤❡ ❥✉♥❝t✐♦♥s ❛♥❞ s❡❡ ✐❢ t❤❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞♦s❡ ❢❛❝t♦rs ✐♠♣r♦✈❡ t❤❡ ♦✉t❝♦♠❡✳ ❆❝❝♦r❞✐♥❣
t♦ t❤❡ r❡s✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ✇❡ t❤❡♥ ❞❡❝✐❞❡ ✇❤✐❝❤ ❞♦s❡ ❝♦♠❜✐♥❛t✐♦♥
✇♦✉❧❞ ❜❡ t❤❡ ❜❡st ❢♦r t❤❡ q✉❜✐ts ✇❡ ✇❛♥t t♦ ❢❛❜r✐❝❛t❡✳

✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤✱ ✉♥❞❡r❝✉t ❞♦s❡ ❢❛❝t♦r ✶✱✻✿ ❋♦r t❤❡s❡ ❥✉♥❝t✐♦♥s t❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s
✭✜❣✳✻✷✮✱ ❡s♣❡❝✐❛❧❧② ❢♦r t❤❡ s♠❛❧❧❡r ❥✉♥❝t✐♦♥s✱ ❧♦♦❦ q✉✐t❡ st❛❜❧❡✳ ❋♦r t❤❡ ❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡✬ ❛❧❧
❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❤❛✈❡ s✉r✈✐✈❡❞ ❛♥❞ ❛r❡ ✐♥ t❤❡ ❝♦rr❡❝t ♦r❞❡r ❛❝❝♦r❞✐♥❣ t♦ Rn ≈ 1

A ✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣
❞♦s❡ ✭❢♦r t❤❡ tr❡♥❝❤ ❛♥❞ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✮ ❧♦♥❣❡r ❥✉♥❝t✐♦♥s s❡❡♠ t♦ ❣❡t ❛ ❜✐t ✉♥st❛❜❧❡✳ ❋♦r
t❤❡ ❤✐❣❤❡st ❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡ ✰✶✬ t❤❡ ❥✉♥❝t✐♦♥s ❧♦♥❣❡r t❤❛♥ ✸ µ♠ ❛r❡ s❤♦rt✳
■♥ ✜❣✳✻✸ ❡✲❜❡❛♠ ♣✐❝t✉r❡s ♦❢ t❤❡ ✸ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❢♦r t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ❢❛❝t♦rs ❛r❡ s❤♦✇♥✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡✐r st❛❜❧❡ r❡s✐st❛♥❝❡s ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t✱ t❤❛t ❛❧❧ ♦❢ t❤❡♠ ❧♦♦❦ q✉✐t❡ ❣♦♦❞✳ ❇✉t ♦♥
t❤❡ ♣✐❝t✉r❡s ♦♥❡ ❝❛♥ ❛❣❛✐♥ s❡❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ❧②✐♥❣ ❛r♦✉♥❞ ❛♥❞ t❤✐♥ ❧✐♥❡s t❤❛t ♥❡❛r❧② ❝♦♥♥❡❝t t❤❡
❥✉♥❝t✐♦♥ ❛r❡❛ ✇✐t❤ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡✳ ❍❛✈❡ ✐♥ ♠✐♥❞✱ t❤❛t t❤❡s❡ ♣✐❝t✉r❡s ❛r❡ t❛❦❡♥ ✇✐t❤ t❤❡
■♥❧❡♥s❡❉✉♦ ❞❡t❡❝t♦r s♦ ❛❧✉♠✐♥✐✉♠ ❜❛rs ✈❡r② ❝❧♦s❡ t♦ t❤❡ s✉r❢❛❝❡ ❛r❡ ✈✐s✐❜❧❡✳ ❈♦♠♣❛r✐♥❣ t❤❡ ✈❡r②
✜rst ❛♥❞ t❤❡ ✈❡r② ❧❛st ♣✐❝t✉r❡ s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❡r② ✜rst ❞♦s❡ ❢❛❝t♦rs ✇❡ ✇❡r❡ ✉s✐♥❣
❛♥❞ t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ ❢❛❜r✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ❞♦s❡ ❢❛❝t♦rs ✇❡ ❛r❡ ✉s✐♥❣ ♥♦✇✳ ■t ✐s r❡♠❛r❦❛❜❧❡ t❤❛t
❛❧r❡❛❞② q✉✐t❡ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞♦s❡ ❢❛❝t♦r ❤❛✈❡ s✉❝❤ ❛♥ ❜✐❣ ✐♠♣❛❝t ♦♥ t❤❡ ♦✉t❝♦♠❡✳ ❋♦r t❤❡
✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ✇❡ ❝❤❛♥❣❡❞ ✐t ❢r♦♠ ✺ t♦ ✹✱✼✺✱ ❢♦r t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ✇❡ ❝❤❛♥❣❡❞ ✐t ❢r♦♠ ✼✱✺ t♦ ✺✱
❢♦r t❤❡ tr❡♥❝❤ ✇❡ ❝❤❛♥❣❡❞ ✐t ❢r♦♠ ✻✱✺ t♦ ✺ ❛♥❞ ❢♦r t❤❡ ✉♥❞❡r❝✉t ✇❡ ❝❤❛♥❣❡❞ ✐t ❢r♦♠ ✶✱✹ t♦ ✶✱✻✳ ❚❤❡
❞♦s❡ ❢❛❝t♦rs ❢♦r t❤❡ tr❡♥❝❤ ❛♥❞ t❤❡ ✉♥❞❡r❝✉t ❛r❡ t❤♦s❡ ✇✐t❤ t❤❡ ♠♦st ✐♠♣❛❝t ♦♥ t❤❡ ♦✉t❝♦♠❡ ❛♥❞
t❤❡r❡❢♦r❡ t❤❡ ♠♦st s❡♥s✐t✐✈❡ ♦♥❡s✳
■♥ ✜❣✳✻✹ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❢♦r t❤❡ ❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡✬✳ ❚❤❡ ❧♦♥❣ ❥✉♥❝t✐♦♥s

✻✼



❋✐❣✉r❡ ✻✶✿ ▼✐❝r♦s❝♦♣❡ ♣✐❝t✉r❡s ♦❢ t❤❡ ✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❢♦r t❤❡ ❞✐✛❡r❡♥t tr❡♥❝❤ ✇✐❞t❤s ❛♥❞ ❞♦s❡
❢❛❝t♦rs✳

❋✐❣✉r❡ ✻✷✿ ◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ❛♥ ✉♥❞❡r❝✉t
❞♦s❡ ❢❛❝t♦r ♦❢ ✶✱✻✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r ✐s ❛❜♦✉t ±0, 2 ❦Ω ❢♦r ❛❧❧ ❥✉♥❝t✐♦♥s✳ ❚❤❡ ♣✐❝t✉r❡s ♦❢ t❤❡
❜❧✉❡ ❝♦❧♦✉r❡❞ ❥✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✜❣✳✻✹✳ ■♥ ✜❣✳✻✸ t❤❡ ✸ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❢♦r t❤❡ ❞✐✛❡r❡♥t
❞♦s❡ ❢❛❝t♦rs ❛r❡ s❤♦✇♥✳ ❚❤❡ ❝✐r❝❧❡❞ ❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡✬ ❛r❡ ✉s❡❞ t♦ ❢❛❜r✐❝❛t❡ t❤❡ q✉❜✐ts t♦
❝♦♦❧ ❞♦✇♥ ❛♥❞ ♠❡❛s✉r❡ ✐♥ t❤❡ ❢r✐❞❣❡✳

s❡❡♠ t♦ ❝♦♠❡ ♦✉t ❜❡tt❡r t❤❛♥ t❤❡ s❤♦rt ♦♥❡s✳ ❚❤❡r❡❢♦r❡ t❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ♥❡①t t♦ t❤❡ s♠❛❧❧
❥✉♥❝t✐♦♥s ❝❛♥✬t r❡❛❧❧② ❜❡ ❡①♣❧❛✐♥❡❞ ✇✐t❤ t♦♦ ♠✉❝❤ ❞♦s❡ ❛s ✇❡ ❞✐❞ ❜❡❢♦r❡✳ ❚❤❡ ❛❧✉♠✐♥✐✉♠ ❜❛rs ❤❛✈❡
❛ s♦♠❡❤♦✇ ❜❡tt❡r ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ✐❢ t❤❡ ❥✉♥❝t✐♦♥ ✐s s♠❛❧❧✳ ■t ❝♦✉❧❞ ❜❡ ❜❡❝❛✉s❡ t❤❡
✉♥❞❡r❝✉t r❡❛❝❤❡s t❤❡ ❡♥❞s ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛ ❢♦r s♠❛❧❧ ❥✉♥❝t✐♦♥s ✇❤❡r❡❛s ❢♦r ❧♦♥❣ ❥✉♥❝t✐♦♥s t❤✐s
✐s♥✬t t❤❡ ❝❛s❡✳ ❇✉t ❢♦r ❛ ❢✉❧❧ t❤❡♦r② t❤✐s s✐♥❣❧❡ s❤♦t ♦❜s❡r✈❛t✐♦♥s ❛r❡ ♥♦t ✈❡r② r❡❧✐❛❜❧❡ ❛♥❞ s❤♦✉❧❞

✻✽



❋✐❣✉r❡ ✻✸✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞♦s❡ ❢❛❝t♦rs ❢♦r ❛ ✸ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛ ✶✷✵ ♥♠ ✇✐❞❡ ❞❡s✐❣♥
tr❡♥❝❤✳ ❚❤❡ ✉♥❞❡r❝✉t ❞♦s❡ ✐♥ t❤✐s ❝❛s❡ ✐s ✶✱✻✳

❋✐❣✉r❡ ✻✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ s✐③❡s ❢♦r t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠✱ ❛♥
✉♥❞❡r❝✉t ❞♦s❡ ♦❢ ✶✱✻ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❞♦s❡ ❢❛❝t♦rs

❜❡ ✐♥✈❡st✐❣❛t❡❞ ❢✉rt❤❡r✳

✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤✱ ✉♥❞❡r❝✉t ❞♦s❡ ❢❛❝t♦r ✶✱✽✿ ❚❤❡ ♦♥❧② ❝❤❛♥❣❡ ❢♦r t❤✐s ❥✉♥❝t✐♦♥s ✐s t❤❡
❞♦s❡ ♦❢ t❤❡ ✉♥❞❡r❝✉t✳ ❉✉❡ t♦ t❤✐s s♠❛❧❧ ❝❤❛♥❣❡ ♦❢ ❥✉st ✵✱✷ ✐♥ t❤❡ ✉♥❞❡r❝✉t ❞♦s❡ ❢❛❝t♦r ✇❡ ✇♦✉❧❞
❡①♣❡❝t ❛ s✐♠✐❧❛r ♦✉t❝♦♠❡ ❛s ❢♦r t❤❡ ♣r❡✈✐♦✉s ❥✉♥❝t✐♦♥s✳ ■♥ ✜❣ ✻✺ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ❛r❡
♣❧♦tt❡❞ ❛♥❞ ✐♥ ✜❣✳✻✻ s♦♠❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❞♦s❡ ❢❛❝t♦rs ❛r❡ s❤♦✇♥✳
❚❤❡ ❧♦♥❣❡r ❥✉♥❝t✐♦♥s ♣r♦✈✐❞❡ ♠♦r❡ st❛❜✐❧✐t② t❤❛♥ ❜❡❢♦r❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✐st❛♥❝❡s✳ ❚❛❦✐♥❣
t❤❡ ❛✈❡r❛❣❡❞ r❡s✐st❛♥❝❡✱ ❢♦r t❤❡ ✶✵ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❛♥❞ t❤❡ ✜rst t❤r❡❡ ❞♦s❡ ✈❛r✐❛t✐♦♥s✱ ❣✐✈❡s ❛
r❡s✐st❛♥❝❡ ♦❢ 0, 67± 0, 03 ❦Ω✳ ❲❡ ❝❛♥ ❝♦rr❡❝t t❤❡ ✈❛❧✉❡ ♦❢ ✵✱✸ ❦Ω ❛s t❤❡ ❧✐♠✐t ♦❢ ❛ ✇♦r❦✐♥❣ ❥✉♥❝t✐♦♥
t❤❛t ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❜❡❢♦r❡ t♦ t❤✐s 0, 67±0, 03 ❦Ω✳ ❆❧❧ ❥✉♥❝t✐♦♥s ✇✐t❤ r❡s✐st❛♥❝❡ ✈❛❧✉❡s ♥♦✇ s♠❛❧❧❡r
t❤❛♥ 0, 67 ± 0, 03 ❦Ω ❛r❡ s❤♦rt✲❝✐r❝✉✐t❡❞ ❛♥❞ ❞♦♥✬t ♣r♦✈✐❞❡ r❡❧✐❛❜❧❡ r❡s✐st❛♥❝❡s ❛♥❞ ❣♦♦❞ ✇♦r❦✐♥❣
❥✉♥❝t✐♦♥s✳

✻✾



❋✐❣✉r❡ ✻✺✿ ◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✷✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ❛♥ ✉♥❞❡r❝✉t
❞♦s❡ ❢❛❝t♦r ♦❢ ✶✱✽✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r ✐s ❛❜♦✉t ±0, 2 ❦Ω ❢♦r ❛❧❧ ❥✉♥❝t✐♦♥s✳ ❚❤❡ ♣✐❝t✉r❡s ♦❢ t❤❡
r❡❞ ❝♦❧♦✉r❡❞ ❥✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✜❣✳✻✻✳

❋✐❣✉r❡ ✻✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ s✐③❡s ❢♦r t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠✱ ❛♥
✉♥❞❡r❝✉t ❞♦s❡ ♦❢ ✶✱✽ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❞♦s❡ ❢❛❝t♦rs

✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤✿ ❚❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ s❡❡♠ t♦ ✇♦r❦ q✉✐t❡ ✇❡❧❧ ❢♦r
t❤❡ ✬◆❊❲ ❞♦s❡✬ ❛♥❞ t❤❡ ✬◆❊❲ ❞♦s❡ ✰ ✵✱✷✺✬ ❞♦s❡ ❢❛❝t♦rs ✭s❡❡ ✜❣✳✻✼✮✳ ❋♦r ❤✐❣❤❡r ❞♦s❡ ❢❛❝t♦rs ❛❧❧ ♦❢
t❤❡ ❥✉♥❝t✐♦♥s✱ ❡①❝❡♣t t❤❡ ✶ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s✱ ❛r❡ s❤♦rt✲❝✐r❝✉✐t❡❞✳ ❍❛✈✐♥❣ ❛ ❧♦♦❦ ❛t t❤❡ ♣✐❝t✉r❡s ♦❢
t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✬◆❊❲ ❞♦s❡✬ ❢❛❝t♦rs ✐♥ ✜❣✳✻✽✱ ✇❡ ❝❛♥ ❡①♣❧❛✐♥ ✇❤② t❤✐s ✐s t❤❡ ❝❛s❡✳ ❆❧r❡❛❞②
❢♦r t❤✐s ❧♦✇❡st ❞♦s❡ ❢❛❝t♦rs t❤❡ ✜rst ❡✈❛♣♦r❛t✐♦♥ ❝r❡❛t❡s t❤❡ t❤✐♥ s❤♦rt ❢♦r t❤❡ ❧♦♥❣❡r ❥✉♥❝t✐♦♥s✳ ❲❡
t❤❡r❡❢♦r❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❢♦r t❤❡ ❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡ +0, 5✬ ❛♥❞ ❜✐❣❣❡r✱ t❤✐s ❝♦♥♥❡❝t✐♦♥ ❛❧s♦
❛♣♣❡❛rs ❢♦r t❤❡ s♠❛❧❧ ❥✉♥❝t✐♦♥s✳
❘❡♠❛r❦❛❜❧❡ ❢♦r t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❥✉♥❝t✐♦♥s ✐s✱ t❤❛t ♥❡❛r❧② ♥♦ ❛❧✉♠✐♥✐✉♠ ❜❛rs ❛r❡ ❛r♦✉♥❞
t❤❡ ❥✉♥❝t✐♦♥ ❛♥❞ ❡✈❡♥ ♦♥ t♦♣ ♦❢ t❤❡ ✶✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ♥♦ ❛❧✉♠✐♥✐✉♠ ❜❛rs ❢r♦♠ t❤❡ ✇❛❧❧ ❛r❡ ✈✐s✐❜❧❡✳

✼✵



❋✐❣✉r❡ ✻✼✿ ◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ❛♥ ✉♥❞❡r❝✉t
❞♦s❡ ❢❛❝t♦r ♦❢ ✶✱✽✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r ✐s ❛❜♦✉t ±0, 2 ❦Ω ❢♦r ❛❧❧ ❥✉♥❝t✐♦♥s✳ ❚❤❡ ♣✐❝t✉r❡s ♦❢ t❤❡
❣r❡❡♥ ❝♦❧♦✉r❡❞ ❥✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✜❣✳✻✽✳ ❚❤❡ ❝✐r❝❧❡❞ ❞♦s❡ ❢❛❝t♦rs ✬◆❊❲ ❞♦s❡ ✰✵✱✷✺✬ ❛r❡
✉s❡❞ t♦ ❢❛❜r✐❝❛t❡ t❤❡ q✉❜✐ts t♦ ❝♦♦❧ ❞♦✇♥ ❛♥❞ ♠❡❛s✉r❡ ✐♥ t❤❡ ❢r✐❞❣❡✳

❋✐❣✉r❡ ✻✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ s✐③❡s ❢r♦♠ ✶ µ♠ t♦ ✶✵ µ♠ ❢♦r ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤
♦❢ ✶✺✵ ♥♠✱ ❛♥ ✉♥❞❡r❝✉t ❞♦s❡ ♦❢ ✶✱✽ ❛♥❞ ❢♦r t❤❡ ✬◆❊❲ ❞♦s❡✬ ❞♦s❡ ❢❛❝t♦rs✳

✼✶



❉♦s❡ ❢❛❝t♦rs ❛♥❞ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s t♦ ❝♦♦❧ ❞♦✇♥✿ ■♥ ❝❤❛♣t❡r ✼✳✷ ✇❡ ❤❛❞ t❤❡ ❡①❛♠♣❧❡ ♦❢ ❛
tr❛♥s♠♦♥ t❤❛t s❤♦✉❧❞ ✇♦r❦ ❛t ❛ ❢r❡q✉❡♥❝② ♦❢ ✽ ●❍③✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ t❤✐s ✇♦✉❧❞ ❜❡ ❛ ❣♦♦❞
❝❤♦✐❝❡ ❢♦r t❤❡ ✇❛✈❡❣✉✐❞❡ ✇❡ ✇❛♥t t♦ ✉s❡✳ ❚♦ ❣❡t ❛ q✉❜✐t tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ ✽ ●❍③ ✇❡ ♥❡❡❞
❛ ❥✉♥❝t✐♦♥ ✇✐t❤ ❛♥ ✐♥❞✉❝t❛♥❝❡ ♦❢ ❛❜♦✉t L = 7 ♥❍✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♠✉❧❛t❡❞ ❝❛♣❛❝✐t❛♥❝❡✳
❚❤❡ r❡s✐st❛♥❝❡ t❤❡r❡❢♦r❡ s❤♦✉❧❞ ❜❡ ❛❜♦✉t ✻ ❦Ω✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❡❛s✉r❡❞ r❡s✐st❛♥❝❡s s♦ ❢❛r t❤✐s
❝♦rr❡s♣♦♥❞s t♦ ❛ ❞❡s✐❣♥❡❞ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤ ❛ ❜✐t s♠❛❧❧❡r t❤❛♥ ✷ µ♠✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ ❥✉♥❝t✐♦♥s
❛❣❡ ❛ ❜✐t ♦✈❡r t✐♠❡✱ s♦ ✇❡ ❞❡❝✐❞❡❞ t♦ ♠❛❦❡ t❤❡♠ ❛ ❜✐t ❧♦♥❣❡r✳ ❚♦ ❤❛✈❡ ❛ ✈❛r✐❡t② ✇❡ ❛❧s♦ ❞❡❝✐❞❡❞ t♦
✇r✐t❡ q✉❜✐ts ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s✳

✶✵✳✻ ❚❛❦❡ ❛✇❛②s ♦❢ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❣r❡ss

❇❡❢♦r❡ ✇❡ ♥♦✇ ❣♦ t♦ t❤❡ ❧❛st t✇♦ ✇❛❢❡rs ✇✐t❤ t❤❡ q✉❜✐ts ✇❡ ✇❛♥t t♦ ❝♦♦❧ ❞♦✇♥✱ ❤❡r❡ ✐s ❛ s❤♦rt
s✉♠♠❛r② ♦❢ s♦♠❡ t❛❦❡ ❛✇❛②s✿

✶✳ ❚❛❦❡ ❝❛r❡ ♦❢ ❞✐rt ❞✉r✐♥❣ t❤❡ ❢❛❜r✐❝❛t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ st❡♣s ✇✐t❤ ❧✐q✉✐❞s✦

✷✳ ❚❤❡ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤ ❤❛s ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❞♦s❡ → ♣r♦①✐♠✐tt② ❡✛❡❝t✦

✸✳ ❇❡ ❜r❛✈❡ ✐♥ t❤❡ ❧✐❢t ♦✛ st❡♣✦ ✲ ❚❤❡ ❥✉♥❝t✐♦♥s ✇♦♥✬t ❞✐❡ t❤❛t ❡❛s✐❧②✦

✹✳ ❖♥❡ ❝❛♥ s❡❡ t❤❡ t✇♦ ❞✐✛❡r❡♥t ♣♦❧②♠❡r ❧❛②❡rs ❛❧r❡❛❞② ✉♥❞❡r t❤❡ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡✦

✺✳ ❋♦r ❛ ♥❡✇ ❞❡s✐❣♥ ❛♥❞ t❤❡ ♣r♦❜❛❜❧② ♥❡✇ ❞♦s❡ t❡st → ❤❛✈❡ ❛ ❝❧♦s❡r ❧♦♦❦ ♦♥ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤
t❤❡ ❡✲❜❡❛♠ ♠✐❝r♦s❝♦♣❡✦ ❉♦♥✬t ❝♦♠♣❧❡t❡❧② tr✉st t❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s✱ s❡❡ ❛❧s♦ ❤♦✇ t❤❡② ❧♦♦❦
❧✐❦❡✦

✼✷



✶✵✳✼ ◗✉❜✐ts t♦ ❝♦♦❧ ❞♦✇♥ ✲ ❑❈✵✵✸✸✻✽ & ❑❈✵✵✸✸✻✾

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❞♦s❡ ❢❛❝t♦rs✱ t❤❡ ❡①❛❝t ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ❛♥❞ ❤♦✇ t❤❡ q✉❜✐t
❝❤✐♣s ❛r❡ ❛rr❛♥❣❡❞ ♦♥ t❤❡ ✇❛❢❡r✱ ❛r❡ ❣✐✈❡♥✳ ❆❢t❡r ❢❛❜r✐❝❛t✐♦♥ t❤❡ q✉❜✐t ❝❤✐♣s ❤❛s t♦ ❜❡ ❞✐❝❡❞
❛♣❛rt✳ ❚❤✐s ✇❛s ❞♦♥❡ ❛t t❤❡ ❑■❚ ✭❑❛r❧sr✉❤❡r ■♥st✐t✉t❡ ❢♦r ❚❡❝❤♥♦❧♦❣②✮✳ ■♥ t❤❡ ❞✐❝✐♥❣ ♠❛r❦s
✇❡ ❛❧s♦ ✐♥t❡❣r❛t❡❞ ❥✉♥❝t✐♦♥s t♦ ❣❡t s♦♠❡ st❛t✐st✐❝s t♦ t❤❡ s✉r✈✐✈❛❧ r❛t❡ ❛♥❞ t❤❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡
q✉❜✐ts ♦✈❡r t❤❡ ✇❛❢❡r✳ ❚❤❡ ❞❡s✐❣♥ ✇❛s ✇r✐tt❡♥ t✇✐❝❡ t♦ ♠❛❦❡ s✉r❡ t❤❛t ❡♥♦✉❣❤ q✉❜✐ts s✉r✈✐✈❡ t❤❡
❢❛❜r✐❝❛t✐♦♥ ❛♥❞ t❤❡ ❞✐❝✐♥❣✳

✶✵✳✼✳✶ ❉❡s✐❣♥ ♦❢ t❤❡ ♠❡❛s✉r❡❞ q✉❜✐ts

■♥ ✜❣✳✻✾ s❝r❡❡♥s❤♦ts ♦❢ t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ❛r❡ ❧❛❜❡❧❧❡❞ ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ ❝♦❧♦✉r❡❞ ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ ❞♦s❡ ❢❛❝t♦rs✳ ❚❤❡ ✷✱✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❤❛✈❡ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠ ❛♥❞ t❤❡

❋✐❣✉r❡ ✻✾✿ ❙❝r❡❡♥s❤♦ts ♦❢ t❤❡ ❞❡s✐❣♥ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❘❛✐t❤ s♦❢t✇❛r❡✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡
❞✐✛❡r❡♥t ❞❡s✐❣♥ ❡❧❡♠❡♥ts ❛r❡ ❧❛❜❡❧❧❡❞✳ ❚❤❡ ❝♦❧♦✉rs ✐♥❞✐❝❛t❡ t❤❡ ❞✐✛❡r❡♥t ❞♦s❡ ✈❛❧✉❡s ✇✐t❤ ✇❤✐❝❤
t❤❡ str✉❝t✉r❡s ❛r❡ ✇r✐tt❡♥ ✇✐t❤ t❤❡ ❡✲❜❡❛♠✳ ❚❤❡ ❞♦s❡ ❢❛❝t♦r ♦❢ ✶✱✻ ❢♦r t❤❡ ✉♥❞❡r❝✉t ❝♦rr❡s♣♦♥❞s t♦
t❤❡ s❦❡t❝❤❡❞ q✉❜✐t ✇✐t❤ ❛ tr❡♥❝❤ ✇✐❞t❤ ♦❢ ✶✷✵ ♥♠ ❛♥❞ ❛ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤ ♦❢ ✷✱✺ µ♠✳ ❚❤❡ ✶✱✽ ❞♦s❡
❢❛❝t♦r ❢♦r t❤❡ ✉♥❞❡r❝✉t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ ❛ ✶✺✵ ♥♠ ✇✐❞❡ tr❡♥❝❤ ❛♥❞ ❛ ❥✉♥❝t✐♦♥
❧❡♥❣t❤ ♦❢ ✷ µ♠✳

❞♦s❡ ❢❛❝t♦rs ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ✜rst ♥✉♠❜❡r✳ ❋♦r t❤❡ ✷ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s t❤❡ tr❡♥❝❤ ❤❛s ❛ ✇✐❞t❤ ♦❢
✶✺✵ ♥♠ ❛♥❞ t❤❡ ❞♦s❡ ❢❛❝t♦rs ❛r❡ t❤❡ s❡❝♦♥❞ ♥✉♠❜❡r✳ ■❢ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♥✉♠❜❡r t❤❡ ❞♦s❡ ✐s t❤❡
s❛♠❡ ❢♦r ❜♦t❤ q✉❜✐t ❞❡s✐❣♥s✳
❚❤❡ ♣❛❞s ❛♥❞ t❤❡ ✸✳✲❝♦♥♥❡❝t✐♦♥✲❧✐♥❡ ❛r❡ ✇r✐tt❡♥ ✐♥ ✶✵✵✵ µ♠ ① ✶✵✵✵ µ♠ ✇r✐t❡✜❡❧❞s ✇✐t❤ ❛ ♠❛❣♥✐✜✲
❝❛t✐♦♥ ♦❢ ✶✸✵① ❛♥❞ t❤❡ ✶✷✵ µ♠ ❛♣❡rt✉r❡✳ ❚❤❡ ♦t❤❡r ❞❡s✐❣♥ ❡❧❡♠❡♥ts ❛r❡ ✇r✐tt❡♥ ✐♥ ✶✵✵ µ♠ ① ✶✵✵
µ♠ ✇r✐t❡✜❡❧❞s ✇✐t❤ ❛ ♠❛❣♥✐✜❝❛t✐♦♥ ♦❢ ✶✸✵✵① ❛♥❞ t❤❡ ✶✵ µ♠ ❛♣❡rt✉r❡✳
■♥ ✜❣✳✼✵ t❤❡ ❞❡s✐❣♥ ❢♦r ❛ ❢❛❜r✐❝❛t✐♦♥ r✉♥ ♦♥ ❛ ✇❤♦❧❡ ✇❛❢❡r ✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✑q✉❜✐t ❝❤✐♣s✑
✐s s❤♦✇♥✳ ❚❤❡r❡ ❛r❡ t✇♦ r♦✇s ♦❢ q✉❜✐t ❝❤✐♣s✳ ❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ✷✱✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥✱ t❤❡ t✇♦
❥✉♥❝t✐♦♥ s✐③❡s ❛r❡ ♣❧❛❝❡❞ ❛❧t❡r♥❛t✐♥❣ ♦✈❡r t❤❡ ✇❛❢❡r s♦ t❤❛t ♦♥❡ ❝❛♥ ❢❛❜r✐❝❛t❡ ✷✵ q✉❜✐ts ❛t t❤❡ s❛♠❡
t✐♠❡✳ ❆s t❤❡ q✉❜✐ts ✐♥ t❤❡ ❝❡♥t❡r ❛r❡ ✐♥t❡♥t✐♦♥❛❧❧② s❤♦rt❡♥❡❞ t♦ ♥♦t ❞✐❡ ❞✉r✐♥❣ t❤❡ ❞✐❝✐♥❣✱ t❤❡r❡
✇❡r❡ ❛❧s♦ ❥✉♥❝t✐♦♥s ❢❛❜r✐❝❛t❡❞ ❜❡t✇❡❡♥ t❤❡ ❞✐❝✐♥❣ ♠❛r❦s t♦ s❡❡ ✐❢ t❤❡ q✉❜✐ts ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤♦✉t
❝✉tt✐♥❣ t❤❡ s❤♦rt✳

❉✐❝✐♥❣ ♠❛r❦ ❥✉♥❝t✐♦♥s✿ ❋r♦♠ ♠❡❛s✉r✐♥❣ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❞✐❝✐♥❣ ♠❛r❦s✱ ✇❡
❝❛♥ ❣❡t ❛ ❜❡♥❝❤♠❛r❦ ♦❢ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ♦❢ t❤❡ q✉❜✐ts ✉s❡❞ ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t ❛t t❤❡
❝❡♥t❡r ♦❢ t❤❡ ❝❤✐♣✳ ■♥ ✜❣✳✼✶ t❤❡ r❡s✐st❛♥❝❡s ♦❢ ❛❧❧ t❤❡ ❞✐❝✐♥❣ ♠❛r❦ ❥✉♥❝t✐♦♥s✱ ♠❡❛s✉r❡❞ ✐♥ t❤❡ ♦r❞❡r
s❤♦✇♥ ♦♥ t❤❡ ♣✐❝t✉r❡ ✐♥ t❤❡ ❧❡❢t ❝♦r♥❡r✱ ❛r❡ ♣❧♦tt❡❞✳ ❲❡ ❝❛♥ ❝♦♠♣❛r❡ ✐❢ ❛♥❞ ❤♦✇ t❤❡ r❡s✐st❛♥❝❡s
❝❤❛♥❣❡ ✇✐t❤ t❤❡✐r ♣♦s✐t✐♦♥ ♦♥ t❤❡ ✇❛❢❡r✱ ✐❢ t❤❡✐r ✐s ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ q✉❜✐ts ✐♥ t❤❡ ✜rst ❛♥❞
✐♥ t❤❡ s❡❝♦♥❞ r♦✇ ♦♥ t❤❡ ✇❛❢❡r ❛♥❞ s❡❡ ✐❢ t❤❡ r❡s✐st❛♥❝❡s ♦♥ t❤❡ t✇♦ ✇❛❢❡rs ❛r❡ t❤❡ s❛♠❡✳ ❚❤✐s

✼✸



❋✐❣✉r❡ ✼✵✿ ❚❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ✑q✉❜✐t ❝❤✐♣s✑ ♦♥ ❛ ✇❛❢❡r✳ ❖♥❡ r♦✇ ✐s ❛❧t❡r♥❛t✐♥❣ ❜❡t✇❡❡♥ ❛ q✉❜✐t
✇✐t❤ ❛ ✷✵✵ ♥♠ ① ✷✱✺ µ♠ ❥✉♥❝t✐♦♥ ❛r❡❛ ❛♥❞ ❛ q✉❜✐t ✇✐t❤ ❛ ✷✵✵ ♥♠ ① ✷ µ♠ ❥✉♥❝t✐♦♥ ❛r❡❛✳ ❖♥ t❤❡
❡❞❣❡ ♦❢ ❡❛❝❤ q✉❜✐t ❝❤✐♣ t❤❡r❡ ❛r❡ t❡st ❥✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ✉s❡❞ ❛s ❞✐❝✐♥❣ ♠❛r❦s ❛♥❞ t♦ t❡st ✐❢ t❤❡
❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ✇♦r❦❡❞✳ ❖♥ t❤❡ r✐❣❤t✱ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❝❤✐♣ ❞❡s✐❣♥ ❛r❡ s❤♦✇♥✳ ❚❤❡ ❧✐♥❡s
❢♦r ❞✐❝✐♥❣ ❛r❡ ♠❛r❦❡❞ ✐♥ ❣r❡❡♥✳

✇✐❧❧ t❡❧❧ ✉s ❤♦✇ r❡♣r♦❞✉❝✐❜❧❡ ♦✉r ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ✐s ❛♥❞ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ s✉r✈✐✈❛❧ r❛t❡s ❛♥❞
r❡s✐st❛♥❝❡ s♣r❡❛❞s ♦❢ t❤❡ t✇♦ ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s✳ ▲❡t✬s st❛rt ✇✐t❤ t❤❡ ✷ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s✳
■♥ t❤❡ s❡❝♦♥❞ r♦✇ ✭♣✉r♣❧❡ ❛♥❞ ②❡❧❧♦✇ tr✐❛♥❣❧❡s✮ t❤❡✐r r❡s✐st❛♥❝❡s ❛r❡ ✈✐s✐❜❧② ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ✐♥

❚❛❜❧❡ ✶✻✿ ◆♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ st❛t✐st✐❝s ♦❢ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✽ ❛♥❞ ❑❈✵✵✸✸✻✾✳

✷✱✺ µ♠✱ ✶✷✵ ♥♠ ✷ µ♠✱ ✶✺✵ ♥♠ ✷✱✺ µ♠✱ ✶✷✵ ♥♠ ✷ µ♠✱ ✶✺✵ ♥♠
✶✳ r♦✇✿

∅Rn ❬kΩ❪✿ ✸✱✸ ± ✵✱✷ ✹✱✻ ± ✵✱✷ ✸✱✷ ± ✵✱✷ ✹✱✸ ± ✵✱✷
❙✉r✈✐✈❡❞✿ ✺✺% ✭✸✸✴✻✵✮ ✾✽✱✸✸% ✭✺✾✴✻✵✮ ✾✶✱✻✼% ✭✺✺✴✻✵✮ ✶✵✵% ✭✻✵✴✻✵✮

✷✳ r♦✇✿
∅Rn ❬kΩ❪✿ ✸✱✸ ± ✵✱✶ ✹✱✾ ± ✵✱✸ ✸✱✷✼ ± ✵✱✵✼ ✹✱✻ ± ✵✱✼
❙✉r✈✐✈❡❞✿ ✶✶✱✻✼% ✭✼✴✻✵✮ ✾✸✱✸✸% ✭✺✻✴✻✵✮ ✷✻✱✻✼% ✭✶✻✴✻✵✮ ✽✶✱✻✼% ✭✹✾✴✻✵✮

❚♦t❛❧✿
∅Rn ❬kΩ❪✿ ✸✱✸ ± ✵✱✷ ✹✱✼ ± ✵✱✹ ✸✱✷ ± ✵✱✷ ✹✱✺ ± ✵✱✺
❙✉r✈✐✈❡❞✿ ✸✸✱✸✸% ✭✹✵✴✶✷✵✮ ✾✺✱✽✸% ✭✶✶✺✴✶✷✵✮ ✺✾✱✶✼% ✭✼✶✴✶✷✵✮ ✾✵✱✽✸% ✭✶✵✾✴✶✷✵✮

❑❈✵✵✸✸✻✽ ❑❈✵✵✸✸✻✾

t❤❡ ✜rst r♦✇✳ ❚❤✐s ✐s t❤❡ s❛♠❡ ♦♥ ❑❈✵✵✸✸✻✽ ❛♥❞ ❑❈✵✵✸✸✻✾✳ ❋♦r t❤❡ ❧♦♥❣❡r ❥✉♥❝t✐♦♥s t❤✐s ✐s ♥♦t
♦❜s❡r✈❛❜❧❡✱ ❜✉t ♠❛②❜❡ t❤❡r❡ ❛r❡ ❥✉st ♥♦t ❡♥♦✉❣❤ ❞❛t❛ ♣♦✐♥ts t♦ s❡❡ ✐t✳
❆ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ❝♦✉❧❞ ❜❡ t❤❡ ❞r✐❢t ♦❢ s♦♠❡ ❡✲❜❡❛♠ ♣❛r❛♠❡t❡rs ♦✈❡r t✐♠❡✳ ❚❤❡ t✐♠❡ ❛t ✇❤✐❝❤
❛ ❥✉♥❝t✐♦♥ ✐s ✇r✐tt❡♥ ❝♦✉❧❞ t❤❡r❡❢♦r❡ ♠❛❦❡ ❛ ❞✐✛❡r❡♥❝❡✱ ✐❢ t❤❡ ❥✉♥❝t✐♦♥ ❞❡s✐❣♥ ✐s♥✬t r❡s✐st❛♥t ❡♥♦✉❣❤
❛❣❛✐♥st s♠❛❧❧ ❞♦s❡ ✈❛r✐❛t✐♦♥s✳ ■♥ ✜❣✳✼✷ t❤❡ ❛✈❡r❛❣❡❞ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❞✐❝✐♥❣ ♠❛r❦ ❥✉♥❝t✐♦♥s ♦♥
❡❛❝❤ ❝❤✐♣ ❛r❡ ♣❧♦tt❡❞ ✐♥ t❤❡ ♦r❞❡r t❤❡② ❛r❡ ❡①♣♦s❡❞✳ ❋♦r ❜♦t❤ ✇❛❢❡rs ❛♥❞ ❜♦t❤ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s
t❤❡ r❡s✐st❛♥❝❡s t❡♥❞ t♦ ❣r♦✇ ✇❤❡♥ t❤❡② ❛r❡ ✇r✐tt❡♥ ❛t ❛ ❧❛t❡r t✐♠❡✳
❆♥♦t❤❡r ❡①♣❧❛♥❛t✐♦♥ ❝♦✉❧❞ ❜❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ t❡st ❥✉♥❝t✐♦♥s ♦♥ t❤❡ ✇❛❢❡r✳ ❋♦r t❤❡ ✜rst r♦✇
♠♦st ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ❛r❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ✇❛❢❡r✱ ❛s ❢♦r t❤❡ s❡❝♦♥❞ r♦✇ t❤❡② ❛r❡ ♠♦r❡
♦♥ t❤❡ ❡❞❣❡ ♦❢ t❤❡ ✇❛❢❡r✳ ❚❤❡ ❢❛❝t✱ t❤❛t t❤❡ ♣♦❧②♠❡r ❧❛②❡rs ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ✇❛❢❡r ❛r❡ s❧✐❣❤t❧②
t❤✐♥♥❡r t❤❛♥ ♦♥ t❤❡ ❡❞❣❡ ❝♦✉❧❞ ❧❡❛❞ t♦ t❤❡ ❤✐❣❤❡r r❡s✐st❛♥❝❡s ♦❢ t❤❡ t❡st ❥✉♥❝t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞
r♦✇✳ ❚❤✐❝❦❡r ♣♦❧②♠❡r ❧❛②❡rs ❧❡❛❞ t♦ s♠❛❧❧❡r ❥✉♥❝t✐♦♥ ❛r❡❛s ✭❝♦♠♣❛r❡❞ t♦ t❤❡ ❥✉♥❝t✐♦♥s ✇✐t❤ t❤❡
s❛♠❡ ❞♦s❡✱ ❜✉t t❤✐♥♥❡r ♣♦❧②♠❡r ❧❛②❡rs✮ ✇❤✐❝❤ ❧❡❛❞ t♦ ❤✐❣❤❡r r❡s✐st❛♥❝❡s✳ ❚❤❡ q✉❜✐ts ✐♥ t❤❡ ❝❡♥t❡r
♦❢ t❤❡ ❝❤✐♣ ❛r❡ t❤❡♥ ♣r♦❜❛❜❧② s♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ t❤♦s❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ r♦✇✳
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❋✐❣✉r❡ ✼✶✿ ❘❡s✐st❛♥❝❡s ♦❢ t❤❡ t❡st ❥✉♥❝t✐♦♥s ❢r♦♠ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✽ ❛♥❞ ❑❈✵✵✸✸✻✾✳ ❋r♦♠ ❧❡❢t t♦
r✐❣❤t t❤❡ ♣♦✐♥ts ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t❡st ❥✉♥❝t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦♥ t❤❡ ✇❛❢❡r✳ ❚❤❡ s♠❛❧❧
♣✐❝t✉r❡ ✐♥ t❤❡ ❧❡❢t ❝♦r♥❡r s❤♦✇s t❤❡ ♦r❞❡r ❤♦✇ t❤❡ ❥✉♥❝t✐♦♥s ✇❡r❡ ♠❡❛s✉r❡❞✳ ❊❛❝❤ ✑❛❝❝✉♠✉❧❛t✐♦♥✑
♦❢ r❡s✐st❛♥❝❡s t❤❡r❡❢♦r❡ r❡♣r❡s❡♥t ♦♥❡ q✉❜✐t ❝❤✐♣✳ ❚❤❡ t✇♦ q✉❜✐t ❞❡s✐❣♥s ❛r❡ ♣❧❛❝❡❞ ❛❧t❡r♥❛t✐♥❣ ♦✈❡r
t❤❡ ✇❛❢❡r✳ ❚❤❡ ❜❧✉❡ ❛♥❞ ✈✐♦❧❡t ♣♦✐♥ts r❡♣r❡s❡♥t t❤❡ ❥✉♥❝t✐♦♥s ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ r♦✇ ♦❢ t❤❡
✇❛❢❡r ❑❈✵✵✸✸✻✽✳ ❚❤❡ ♦r❛♥❣❡ ❛♥❞ ②❡❧❧♦✇ ♣♦✐♥ts r❡♣r❡s❡♥t t❤❡ ❥✉♥❝t✐♦♥s ✐♥ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ r♦✇
♦❢ t❤❡ ✇❛❢❡r ❑❈✵✵✸✸✻✾✳ ❈✐r❝❧❡s ✐♥❞✐❝❛t❡ t❤❡ ✷✱✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ❛♥❞ tr✐❛♥❣❧❡s ✐♥❞✐❝❛t❡ t❤❡ ✷ µ♠
❧♦♥❣ ❥✉♥❝t✐♦♥s✳

❖♥ t❤r❡❡ ♦❢ t❤❡ ❢♦✉r ♣❧♦ts ✐♥ ✜❣✳✼✷ t❤❡ r❡s✐st❛♥❝❡s ✐♥ t❤❡ ❝❡♥t❡r ❛r❡ ❛ ❜✐t ❧♦✇❡r t❤❛♥ ♦♥ t❤❡ ❡❞❣❡s✳
■♥ t❤❡ s❡❝♦♥❞ r♦✇ ♦♥ ✇❛❢❡r ❑❈✵✵✸✸✻✾ t❤✐s ✐s ♥♦t ✈✐s✐❜❧❡✳ ■t ❝♦✉❧❞ t❤❡r❡❢♦r❡ ❥✉st ❜❡ ❝♦✐♥❝✐❞❡♥❝❡✱
t❤❛t t❤❡ r❡st ♦❢ t❤❡ r❡s✐st❛♥❝❡s ✜t t❤❡ t❤❡♦r②✳ ❚♦ ❝♦♥❝❧✉❞❡✱ ✐t ✐s ♠♦st ❧✐❦❡❧② t❤❛t ❜♦t❤ ❡①♣❧❛♥❛t✐♦♥s
♣❧❛② ❛ r♦❧❡ ❛♥❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❝❤❛♥❣❡ ✐♥ r❡s✐st❛♥❝❡ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤✳
■♥ t❛❜✳✶✻ t❤❡ ❛✈❡r❛❣❡❞ r❡s✐st❛♥❝❡s ❛♥❞ t❤❡ s✉r✈✐✈❛❧ r❛t❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❥✉♥❝t✐♦♥ ❞❡s✐❣♥s ❢♦r ❡❛❝❤
r♦✇ ♦♥ t❤❡ t✇♦ ✇❛❢❡rs ❛r❡ s❤♦✇♥✳ ❖♥ ❜♦t❤ ✇❛❢❡rs ♠♦r❡ t❤❛♥ 90% ♦❢ t❤❡ q✉❜✐ts ✇✐t❤ t❤❡ ✷ µ♠
❧♦♥❣ ❥✉♥❝t✐♦♥ s✉r✈✐✈❡❞✳ ❚❤❡✐r ❛✈❡r❛❣❡❞ r❡s✐st❛♥❝❡ ✐s ❛❜♦✉t 4, 7±✵✱✹ ❦Ω ♦♥ ✇❛❢❡r ❑❈✵✵✸✸✻✽ ❛♥❞
4, 5±✵✱✺ ❦Ω ♦♥ ✇❛❢❡r ❑❈✵✵✸✸✻✾✳ ❚❤❡ ✷✱✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s s❡❡♠ ♥♦t t❤❛t r❡♣r♦❞✉❝✐❜❧❡✳ ❋♦r t❤♦s❡
❥✉♥❝t✐♦♥s ❥✉st ✸✸✱✸% s✉r✈✐✈❡❞ ♦♥ ❑❈✵✵✸✸✻✽ ❛♥❞ ✺✾✱✷% ♦♥ ❑❈✵✵✸✸✻✾✳ ❈♦♠♣❛r✐♥❣ t❤❡ r❡s✐st❛♥❝❡s
❢♦r t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ r♦✇ ♦♥ t❤❡ ✇❛❢❡r✱ ✇❡ ✜♥❞ t❤❛t ♥♦t❛❜❧② ❢❡✇❡r ♦❢ t❤❡ ❥✉♥❝t✐♦♥s ✐♥ t❤❡
s❡❝♦♥❞ r♦✇ s✉r✈✐✈❡❞✳ ❆❧s♦ ❢♦r t❤❡ s♠❛❧❧❡r s✐③❡s ❢❡✇❡r ❥✉♥❝t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ r♦✇ s✉r✈✐✈❡❞✳

✼✺



❋✐❣✉r❡ ✼✷✿ ❆✈❡r❛❣❡❞ r❡s✐st❛♥❝❡s✱ ❢r♦♠ ❡❛❝❤ ❝❤✐♣✱ ♦❢ t❤❡ ❞✐❝✐♥❣ ♠❛r❦ ❥✉♥❝t✐♦♥s ♦♥ t❤❡ ✇❛❢❡r
❑❈✵✵✸✸✻✽ ✐♥ ✭❛✮ ❛♥❞ ❑❈✵✵✸✸✻✾ ✐♥ ✭❜✮✳ ❚❤❡② ❛r❡ s♣❧✐t ✉♣ ✐♥ t❤❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ ✜rst r♦✇
❛♥❞ t❤❡ r❡s✐st❛♥❝❡s ✐♥ t❤❡ s❡❝♦♥❞ r♦✇ t♦ r❡♣r❡s❡♥t t❤❡ ❝❤❛♥❣❡ ♦✈❡r t❤❡ ✇❛❢❡r ❛s ✇❡❧❧ ✐♥ ①✲❞✐r❡❝t✐♦♥
❛s ✐♥ ②✲❞✐r❡❝t✐♦♥✳

✼✻



✑❚❤❡ ♦♣♣♦s✐t❡ ♦❢ ❛ ❝♦rr❡❝t ❛ss❡rt✐♦♥
✐s ❛ ❢❛❧s❡ ❛ss❡rt✐♦♥✳ ❇✉t t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❛

❞❡❡♣ tr✉t❤ ❝❛♥ ❛❣❛✐♥ ❜❡ ❛ ❞❡❡♣ tr✉t❤✳✑
◆✐❡❧s ❇♦❤r

✶✶ ▼✐❝r♦✇❛✈❡ tr❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ s❡t ✉♣ ♦❢ t❤❡ ♠✐❝r♦✇❛✈❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ❛r❡ ♣r❡✲
s❡♥t❡❞✳ ■t st❛rts ✇✐t❤ t❤❡ ✜♥❛❧ s❡t ✉♣ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✱ ❢♦❧❧♦✇❡❞ ❜② ❛ s❤♦rt ❡①♣❧❛♥❛t✐♦♥ ❤♦✇ t❤❡
♠❡❛s✉r❡♠❡♥ts ♦♥ t❤❡ q✉❜✐ts ✇❡r❡ ❞♦♥❡ ✐♥ t❤❡ ❢r✐❞❣❡ ❛♥❞ ✇❤❛t ✇❡ ❝❛♥ ❧❡❛r♥ ❢r♦♠ t❤❡ s❤❛♣❡ ♦❢ t❤❡
q✉❜✐t ❞✐♣s✳ ❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ q✉❜✐ts ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s
❛♥❞ ✇❤✐❧❡ s❡❛r❝❤✐♥❣ ❢♦r t❤❡ q✉❜✐t tr❛♥s✐t✐♦♥ |1〉 → |2〉 t❤❡ s♦ ❝❛❧❧❡❞ ❆✉t❧❡r✲❚♦✇♥❡s ❡✛❡❝t ✇❛s ♦❜✲
s❡r✈❡❞✳ ❲❡ ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ❛ ✈❛❧✉❡ ❢♦r t❤❡ ❜❛♥❞ ❣❛♣ ♦❢ t❤❡ ✉s❡❞ ❛❧✉♠✐♥✐✉♠ ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t
r❡s✉❧ts✳

✶✶✳✶ ❲❛✈❡❣✉✐❞❡ s❡t ✉♣

❋♦r ❞❡t❛✐❧❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ■ r❡❢❡r t♦ ❬✶✼❪✳
❚❤❡ s②st❡♠ t♦ ♠♦✉♥t t❤❡ s❛♣♣❤✐r❡ ❝❤✐♣s ✇✐t❤ t❤❡ q✉❜✐ts ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐s s❤♦✇♥ ✐♥ ✜❣✳✼✸ ✭❜✮✳
❚❤❡ ❝❧❛♠♣s✱ ❧❛❜❡❧❧❡❞ ♦♥ ✜❣✳✼✸ ✭❛✮✱ t♦ ✐♥s❡rt t❤❡ q✉❜✐t ❝❤✐♣s ✐♥ t❤❡ ✇❛❢❡r ❛r❡ ♥❡✇✳ ❚❤❡② ❛r❡ ♠❛❞❡ ♦✉t
♦❢ ❝♦♣♣❡r ❛♥❞ ❛r❡ ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❝♦♣♣❡r ✇✐r❡s t♦ t❤❡ s♦ ❝❛❧❧❡❞ ❚✲❜❡❛♠ ❢♦r ❡①tr❛ t❤❡r♠❛❧✐③❛t✐♦♥✳
■♥ ✜❣✳✼✸ ✭❝✮ ❛ s✐❞❡✈✐❡✇ t❤r♦✉❣❤ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ t✇♦ q✉❜✐t ❝❤✐♣s ✐♥s✐❞❡ ✐s s❤♦✇♥✳ ❋♦r t❤❡
s❡❝♦♥❞ ❝♦♦❧❞♦✇♥✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✇❛✈❡❣✉✐❞❡✱ ❛ ❝❛✈✐t② ✇❛s ♠♦✉♥t❡❞ ♦♥ t❤❡ ❚✲❜❡❛♠ ❢♦r ❛♥♦t❤❡r
❡①♣❡r✐♠❡♥t ✭s❡❡ ✜❣✳✼✸ ✭❞✮✮✳ ❆❢t❡r ❡✈❡r②t❤✐♥❣ ✐s ✜①❡❞✱ t❤❡ ❚✲❜❡❛♠ ❝❛♥ ❜❡ ♠♦✉♥t❡❞ ✐♥t♦ t❤❡ ❢r✐❞❣❡
❛s s❤♦✇♥ ✐♥ ✜❣✳✼✸ ✭❡✮✳ ❲❤❛t ✇❡ ❝❛♥ ❛❧s♦ ✜♥❞ ♦♥ ♣✐❝t✉r❡ ✼✸ ✭❛✮✱ ❛r❡ t❤❡ s♦ ❝❛❧❧❡❞ ❝♦✉♣❧❡rs ♦♥ ❡❛❝❤
s✐❞❡ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❚❤❡② ❝♦✉♣❧❡ ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧s ❢r♦♠ t❤❡ ❝♦❛① ❝❛❜❧❡s ✐♥t♦ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ■♥
♦✉r ❝❛s❡ ✇❡ ✉s❡ ❤♦♠❡♠❛❞❡ ❝♦✉♣❧❡rs ❛♥❞ t❤❡r❡❢♦r❡ ❤❛✈❡ t♦ ♣❡r❢♦r♠ ❛♥ ✐♠♣❡❞❛♥❝❡ ♠❛t❝❤✐♥❣ ✇✐t❤
t❤❡ ❡♠♣t② ✇❛✈❡❣✉✐❞❡ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✳

✶✶✳✶✳✶ ■♠♣❡❞❛♥❝❡ ♠❛t❝❤✐♥❣

■♠♣❡❞❛♥❝❡ ✐s t❤❡ ♦♣♣♦s✐t✐♦♥ ❜② ❛ s②st❡♠ t♦ t❤❡ ✢♦✇ ♦❢ ❡♥❡r❣② ❢r♦♠ ❛ s♦✉r❝❡✳ ❬✷✾❪ ❯♣♦♥ ❡✈❡r②
❝❤❛♥❣❡ ♦❢ ✐♠♣❡❞❛♥❝❡✱ r❡✢❡❝t✐♦♥s ♦❝❝✉r ❛♥❞ ♣♦✇❡r ❣❡ts ❡✛❡❝t✐✈❡❧② ❧♦st✳❬✶✼❪ ❚♦ ❛❝❤✐❡✈❡ ♠❛①✐♠✉♠
♣♦✇❡r tr❛♥s❢❡r✱ ❛❧❧ t❤❡ ✐♠♣❡❞❛♥❝❡s ✐♥ ❛ s②st❡♠ ❤❛✈❡ t♦ ♠❛t❝❤ ❡❛❝❤ ♦t❤❡r✳ ❬✸✵❪ ❈♦✉♣❧❡rs ❛r❡
✐♠♣❡❞❛♥❝❡ tr❛♥s❢♦r♠❡rs✳ ❚❤❡② tr❛♥s❢♦r♠ ♦♥❡ ✐♠♣❡❞❛♥❝❡ t♦ ❛♥♦t❤❡r s♦ t❤❛t ♥♦ ♣♦✇❡r ✐s r❡✢❡❝t❡❞✳
❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t♦ t✉♥❡ t❤❡ ❝♦✉♣❧❡rs t♦ ♠❛t❝❤ t❤❡ ✐♠♣❡❞❛♥❝❡s ♦❢ t❤❡ ❝♦❛① ❝❛❜❧❡ ✇✐t❤ t❤❛t ♦❢
t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ❛❝❤✐❡✈❡ t❤❡ ❜❡st s✐❣♥❛❧ tr❛♥s❢❡r✳
❚❤❡ t✉♥✐♥❣ ✐s ❞♦♥❡ ❜② s❝r❡✇✐♥❣ ❢♦✉r s❝r❡✇s✱ ♠❛r❦❡❞ ✇✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇s ✐♥ ✜❣✳✼✹✱ ✐♥ ❛♥❞ ♦✉t
✇❤✐❧❡ s❡♥❞✐♥❣ ❛ ♠✐❝r♦✇❛✈❡ t❤r♦✉❣❤ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ♠❡❛s✉r✐♥❣ t❤❡ r❡✢❡❝t❡❞ s✐❣♥❛❧✳ ❚❤❡ ❣♦❛❧
✐s t♦ ♠✐♥✐♠✐③❡ s✐❣♥❛❧ r❡✢❡❝t✐♦♥✳ ■♥ ✜❣✳✼✺ t❤❡ s✐❣♥❛❧ ❢♦r t❤❡ ✜♥❛❧ s❡tt✐♥❣ ♦❢ t❤❡ s❝r❡✇s ✐s ♣❧♦tt❡❞✳
❚❤❡ r❡❞ ❧✐♥❡ ♠❛r❦s t❤❡ r❡✢❡❝t❡❞ s✐❣♥❛❧ ♦❢ ✲✷✵ ❞❇✳ ❖♥❧② ✶% ♦❢ t❤❡ ♣♦✇❡r ✐s r❡✢❡❝t❡❞ t❤❡r❡✳ ■t ✐s
t❤❡r❡❢♦r❡ t❤❡ ❣♦❛❧ ❢♦r ❛ ❣♦♦❞ ♠❛t❝❤✳ ❆s t❤❡ q✉❜✐ts s❤♦✉❧❞ ❤❛✈❡ ❛ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ ❛❜♦✉t
✽ ●❍③✱ ✇❡ ♦♣t✐♠✐③❡❞ t❤❡ t✉♥✐♥❣ ❛r♦✉♥❞ t❤✐s ❢r❡q✉❡♥❝②✳ ❚❤❡ ❝✉t♦✛ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐s
✈✐s✐❜❧❡ ❛t ❛❜♦✉t 6, 6− 6, 7 ●❍③✳

❆❢t❡r t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛t❝❤✐♥❣ t❤❡ q✉❜✐ts ❝❛♥ ❜❡ ♠♦✉♥t❡❞ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ■♥ ✜❣✳✼✻ ❛ s❦❡t❝❤
♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ✐ts ♣♦ss✐❜❧❡ s❧♦ts t♦ ✐♥s❡rt ❛ q✉❜✐t ❝❤✐♣ ✐s s❤♦✇♥✳ ❋♦r t❤❡ ✜rst ♦❢ t❤❡ t✇♦
❝♦♦❧❞♦✇♥s ✇❡ ♣✉t ❢♦✉r s✐♥❣❧❡ q✉❜✐ts ❛♥❞ ♦♥❡ ❥✉♥❝t✐♦♥ ❛rr❛② r❡s♦♥❛t♦r ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❚❤❡ s❧♦ts
✉s❡❞ ❢♦r t❤❡ s✐♥❣❧❡ q✉❜✐ts ❛r❡ ♠❛r❦❡❞ ✐♥ ♦r❛♥❣❡✳ ❚❤❡ ♦♥❡ ❢♦r t❤❡ ❛rr❛② ✐s ♠❛r❦❡❞ ✐♥ ❣r❡❡♥✳ ❋♦r t❤❡
s❡❝♦♥❞ ❝♦♦❧❞♦✇♥ ✇❡ ♣✉t ✜✈❡ q✉❜✐ts ✐♥s✐❞❡✳ ❋♦✉r ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ ❛s t❤❡ ✜rst t✐♠❡ ❛♥❞ t❤❡ ✜❢t❤
✐♥ s❧♦t ♥✉♠❜❡r ✶✳ ❚❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s ♦❢ t❤❡ ✉s❡❞ q✉❜✐ts ❛♥❞ t❤❡✐r ❧♦❝❛t✐♦♥ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛r❡
s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳✶✼✳
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❋✐❣✉r❡ ✼✸✿ ✭❛✮ ❚❤❡ ♣❛rts ❛r♦✉♥❞ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛r❡ ❧❛❜❡❧❧❡❞✳ ✭❜✮ ❚❤❡ s②st❡♠ t♦ ✐♥s❡rt ❛♥❞ ♠♦✉♥t
t❤❡ q✉❜✐ts ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ✭❝✮ ❙✐❞❡✈✐❡✇ t❤r♦✉❣❤ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇✐t❤♦✉t t❤❡ ❝♦✉♣❧❡rs✱ ❜✉t ✇✐t❤
t✇♦ q✉❜✐t ❝❤✐♣s ✐♥s✐❞❡✳ ✭❞✮ ❆❧❧ t❤❡ ♣❛rts ♠♦✉♥t❡❞ ♦♥ t❤❡ ❚✲❜❡❛♠✱ r❡❛❞② t♦ ❣♦ ✐♥t♦ t❤❡ ❢r✐❞❣❡✳ ❚❤❡
✇❛✈❡❣✉✐❞❡ ✇✐t❤ t❤❡ ♠♦✉♥t❡❞ q✉❜✐ts ♦♥ t❤❡ ❧❡❢t ❛♥❞ ❛ ❝❛✈✐t② ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡①♣❡r✐♠❡♥t ♦♥ t❤❡
r✐❣❤t✳ ✭❡✮ ❇♦tt♦♠ ♣❛rt ♦❢ t❤❡ ❢r✐❞❣❡ ✇❤❡r❡ t❤❡ ❚✲❜❡❛♠ ✐s ♠♦✉♥t❡❞ ✐♥ ♦♥❡ ♦❢ t❤❡ ❝❛♥s✳

❚❛❜❧❡ ✶✼✿ ❘❡s✐st❛♥❝❡ ✈❛❧✉❡s ♦❢ t❤❡ q✉❜✐ts ✉s❡❞ ✐♥ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❝♦♦❧❞♦✇♥✳ ❚❤❡ s❧♦t
♥✉♠❜❡rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♥✉♠❜❡rs ✐♥ ✜❣✳✼✻✳

✶st ❝♦♦❧❞♦✇♥ ❑❈✵✵✸✸✻✽
❙❧♦t ♥r✳ ✺ ✶✵ ✷ ✼
Rn ❬❦Ω❪ ✻✱✻✸ ✻✱✸✶ ✻✱✵✷ ✹✱✸✸

✷nd ❝♦♦❧❞♦✇♥ ❑❈✵✵✸✸✻✾
❙❧♦t ♥r✳ ✺ ✶✵ ✷ ✶ ✼
Rn ❬❦Ω❪ ✹✱✷✽ ✺✱✾✶ ✹✱✻✻ ✹✱✻✸ ✹✱✶✸

✶✶✳✷ P❡r❢♦r♠✐♥❣ ♠❡❛s✉r❡♠❡♥ts

▼❡❛s✉r❡♠❡♥ts ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❡✐t❤❡r ✐♥ tr❛♥s♠✐tt❛♥❝❡ S12✱ ✇❤❡r❡ ②♦✉ s❡♥❞ ✐♥ ❛ s✐❣♥❛❧ ❢r♦♠ ♦♥❡
❡♥❞ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ♠❡❛s✉r❡ ❛t t❤❡ ♦t❤❡r s✐❞❡✱ ♦r ✐♥ r❡✢❡❝t✐♦♥ S11✱ ✇❤❡r❡ t❤❡ s✐❣♥❛❧ s❡♥t ✐♥
♦♥ ♦♥❡ s✐❞❡ ✐s r❡✢❡❝t❡❞ ❜❛❝❦ ❛♥❞ ♠❡❛s✉r❡❞ ❛t t❤❡ ✐♥♣✉t ♣♦rt✳
■❢ ✇❡ ♣✉t ❛ q✉❜✐t ✐♥s✐❞❡ t❤❡ ✇❛✈❡❣✉✐❞❡✱ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐s ❡✛❡❝t✐✈❡❧② s❤✉♥t❡❞ ❜② t❤❡ ✐♠♣❡❞❛♥❝❡ ♦❢
t❤❡ q✉❜✐t✳ ▼♦st ♦❢ t❤❡ s✐❣♥❛❧ ✐s ❥✉st r❡✢❡❝t❡❞ ❛♥❞ ♣♦✇❡r ❣❡ts ❧♦st✳ ❚❤❡ ♠❡❛s✉r❡❞ r❡s♦♥❛♥❝❡ ❝❛♥ ❜❡
♠♦❞❡❧❧❡❞ ❛s

S21 = 1− κ

κ+ 2i(ω − ω0)

✇✐t❤ t❤❡ ❝♦♠♣❧❡① ❡♥❡r❣② ❞❡❝❛② r❛t❡ κ✱ t❤❡ ❢r❡q✉❡♥❝② ω ❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ q✉❜✐t
ω0✳ ❬✸✶❪
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❋✐❣✉r❡ ✼✹✿ ❲✐t❤ t❤❡ ❜❧✉❡ ❛rr♦✇s t❤❡ s❝r❡✇s ❢♦r t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛t❝❤✐♥❣ ❛r❡ ♠❛r❦❡❞✳ ❖♥ t❤❡
❧❡❢t t❤❡ ❝♦✉♣❧❡rs ❛r❡ ❛❧r❡❛❞② ♠♦✉♥t❡❞ t♦ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❖♥ t❤❡ r✐❣❤t ❛ ✈✐❡✇ ✐♥t♦ ❛ ❝♦✉♣❧❡r ✐s
s❤♦✇♥✳ ❖♥❡ ❝❛♥ s❡❡ t❤❡ ♣✐♥ t♦ s❡♥❞ ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡s ❛♥❞ t❤❡ s❝r❡✇s t♦ t✉♥❡ t❤❡ ❝♦✉♣❧✐♥❣ t♦ t❤❡
✇❛✈❡❣✉✐❞❡✳

❋✐❣✉r❡ ✼✺✿ ❘❡✢❡❝t✐♦♥ s✐❣♥❛❧ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡ ♠❛t❝❤✐♥❣ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ r❡❞ ❧✐♥❡ ♠❛r❦s
t❤❡ r❡✢❡❝t❡❞ s✐❣♥❛❧ ♦❢ ✲✷✵ ❞❇✱ ✇❤✐❝❤ ✐s t❤❡ ❣♦❛❧ ❢♦r ❛ ❣♦♦❞ ♠❛t❝❤ ♦❢ t❤❡ ✐♠♣❡❞❛♥❝❡s✳

❋✐❣✉r❡ ✼✻✿ ❙❝❤❡♠❡ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇✐t❤♦✉t t❤❡ ❝❧❛♠♣s s❤♦✇♥ ❢r♦♠ t❤❡ s✐❞❡ ✇✐t❤ t❤❡ s❧♦ts ❢♦r t❤❡
q✉❜✐t ❝❤✐♣s✳ ■♥ ♦r❛♥❣❡ t❤❡ s❧♦ts ✉s❡❞ ❢♦r t❤❡ ✜rst ❝♦♦❧❞♦✇♥ ❛r❡ ♠❛r❦❡❞✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝♦♦❧❞♦✇♥✱
✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ s❧♦ts ✷✱ ✺✱ ✼ ❛♥❞ ✶✵✱ t❤❡ s❧♦t ♥r✳ ✶ ✐s ✉s❡❞ ❢♦r ❛ ✜❢t❤ q✉❜✐t✳

❚❤❡ ❧♦ss ♦❢ ❡♥❡r❣② ✐♥ t❤❡ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ s♦ ❝❛❧❧❡❞ q✉❛❧✐t② ❢❛❝t♦rs Q✳ ■♥ ❣❡♥❡r❛❧ ❛ q✉❛❧✐t②
❢❛❝t♦r ❣✐✈❡s t❤❡ ❧♦ss❡ ♣❡r ❝②❝❧❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ st♦r❡❞ ❡♥❡r❣②✳ ❬✶✼❪
■♥ t❤❡ ✜rst ♣✐❝t✉r❡ ♦❢ ✜❣✳✼✼ t❤❡ r❡s♦♥❛♥❝❡ ❞✐♣ ♦❢ t❤❡ q✉❜✐t ❛t ✼✱✷✶✽ ●❍③ ✐s s❤♦✇♥ ✇✐t❤ t❤❡ ❜❧✉❡ ❧✐♥❡✳
❚❤❡ r❡❞ ❞❛s❤❡❞ ❧✐♥❡ ✐s ❛ ✜t t♦ t❤❡ ❞❛t❛✳ ■♥ t❤❡ s❡❝♦♥❞ ♣✐❝t✉r❡ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ s✐❣♥❛❧ ✐s ♣❧♦tt❡❞✳
❖♥❡ ❝❛♥ s❡❡ ❛ ♣❤❛s❡ s❤✐❢t ❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ r❡s♦♥❛♥❝❡✳ ■♥ t❤❡ ❜♦tt♦♠ t✇♦ ♣✐❝t✉r❡s t❤❡ r❡❛❧
❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❞❛t❛ ✐s ♣❧♦tt❡❞✳ ❋✐tt✐♥❣ t❤✐s ❝✐r❝❧❡ ✇✐t❤ ❛ s♦ ❝❛❧❧❡❞ ❝✐r❝❧❡ ✜t ❬✶✼❪ ❛❧❧♦✇s
✉s t♦ ❡①tr❛❝t t❤❡ ✈❛❧✉❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t q✉❛❧✐t② ❢❛❝t♦rs Ql✱ Qc ❛♥❞ Qint✳ Ql ✐s t❤❡ t♦t❛❧ q✉❛❧✐t②
❢❛❝t♦r ♦❢ ❛ r❡s♦♥❛♥❝❡ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

1

Ql
=

1

Qc
+

1

Qint
.
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Qc ✐s t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❞❡s❝r✐❜✐♥❣ t❤❡ ❡①t❡r♥❛❧ ❧♦ss❡s✱ ✐✳❡✳ t❤❡ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❚❤❡
✐♥t❡r♥❛❧ ❧♦ss❡s ❛r❡ ❣✐✈❡♥ ❜② Qint✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❞✐❡❧❡❝tr✐❝ ❧♦ss❡s✱ ❝♦♥❞✉❝t✐✈❡ ❧♦ss❡s ♦r ❧♦ss❡s ❞✉❡ t♦
❛ ❝♦♥t❛❝t r❡s✐st❛♥❝❡ ❛t t❤❡ s❡❛♠s ♦❢ ❛ ❝❛✈✐t② ♦r ✇❛✈❡❣✉✐❞❡✳ ❲❡ ❛r❡ ✉s✐♥❣ t❤❡ ❝✐r❝❧❡ ✜t t♦ ❣❡t ❛♥
❡st✐♠❛t❡ ✇❤❛t t❤❡ q✉❛❧✐t② ❢❛❝t♦rs ♦❢ ♦✉r q✉❜✐ts ❛r❡✳ ❚❤❡ r❛t✐♦ ♦❢ Qint ❛♥❞ QC t❡❧❧s ✉s ❤♦✇ ❞❡❡♣ t❤❡
r❡s♦♥❛♥❝❡ ❞✐♣ ✐s✳ ❚❤❡ ❞❡❡♣❡r t❤❡ r❡s♦♥❛♥❝❡ t❤❡ ❜❡tt❡r t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ q✉❜✐t t♦ t❤❡ ✇❛✈❡❣✉✐❞❡✳
▼♦r❡ ❛❜♦✉t t❤❡ ❝✐r❝❧❡ ✜t ❛♥❞ t❤❡ q✉❛❧✐t② ❢❛❝t♦rs ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✶✼❪✳
❚❤❡ ♠❡❛s✉r❡♠❡♥ts ✐♥ t❤✐s t❤❡s✐s ❛r❡ ❛❧❧ ❞♦♥❡ ✐♥ tr❛♥s♠✐ss✐♦♥✳ P❡r❢♦r♠❡❞ ❛s s✐♥❣❧❡ ♣♦✇❡r ♠❡❛✲

❋✐❣✉r❡ ✼✼✿ ❈✐r❝❧❡ ✜t ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❞✐♣ ❛t ✼✳✷✶✽ ●❍③✳ ❋♦r t❤❡ q✉❛❧✐t② ❢❛❝t♦rs ✇❡ ❣❡t
QL = 308± 1✱ QC = 316± 1 ❛♥❞ Qint = 13095± 487✳

s✉r❡♠❡♥ts ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✱ ♣♦✇❡rs✇❡❡♣s ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s✱ ♦r t✇♦ t♦♥❡ ♠❡❛s✉r❡♠❡♥ts
❞♦♥❡ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞r✐✈❡ ♣♦✇❡r✳ ❲✐t❤ t❤❡ ❞r✐✈❡ ♣♦✇❡r ❛♣♣❧✐❡❞ ❛t t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝②
♦❢ t❤❡ q✉❜✐t ✇❡ ❝❛♥ s❛t✉r❛t❡ t❤❡ ✜rst q✉❜✐t tr❛♥s✐t✐♦♥ |0〉 → |1〉 ❛♥❞ ✇❡ ❝❛♥ ✜♥❞ t❤❡ r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝② ♦❢ t❤❡ s❡❝♦♥❞ tr❛♥s✐t✐♦♥ f12✳ ❆ s✉♠♠❛r② ♦❢ t❤❡ ❞✐✛❡r❡♥t ♣♦ss✐❜✐❧✐t✐❡s t♦ ❣❡t ✐♥❢♦r♠❛t✐♦♥
♦✉t ♦❢ t❤❡ s②st❡♠ ✐s ❣✐✈❡♥ ✐♥ t❛❜✳✶✽ ❋♦r ❛ ✜①❡❞ ♣r♦❜❡ ♣♦✇❡r ❛♥❞ ❛ ✈❛r②✐♥❣ ❞r✐✈❡ ♣♦✇❡r ✇❡ s❛✇ ❛
s♣❧✐tt✐♥❣ ♦❢ t❤❡ s❡❝♦♥❞ q✉❜✐t tr❛♥s✐t✐♦♥✳ ❚❤✐s s❤✐❢t ♦❢ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ✐s ❦♥♦✇♥ ❛s t❤❡ ❆❈ ❙t❛r❦
s❤✐❢t ♦r t❤❡ ❆✉t❧❡r✲❚♦✇♥❡s s♣❧✐tt✐♥❣✳

✶✶✳✸ ❘❡s✉❧ts

✶✶✳✸✳✶ ❈❤❛r❛❝t❡r✐③✐♥❣ t❤❡ q✉❜✐ts

❆ ✜rst ♠❡❛s✉r❡♠❡♥t t♦ ❣❡t ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ r❡s♦♥❛♥❝❡s t❤❛t ❛r❡ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ✐s ❛ s❝❛♥ ♦✈❡r
❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s ✇✐t❤ ❛ ✜①❡❞ ♣♦✇❡r✳ ❚❤❡ ♣♦✇❡r ❤❛s t♦ ❜❡ ❤✐❣❤ ❡♥♦✉❣❤ t♦ ❡①❝✐t❡ ❛
tr❛♥s✐t✐♦♥✱ ❜✉t ❧♦✇ ❡♥♦✉❣❤ t♦ ♥♦t s❛t✉r❛t❡ ✐t ❛♥❞ ❞r✐✈❡ ❤✐❣❤❡r ❧②✐♥❣ ❡♥❡r❣② ❧❡✈❡❧s✳ ❚❤❡ ✇❛✈❡❣✉✐❞❡
s❝❛♥ ❢r♦♠ t❤❡ ✜rst ❝♦♦❧❞♦✇♥ ✐s ♣❧♦tt❡❞ ✐♥ ✜❣✳✼✽✳ ❆ ♣♦✇❡r ♦❢ −75 ❞❇♠ ❛t t❤❡ ❢r✐❞❣❡ ✐♥♣✉t ✇❛s ✉s❡❞
♦✈❡r ❛ ❢r❡q❡♥❝② r❛♥❣❡ ❢r♦♠ 5 ●❍③ t♦ 11 ●❍③✳ ❚❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ s✐♥❣❧❡ q✉❜✐ts ❛t
✻✱✷✷✹ ●❍③ ❛♥❞ ✼✱✷✶✽ ●❍③ ❛r❡ ♠❛r❦❡❞ ✇✐t❤ t❤❡ r❡❞ ❛rr♦✇s✳ ❚❤❡ ♣✉r♣❧❡ ❛rr♦✇ ♠❛r❦s t❤❡ r❡s♦♥❛♥❝❡
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❚❛❜❧❡ ✶✽✿ ❙✉♠♠❛r② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥ts t❤❛t ❛r❡ ❞♦♥❡ ✇✐t❤✐♥ t❤✐s t❤❡s✐s ❛♥❞ ❤♦✇ t❤❡② ❛r❡ ♥❛♠❡❞✳
■♥ ❣❡♥❡r❛❧ ✐t ✐s ❛❜♦✉t ❤♦✇ ♠❛♥② ♠✐❝r♦✇❛✈❡ s✐❣♥❛❧s ❛r❡ ❛♣♣❧✐❡❞ ❛♥❞ ✇❤❛t t❤❡✐r ♣❛r❛♠❡t❡rs ❛r❡✳

▼❡❛s✉r❡♠❡♥t ▼✐❝r♦✇❛✈❡ ✇✐t❤✳✳✳ ❝❤❛♥❣❡❞ ✜①❡❞ ❲❤❛t ✇❡ ❝❛♥ ✜♥❞✳✳✳

❙✐♥❣❧❡ ♣♦✇❡r
❋r❡q✉✳ ω X

❋r❡q✉✳ ♦❢ 1st q✉❜✐t tr❛♥s✐t✐♦♥
P♦✇❡r p X

P♦✇❡rs✇❡❡♣
❋r❡q✉✳ ω X ✑❈♦❧♦r♠❛♣✑ ♦r ✑✸❉✲♣❧♦t✑✱ ❤✐❣❤❡r

❧②✐♥❣ tr❛♥s✐t✐♦♥sP♦✇❡r p X

❚✇♦ t♦♥❡

ωprobe X

❋r❡q✉✳ ♦❢ 2nd q✉❜✐t tr❛♥s✐t✐♦♥✱
✭❆✉t❧❡r ❚♦✇♥❡s s♣❧✐tt✐♥❣✮

pprobe ✭✑✇❡❛❦✑✮ X

ωdrive X

pdrive ✭✑str♦♥❣✑✮ ✭X✮ X

❢r❡q✉❡♥❝② ♦❢ P❤❛♥✐s ❥✉♥❝t✐♦♥ ❛rr❛② ❛t ✻✱✹✵✼ ●❍③✳ ❘❡♠❡♠❜❡r t❤❛t t❤❡ ❝✉t♦✛ ❢r❡q✉❡♥❝② ♦❢ t❤❡
✇❛✈❡❣✉✐❞❡ ✐s ❛r♦✉♥❞ ✻✱✻ ●❍③✳ ❚❤❡ t✇♦ r❡s♦♥❛♥❝❡s ♠❛r❦❡❞ ♦♥ t❤❡ ❧❡❢t ♦❢ t❤❡ ❝✉t♦✛ ❢r❡q✉❡♥❝②
❛r❡ t❤❡r❡❢♦r❡ ❥✉st ✇❡❛❦❧② ❝♦✉♣❧❡❞ t♦ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❆❞❞✐t✐♦♥❛❧❧② t✇♦ s✐♥❣❧❡ q✉❜✐ts ❛♥❞ ❛ s❡❝♦♥❞
r❡s♦♥❛♥❝❡ ♦❢ P❤❛♥✐s ❛rr❛② ❛r❡ ❡✈❡♥ ❢✉rt❤❡r ❜❡❧♦✇ t❤❡ ❝✉t♦✛ ❛♥❞ ❛r❡ ♥♦t ✈✐s✐❜❧❡ ✐♥ t❤✐s ♣❧♦t✳ ❲✐t❤
❛ ✜♥❡r s❝❛♥ t♦ r❡❞✉❝❡ t❤❡ ♥♦✐s❡ ✇❡ ❝❛♥ ✜♥❞ t❤❡s❡ q✉❜✐ts ❛t ✻✱✵✻✽ ●❍③ ❛♥❞ ✺✱✾✷✻ ●❍③ ❛♥❞ t❤❡
❥✉♥❝t✐♦♥ ❛rr❛② ❛t ✺✱✽✾✺ ●❍③✳
❚♦ ✜♥❞ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② t♦ t❤❡ s❡❝♦♥❞ ❡①❝✐t❡❞ st❛t❡ ♦❢ t❤❡ q✉❜✐ts ✇❡ s❛t✉r❛t❡ t❤❡ ✜rst

❋✐❣✉r❡ ✼✽✿ ❚r❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t t❤r♦✉❣❤ t❤❡ ✇❛✈❡❣✉✐❞❡ ❢♦r t❤❡ ✜rst ❝♦♦❧❞♦✇♥ ✇✐t❤ ❛ ♣♦✇❡r
♦❢ −75 ❞❇♠ ♦✈❡r ❛ r❛♥❣❡ ❢r♦♠ ✺ ●❍③ t♦ ✶✶ ●❍③✳ ❚❤❡r❡ s❤♦✉❧❞ ❜❡ ❢♦✉r q✉❜✐ts ❛♥❞ r❡s♦♥❛♥❝❡s ❢r♦♠
❛ ❥✉♥❝t✐♦♥ ❛rr❛② ✈✐s✐❜❧❡✳ ❚❤❡ r❡s♦♥❛♥❝❡s ♠❛r❦❡❞ ✇✐t❤ r❡❞ ❛r❡ t❤❡ s✐♥❣❧❡ q✉❜✐ts✳ ❚❤❡ r❡s♦♥❛♥❝❡
♠❛r❦❡❞ ✇✐t❤ ♣✉r♣❧❡ ✐s ♦♥❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡s ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ❛rr❛②✳ ❚❤❡ ♦t❤❡r r❡s♦♥❛♥❝❡s ♦❢ t❤❡
r❡♠❛✐♥✐♥❣ q✉❜✐ts ❛r❡ ❡✈❡♥ ❢✉rt❤❡r ❜❡❧♦✇ t❤❡ ❝✉t♦✛ ❢r❡q✉❡♥❝② ❛♥❞ ♥♦t ✈✐s✐❜❧❡ ✐♥ t❤✐s ♣❧♦t ❞✉❡ ♥♦✐s❡✳

tr❛♥s✐t✐♦♥ ❛♥❞ s✇❡❡♣ t❤r♦✉❣❤ t❤❡ ❢r❡q✉❡♥❝✐❡s ♥❡❛r❜②✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡♦r② ✭s❡❡ s❡❝✳✼✳✷✮ ✇❡ s❤♦✉❧❞
❡①♣❡❝t ❛ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ ❛❜♦✉t ✻ ●❍③ ❢♦r t❤❡ ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ♦❢ ❛❜♦✉t
✻ kΩ ❛♥❞ ❛♥ ❛♥❤❛r♠♦♥✐❝✐t② ♦❢ EC ≈ 200 ▼❍③✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ r❡str✐❝t ♦✉r s❝❛♥ t♦ ❛ ❢r❡q✉❡♥❝②
r❛♥❣❡ st❛rt✐♥❣ ❢r♦♠ ✑∼ f01✑ t♦ ✑∼ f01 − 300 ▼❍③✑✳
■♥ t❛❜✳✶✾ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ tr❛♥s✐t✐♦♥ ♦❢ ❡❛❝❤ s✐♥❣❧❡ q✉❜✐t ❛♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♠❡❛s✉r❡❞ ❜❡❢♦r❡ t❤❡ ❝♦♦❧❞♦✇♥ ❛r❡ s✉♠♠❛r✐③❡❞✳ ■♥
❛❞❞✐t✐♦♥ t❤❡ ✈❛❧✉❡s ♦❢ s♦♠❡ ❝❛❧❝✉❧❛t❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ❝♦❧♦✉rs ✐♥❞✐❝❛t❡ t❤❡ ❞✐✛❡r❡♥t
❞✐st❛♥❝❡s t♦ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇❛❧❧ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❞✐✛❡r❡♥t ❝❛♣❛❝✐t❛♥❝❡s ♦❢ t❤❡ q✉❜✐ts✳
❚❤❡ s❛♠❡ ♠❡❛s✉r❡♠❡♥ts t♦ ✜♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ q✉❜✐ts ❛r❡ ❞♦♥❡ ❞✉r✐♥❣ t❤❡ s❡❝♦♥❞
❝♦♦❧❞♦✇♥✳ ❚❤❡ ✇❛✈❡❣✉✐❞❡ s❝❛♥ ❢r♦♠ t❤❡ s❡❝♦♥❞ ❝♦♦❧❞♦✇♥ ✐s s❤♦✇♥ ✐♥ ✜❣✳✼✾✳ ❚❤✐s t✐♠❡ ♦♥❧② ♦♥❡
♦❢ t❤❡ ✜✈❡ q✉❜✐ts ✐s ❜❡❧♦✇ t❤❡ ❝✉t♦✛ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡✱ ❛t ✻✱✷✺✽ ●❍③✳ ❚❤❡ ♦t❤❡rs ❝❛♥ ❜❡ ❢♦✉♥❞
❛t ✻✱✾✷✸ ●❍③✱ ✻✱✾✻✼ ●❍③✱ ✼✱✷✷✼ ●❍③ ❛♥❞ ✼✱✸✼✵ ●❍③✳ ❚❤❡s❡ ❢r❡q✉❡♥❝✐❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❡❝♦♥❞
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❚❛❜❧❡ ✶✾✿ P❛r❛♠❡t❡r ♦❢ t❤❡ q✉❜✐ts ♠❡❛s✉r❡❞ ❞✉r✐♥❣ t❤❡ ✜rst ❝♦♦❧❞♦✇♥✳ ❚❤❡ ❧✐♥❡s ♠❛r❦❡❞ ✐♥ ❣r❛② ❛r❡
t❤❡ ♣❛r❛♠❡t❡rs ♠❡❛s✉r❡❞ ❞✐r❡❝t❧②✳ ❚❤❡ ♦t❤❡rs ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤♦s❡✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ q✉❜✐ts
❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❧♦ts ♠❛r❦❡❞ ✐♥ ✜❣✳✼✻✳ ❚❤❡ ❝♦❧♦✉rs ✐♥❞✐❝❛t❡ t❤❡ ❞✐✛❡r❡♥t ❞✐st❛♥❝❡s t♦ t❤❡
✇❛✈❡❣✉✐❞❡ ✇❛❧❧ ❛♥❞ t❤❡ t❤❡r❡❢♦r❡ ❞✐✛❡r❡♥t ❝❛♣❛❝✐t❛♥❝❡s ♦❢ t❤❡ q✉❜✐ts✳ ■♥ t❤❡ ❧❛st r♦✇ t❤❡ LJs ❛r❡
❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ r❡s✐st❛♥❝❡s ✇✐t❤ ♦✉r ✈❛❧✉❡ ❢♦r t❤❡ ❜❛♥❞ ❣❛♣ ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❢r♦♠
t❤❡ ✜t ✐♥ ✜❣✳✽✶✳ ❚❤❡ r❡s✐st❛♥❝❡s ❛r❡ ❧❛❜❡❧❧❡❞ R′

n ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❝♦rr❡❝t❡❞ ❜② t❤❡ ✜t ♣❛r❛♠❡t❡r
b = −0, 03 1

kΩ ✳

◗✉❜✐t ✐♥ s❧♦t✳✳✳ ◆r✳ ✼ ◆r✳ ✷ ◆r✳ ✶✵ ◆r✳ ✺

AJ ❬✷✵✵ ♥♠ ① ✳✳✳µ♠❪ ❞❡s✐❣♥ ✷✱✺ ✷ ✷ ✷
f01 ❬●❍③❪ ✼✱✷✶✽ ✻✱✷✷✹ ✻✱✵✻✽ ✺✱✾✷✻
f12 ❬●❍③❪ ✼✱✵✵✵ ✺✱✾✻✹ ✺✱✽✶✶ ✺✱✻✻✾
α ❬▼❍③❪

f01 − f12
✷✶✽ ✷✻✵ ✷✺✼ ✷✺✼

EC ❬❏✳10−25❪ ✶✱✹✹ ✶✱✼✷ ✶✱✼✵ ✶✱✼✵

CΣ ❬❢❋❪ Q2

2·EC
✽✽✱✽✹ ✼✹✱✹✾ ✼✺✱✸✺ ✼✺✱✸✺

EJ ❬●❍③❪
f2

r ·h
2

8·EC
✸✶✱✼ ✷✵✱✷ ✶✾✱✺ ✶✽✱✻

IC ❬♥❆❪ 2π
φ0

EJ ✻✸✱✽✸ ✹✵✱✻✾ ✸✾✱✶✽ ✸✼✱✹✹

LJ ❬♥❍❪
(
Φ0

2π

)2 1
EJ

✺✱✶✻ ✽✱✵✾ ✽✱✹✵ ✽✱✼✾

Rn ❬❦Ω❪ ✹✱✸✸ ✻✱✵✷ ✻✱✸✶ ✻✱✻✸

L
Rn

J
❬♥❍❪ ✭s❡❡ ❡q✉✳✶✾✮ Rn/0, 847 ✺✱✶✶ ✼✱✶✶ ✼✱✹✺ ✼✱✽✸

L
R

′

n

J
❬♥❍❪ ✭✇✐t❤ ♦✉r ∆✮ R′

n/0, 938 ✺✱✸✶ ✼✱✽✹ ✽✱✷✸ ✽✱✽✸

tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s✱ t❤❡ ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ❛♥❞ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♣❛r❛♠❡t❡rs ❛r❡
s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳✷✵✳ ❆ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✶✶✳✸✳✷✳

❋✐❣✉r❡ ✼✾✿ ❚r❛♥s♠✐ss✐♦♥ ♠❡❛s✉r❡♠❡♥t t❤r♦✉❣❤ t❤❡ ✇❛✈❡❣✉✐❞❡ ❢♦r t❤❡ s❡❝♦♥❞ ❝♦♦❧❞♦✇♥ ♦✈❡r ❛ r❛♥❣❡
❢r♦♠ ✺✱✼✺ ●❍③ t♦ ✼✱✼✺ ●❍③✳ ❋♦✉r q✉❜✐ts ❛❜♦✈❡ t❤❡ ❝✉t♦✛ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛♥❞ ♦♥❡ ❜❡❧♦✇ t❤❡
❝✉t♦✛ ❛r❡ ✈✐s✐❜❧❡✳

✽✷



❚❛❜❧❡ ✷✵✿ P❛r❛♠❡t❡rs ♦❢ t❤❡ q✉❜✐ts ♠❡❛s✉r❡❞ ❞✉r✐♥❣ t❤❡ s❡❝♦♥❞ ❝♦♦❧❞♦✇♥✳ ❚❤❡ ❧✐♥❡s ♠❛r❦❡❞ ✐♥ ❣r❛②
❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ♠❡❛s✉r❡❞ ❞✐r❡❝t❧②✳ ❚❤❡ ♦t❤❡rs ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤♦s❡✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡
q✉❜✐ts ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❧♦ts ♠❛r❦❡❞ ✐♥ ✜❣✳✼✻✳ ❚❤✐s t✐♠❡ ❛❧s♦ s❧♦t ♥r✳ ✶ ✐s ✉s❡❞✳ ❚❤❡ ❝♦❧♦✉rs
✐♥❞✐❝❛t❡ t❤❡ ❞✐✛❡r❡♥t ❞✐st❛♥❝❡s t♦ t❤❡ ✇❛✈❡❣✉✐❞❡ ✇❛❧❧ ❛♥❞ t❤❡ t❤❡r❡❢♦r❡ ❞✐✛❡r❡♥t ❝❛♣❛❝✐t❛♥❝❡s ♦❢
t❤❡ q✉❜✐ts✳ ■♥ t❤❡ ❧❛st r♦✇ t❤❡ LJs ❛r❡ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ r❡s✐st❛♥❝❡s ✇✐t❤ ♦✉r ✈❛❧✉❡ ❢♦r t❤❡ ❜❛♥❞
❣❛♣ ♦❢ t❤❡ ❡✈❛♣♦r❛t❡❞ ❛❧✉♠✐♥✐✉♠ ❢r♦♠ t❤❡ ✜t ✐♥ ✜❣✳✽✶✳ ❚❤❡ r❡s✐st❛♥❝❡s ❛r❡ ❧❛❜❡❧❧❡❞ R′

n ❜❡❝❛✉s❡
t❤❡② ❛r❡ ❝♦rr❡❝t❡❞ ❜② t❤❡ ✜t ♣❛r❛♠❡t❡r b = −0, 03 1

kΩ ✳

◗✉❜✐t ✐♥ s❧♦t✳✳✳ ◆r✳ ✼ ◆r✳ ✺ ◆r✳ ✶ ◆r✳ ✷ ◆r✳ ✶✵

AJ ❬✷✵✵ ♥♠ ① ✳✳✳µ♠❪ ❞❡s✐❣♥ ✷✱✺ ✷✱✺ ✷✱✺ ✷✱✺ ✷
f01 ❬●❍③❪ ✼✱✸✼✵ ✼✱✷✷✾ ✻✱✾✻✼ ✻✱✾✷✸ ✻✱✷✺✽
f12 ❬●❍③❪ ✼✱✶✹✸ ✼✱✵✵✷ ✻✱✼✸✼ ✻✱✻✾✹ ✻✱✵✵✹
α ❬▼❍③❪

f01 − f12
✷✷✼ ✷✷✼ ✷✸✵ ✷✷✾ ✷✺✹

EC ❬❏✳10−25❪ ✶✱✺ ✶✱✺ ✶✱✺✷ ✶✱✺✷ ✶✱✻✽

CΣ ❬❢❋❪ Q2

2·EC
✽✺✱✸✶ ✽✺✱✸✶ ✽✹✱✷ ✽✹✱✺✼ ✼✻✱✷✹

EJ ❬●❍③❪
f2

r ·h
2

8·EC
✸✶✱✽ ✸✵✱✻ ✷✽✱✷ ✷✼✱✾ ✷✵✱✽

IC ❬♥❆❪ 2π
φ0

EJ ✻✸✱✾✾ ✻✶✱✻✸ ✺✻✱✻✽ ✺✻✱✷✶ ✹✷✱✵✷

LJ ❬♥❍❪
(
Φ0

2π

)2 1
EJ

✺✱✶✹ ✺✱✸✹ ✺✱✽✶ ✺✱✽✺ ✼✱✽✸

Rn ❬❦Ω❪ ✹✱✶✸ ✹✱✷✽ ✹✱✻✸ ✹✳✻✻ ✺✱✾✶

L
Rn

J
❬♥❍❪ ✭s❡❡ ❡q✉✳✶✾✮ Rn/0, 847 ✹✱✽✽ ✺✱✵✺ ✺✱✹✼ ✺✱✺ ✻✱✾✽

L
R

′

n

J
❬♥❍❪ ✭✇✐t❤ ♦✉r ∆✮ R′

n/0, 938 ✺✱✵✸ ✺✱✷✹ ✺✱✼✸ ✺✱✼✽ ✼✱✻✺

✶✶✳✸✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ ♠❡❛s✉r❡♠❡♥t ❛♥❞ t❤❡♦r②

❙♦♠❡ ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♣❛r❛♠❡t❡rs ✐♥ t❛❜✳✷✵ ❛♥❞ t❛❜✳✶✾ ♥❡❡❞ ❛ s❤♦rt ❞✐s❝✉ss✐♦♥✳

❏✉♥❝t✐♦♥ ❛r❡❛ AJ ✿ ❚❤❡ ✜rst ✈❛❧✉❡ ✐♥ t❤❡ t❛❜❧❡s ✐s t❤❡ ❞❡s✐❣♥❡❞ ❥✉♥❝t✐♦♥ ❛r❡❛✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡
t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣♦❧②♠❡r ❧❛②❡rs ❛♥❞ t❤❡ ❛♥❣❧❡ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❛❧✉♠✐♥✐✉♠ ✐s ❡✈❛♣♦r❛t❡❞✱ t❤❡ r❡❛❧
❥✉♥❝t✐♦♥ ❛r❡❛ ❝❛♥ ❞✐✛❡r ❢r♦♠ t❤❡ ❞❡s✐❣♥❡❞ ♦♥❡✳ ▲❛t❡r ♦♥ ✇❡ r❡❝♦❣♥✐③❡❞✱ t❤❛t t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡
❧❡♥❣t❤ ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ t❤❡ ❡✲❜❡❛♠ s♦❢t✇❛r❡ ✇❡r❡ ❛ ❢❛❝t♦r ✶✱✷✺ s♠❛❧❧❡r t❤❛♥ t❤❡ r❡❛❧ ❧❡♥❣t❤s✳ ❆t
s♦♠❡ ♣♦✐♥t t❤❡ ♠❡❛s✉r✐♥❣ t♦♦❧ ✇❛s ❝❛❧✐❜r❛t❡❞ ✇r♦♥❣✳ ❚❤❡ ❧❡♥❣t❤s ♠❡❛s✉r❡❞ ✐♥ t❤✐s t❤❡s✐s t❤❡r❡❢♦r❡
❤❛✈❡ t♦ ❜❡ ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ ❛ ❢❛❝t♦r ✶✱✷✺ t♦ ❣❡t t❤❡ r❡❛❧ ❧❡♥❣t❤s✳

r❡❛❧ ❧❡♥❣t❤ = ♠❡❛s✉r❡❞ ❧❡♥❣t❤× 1, 25

■♥ ♦✉r ❝❛s❡ ❢♦r t❤❡ ♣♦❧②♠❡r ❧❛②❡r t❤✐❝❦♥❡ss❡s ♦❢ ❛❜♦✉t ✺✷✵ ♥♠ ❛♥❞ ✷✵✵ ♥♠ ❛♥❞ ❛♥ ❡✈❛♣♦r❛t✐♦♥
❛♥❣❧❡ ♦❢ ✸✵◦✱ t❤❡ ♠❡❛s✉r❡❞ r❡❛❧ ❥✉♥❝t✐♦♥ ❛r❡❛ ✐s ❛❜♦✉t 780 ± 30 ♥♠ s❤♦rt❡r t❤❛♥ t❤❡ ❞❡s✐❣♥❡❞
❥✉♥❝t✐♦♥ ❛r❡❛✳ ▼✉❧t✐♣❧✐❡❞ ✇✐t❤ t❤❡ ❢❛❝t♦r ✶✱✷✺ ❧❡❛❞s t♦ ❛ ❧❡♥❣t❤ ♦❢ 975± 38 ♥♠ t❤❛t ✐s ♠✐ss✐♥❣ ❢♦r
t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✳

❆♥❤❛r♠♦♥✐❝✐t② α = EC ✿ ❚❤❡ ♥❡①t ✈❛❧✉❡ ✐s t❤❡ ❛♥❤❛r♠♦♥✐❝✐t② α✳ ■t ✐s ♣❡r ❞❡✜♥✐t✐♦♥ t❤❡
❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ω12 ❛♥❞ ω01 ♦❢ t❤❡ q✉❜✐t✳ ❋♦r t❤❡ ❛♥❤❛r♠♦♥✐❝ q✉❜✐t
♣♦t❡♥t✐❛❧ ✐t ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② EC ♦❢ t❤❡ q✉❜✐t ✭s❡❡ s❡❝✳✹✳✷✮✳

❈❛♣❛❝✐t❛♥❝❡ CΣ✿ ❚❤❡ ❝❛♣❛❝✐t❛♥❝❡ CΣ ✐♥ t❤❡ t❛❜❧❡s ✐s ❝❛❧❝✉❧❛t❡❞ ❛s CΣ = Q2

2EC
✇✐t❤ t❤❡ ❝❤❛r❣❡

♦❢ ❛♥ ❡❧❡❝tr♦♥ Q✳ ❆❧s♦ ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ✇❡ ❣❡t ❛ ✈❛❧✉❡ ❢♦r t❤❡ ❝❛♣❛❝✐t❛♥❝❡✳ ❚❤❡r❡ ✐t ✐s ❝❛❧✲
❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❣✐✈❡♥ ✐♥❞✉❝t❛♥❝❡ LJ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ωr ❛s Csim = 1

LJω2
r
✳

❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝✳✺✳✷✳✷ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤♦s❡ ✈❛❧✉❡s ✐s t❤❡ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡✳ ■♥ t❤❡
s✐♠✉❧❛t✐♦♥ ✇❡ ❞✐❞♥✬t ❝♦♥s✐❞❡r t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ❥✉♥❝t✐♦♥ ✇❤❡r❡❛s ✐♥ t❤❡ r❡❛❧ ♠❡❛s✉r❡♠❡♥ts ❛❧❧
♣♦ss✐❜❧❡ ❝❛♣❛❝✐t❛♥❝❡s ❝♦♥tr✐❜✉t❡✳ ❈❛❧❝✉❧❛t✐♥❣ t❤✐s ❞✐✛❡r❡♥❝❡ s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❣✐✈❡ ✉s t❤❡ ❝❛♣❛❝✐✲
t❛♥❝❡ ❢r♦♠ t❤❡ ❥✉♥❝t✐♦♥ ❛r❡❛✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ✐s ♥♦t t❤❛t tr✐✈✐❛❧ ❛s ✐t s♦✉♥❞s✳ ■♥ ✜❣✳✽✵ t❤❡
❝❛♣❛❝✐t❛♥❝❡s t♦ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ q✉❜✐ts ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ❛r❡ ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡
✐♥❞✉❝t❛♥❝❡✳ ❋♦r ❡❛❝❤ ❞✐st❛♥❝❡ t♦ t❤❡ ✇❛❧❧ ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ ❝♦♥st❛♥t ❧✐♥❡✳ ❚❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡

✽✸



❋✐❣✉r❡ ✽✵✿ ❈❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ s②st❡♠ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ❞❛t❛✳ ❚❤❡ ❞❛t❛ ♣♦✐♥ts ❛t ♦r
♥❡❛r t❤❡ ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣ ❛r❡ ❡①❝❧✉❞❡❞✳

s②st❡♠ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ t❤❡♦r❡t✐❝❛❧❧② ❞♦❡s♥✬t ❝❤❛♥❣❡✳ ❖❜✈✐♦✉s❧② t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✳ ❚❤❡ ✐♥✢✉❡♥❝❡
♦❢ t❤❡ ✑❛rt✐✜❝✐❛❧✑ ❝❛✈✐t② ♠♦❞❡s t❤❛t ✇❡ ❤❛✈❡ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♠❛❦❡s ✐t ✐♠♣♦ss✐❜❧❡ t♦ s❛② ✇❤✐❝❤
♦♥❡ ✐s t❤❡ ✑r❡❛❧✑ ❝❛♣❛❝✐t❛♥❝❡ ♦r ❡✈❡♥ ✇❤✐❝❤ ♦♥❡ ✐s t❤❡ ❝❧♦s❡st t♦ t❤❡ ✑r❡❛❧✑ ✈❛❧✉❡✳ ❲❡ ❝❛❧❝✉❧❛t❡❞ t❤❡
❛✈❡r❛❣❡ ♦❢ ❛❧❧ t❤♦s❡ ❝❛♣❛❝✐t❛♥❝❡s ❛♥❞ ♣✉t t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ ❚❤❡ ✈❛❧✉❡ ❢♦r
t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ✇❡ ❣♦t ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s 53, 8 ± 0, 9 ❢❋✳ ❆❧s♦ ❢♦r t❤❡ ❝❛♣❛❝✐t❛♥❝❡s ❢r♦♠ t❤❡
♠❡❛s✉r❡♠❡♥ts ✇❡ t❤❡r❡❢♦r❡ ❞♦♥✬t ❝❛r❡ ❛❜♦✉t t❤❡ ♣♦s✐t✐♦♥ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❲❡ ❥✉st ❞✐st✐♥❣✉✐s❤
❜❡t✇❡❡♥ t❤❡ ✷ µ♠ ❛♥❞ t❤❡ ✷✱✺ µ♠ ❧♦♥❣ ❞❡s✐❣♥❡❞ ❥✉♥❝t✐♦♥s✳ ❍❛✈❡ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ❞❡s✐❣♥❡❞ ❥✉♥❝t✐♦♥
❧❡♥❣t❤ ✐s ❛❜♦✉t 975 ± 38 ♥♠ ❧♦♥❣❡r t❤❛♥ t❤❡ r❡❛❧ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s✦ ❋♦r t❤❡ ✷ µ♠ ❧♦♥❣ ❞❡s✐❣♥❡❞
❥✉♥❝t✐♦♥s ✇❡ ♠❡❛s✉r❡❞ ❛ ✈❛❧✉❡ ♦❢ 75, 4 ± 0, 7 ❢❋ ✭6, 2 ± 0, 3 ❦Ω✮ ❛♥❞ ❢♦r t❤❡ ✷✱✺ µ♠ ❧♦♥❣ ❞❡s✐❣♥❡❞
❥✉♥❝t✐♦♥s ❛ ✈❛❧✉❡ ♦❢ 86 ± 2 ❢❋ ✭4, 4 ± 0, 2 ❦Ω✮✳ ■♥ ❜r❛❝❦❡ts t❤❡ ❛✈❡r❛❣❡❞ r❡s✐st❛♥❝❡s t♦ t❤❡ t✇♦
❥✉♥❝t✐♦♥ ❧❡♥❣t❤s ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ❜✐❣ ❡rr♦r ♦❢ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✷✱✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s ✐s ❞✉❡
t♦ t❤❡ q✉❜✐t ✐♥ s❧♦t ◆r✳✼ ❢r♦♠ t❤❡ ✜rst ❝♦♦❧❞♦✇♥✳ ■t ❤❛❞ ❛ ♠✉❝❤ ❤✐❣❤❡r ❝❛♣❛❝✐t❛♥❝❡ ❝♦♠♣❛r❡❞ t♦
t❤❡ ♦t❤❡r q✉❜✐ts ✇✐t❤ t❤❡ s❛♠❡ ❥✉♥❝t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ ❝♦♦❧ ❞♦✇♥✳ ❙✐♠✐❧❛r❧② t❤❡ ♦♥❧② ✷ µ♠ ❧♦♥❣
❥✉♥❝t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞ ❝♦♦❧❞♦✇♥ ❤❛s ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ❝❛♣❛❝✐t❛♥❝❡ t❤❛♥ t❤❡ s❛♠❡ ❥✉♥❝t✐♦♥ ❧❡♥❣t❤s
✐♥ t❤❡ ✜rst ❝♦♦❧❞♦✇♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐❢ ✇❡ t❛❦❡ t❤❡s❡ ✈❛❧✉❡s ❛♥❞ s✉❜tr❛❝t t❤❡ s✐♠✉❧❛t❡❞ ❝❛♣❛❝✐t❛♥❝❡
✇❡ ❣❡t t❤❡ ✈❛❧✉❡s s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳✷✶ ❢♦r t❤❡ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡s✳

❚❛❜❧❡ ✷✶✿ ❏✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡s ❢♦r t❤❡ ❞❡s✐❣♥❡❞ ✷ µ♠ ❛♥❞ ✷✱✺ µ♠ ❧♦♥❣ ❥✉♥❝t✐♦♥s✳ ❚❤❡ r❡❛❧
❧❡♥❣t❤s ❛r❡ ❛❜♦✉t 975 ± 38 ♥♠ s♠❛❧❧❡r ❞✉❡ t♦ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ❛♥❣❧❡ ❛♥❞ ❛♥ ❡rr♦r ✐♥ t❤❡ ❡✲❜❡❛♠
♠❡❛s✉r❡♠❡♥t✳

❏✉♥❝t✐♦♥ ❧❡♥❣t❤ Cjunction

✶✱✵✸ ± ✵✱✵✹ µ♠ ✷✷±✷ ❢❋
✶✱✺✸ ± ✵✱✵✹ µ♠ ✸✷±✸ ❢❋

❏♦s❡♣❤s♦♥ ❡♥❡r❣② EJ ✿ ❚❤❡ ♥❡①t ♣❛r❛♠❡t❡r ✐♥ t❤❡ t❛❜❧❡s ✐s t❤❡ ❏♦s❡♣❤s♦♥ ❡♥❡r❣② EJ ❝❛❧❝✉❧❛t❡❞

❢r♦♠ t❤❡ ❝❤❛r❣✐♥❣ ❡♥❡r❣② EC ❛♥❞ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ q✉❜✐t fr = f01+α ❛s EJ =
f2

r ·h
2

8·EC
✳

❚❤✐s ✐s ❛❣❛✐♥ str❛✐❣❤t ❢♦r✇❛r❞ ❜✉t ✈❡r② ✉s❡❢✉❧ ❛s ✐t ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t EJ = IC
Φ0

2π ✳
■❢ ✇❡ ❦♥♦✇ t❤❡ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ✇❡ ❝❛♥ ♣❧♦t ✐t ❛❣❛✐♥st t❤❡ ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ❛♥❞
❣❡t ❛ ✈❛❧✉❡ ❢♦r t❤❡ ♣r♦❞✉❝t ∆ · 0, 87 ✐♥ t❤❡ ❆♠❜❡❣❛♦❦❛r✲❇❛r❛t♦✛ ❢♦r♠✉❧❛ IC = π∆·0,87

2e·Rn
✳ ■♥ ✜❣✳✽✶

t❤✐s ✇❛s ❞♦♥❡✳ ❋r♦♠ ❛ ✜t t❤r♦✉❣❤ t❤❡ ❞❛t❛ ♣♦✐♥ts ✇✐t❤ t❤❡ ✜t ❢✉♥❝t✐♦♥ a ∗ (x + b) ✇❡ ✜♥❞ t❤❛t
a = π

2e ·∆ · 0, 87 = 308, 9± 11, 5 ♥❆·❦Ω ❛♥❞ ❣❡t ❢♦r t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❜❛♥❞ ❣❛♣ t✐♠❡s t❤❡ ❝♦♥st❛♥t
✵✱✽✼ ❛ ✈❛❧✉❡ ♦❢ ∆ ·0, 87 = 1, 966±0, 073 ·10−4 ❡❱✳ ■❢ ✇❡ tr✉st t❤❡ ❝♦♥st❛♥t ✈❛❧✉❡ ♦❢ ✵✱✽✼ ❛♥❞ ❛ss✉♠❡
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❋✐❣✉r❡ ✽✶✿ ❈❛❧❝✉❧❛t❡❞ ❝r✐t✐❝❛❧ ❝✉rr❡♥t ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ♠❡❛s✉r❡❞ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡✳ ❋r♦♠
❛ ✜t t❤r♦✉❣❤ t❤❡ ❞❛t❛ ♣♦✐♥ts ✇❡ ❝❛♥✱ ❛❝❝♦r❞✐♥❣ t♦ ❆♠❜❡❣❛♦❦❛r✲❇❛r❛t♦✛✱ ❡①tr❛❝t ❛ ✈❛❧✉❡ ❢♦r t❤❡
❜❛♥❞ ❣❛♣ ♦❢ t❤❡ ✉s❡❞ ❛❧✉♠✐♥✐✉♠✳ ❋♦r t❤❡ q✉❜✐ts ❢r♦♠ t❤❡ t✇♦ ❝♦♦❧❞♦✇♥s ❞♦♥❡ ❞✉r✐♥❣ t❤✐s ♠❛st❡r
t❤❡s✐s ✇❡ ❣❡t ❛ ❜❛♥❞ ❣❛♣ ♦❢ ∆ = 2, 26± 0, 08 · 10−4 ❡❱✳

t❤❛t ✐t ✐s ❝♦rr❡❝t✱ t❤❡ ❜❛♥❞ ❣❛♣ ❢♦r t❤❡ ❛❧✉♠✐♥✐✉♠ ✇❡ ❛r❡ ✉s✐♥❣ ✐s ❛❜♦✉t

∆ = 2, 26± 0, 08 · 10−4eV

❚♦ ❝♦♠♣❛r❡ t❤✐s ✈❛❧✉❡✱ t❤❡ ❣r♦✉♣ ♦❢ ■♦❛♥ P♦♣ ❛t ❑■❚ ♠❡❛s✉r❡❞ ❛ ✈❛❧✉❡ ♦❢ ∆ = 2, 04 · 10−4 ❡❱✳

■♥❞✉❝t❛♥❝❡ LJ ✿ ❚❤❡ ❧❛st ♣❛r❛♠❡t❡r ✇❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ t❛❜❧❡s ✐s t❤❡ ✐♥❞✉❝t❛♥❝❡ ♦❢ t❤❡ q✉❜✐t
LJ ✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ✈❛❧✉❡s ❣✐✈❡♥✳ ❖♥❡ t✐♠❡ t❤❡ ✐♥❞✉❝t❛♥❝❡ ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❏♦s❡♣❤s♦♥ ❡♥❡r❣②✱
♦♥❡ t✐♠❡ ✐t ✐s ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❡q✉✳✶✾ ❢r♦♠ s❡❝✳✼ ❛♥❞ t❤❡
❧❛st ✈❛❧✉❡ ❝❛❧❝✉❧❛t❡s ✇✐t❤ t❤❡ s❛♠❡ ❡st✐♠❛t✐♦♥ ❜✉t ✇✐t❤ t❤❡ ✈❛❧✉❡ ❢♦r t❤❡ ❜❛♥❞ ❣❛♣ ✇❡ ❝❛❧❝✉❧❛t❡❞
❢♦r t❤❡ ✉s❡❞ ❛❧✉♠✐♥✐✉♠✳ ❲✐t❤ t❤✐s ❝✉st♦♠✐③❡❞ ❜❛♥❞ ❣❛♣ ✇❡ ❣❡t t❤❡ r❡❧❛t✐♦♥

Rn[kΩ] = 0, 94± 0, 03[1/s] · LJ [nH]

❈♦♠♣❛r✐♥❣ t❤❡ t✇♦ ❡st✐♠❛t✐♦♥s ❢♦r t❤❡ ✐♥❞✉❝t❛♥❝❡s ✐♥ t❤❡ t❛❜❧❡s ✷✵ ❛♥❞ ✶✾ t♦ t❤❡ ✈❛❧✉❡s ❝❛❧❝✉❧❛t❡❞
❢r♦♠ t❤❡ ❏♦s❡♣❤s♦♥ ❡♥❡r❣②✱ ✇❡ s❡❡✱ t❤❛t t❤❡ ❝♦rr❡❝t✐♦♥ ❢♦r t❤❡ ❜❛♥❞ ❣❛♣ ✐♠♣r♦✈❡s t❤❡ ❡st✐♠❛t✐♦♥✳
❚❤❡ ✐♥❞✉❝t❛♥❝❡ ✈❛❧✉❡s r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✇✐t❤ ♦✉r ❜❛♥❞ ❣❛♣ ❛r❡ ❝❧♦s❡r t♦ t❤❛t ❝❛❧❝✉❧❛t❡❞
❢r♦♠ t❤❡ ❏♦s❡♣❤s♦♥ ❡♥❡r❣② t❤❛♥ t❤❡ ❡st✐♠❛t✐♦♥ ♠❛❞❡ ✇✐t❤ t❤❡ ❜❛♥❞ ❣❛♣ ✈❛❧✉❡ ❢r♦♠ ❑■❚✳

✶✶✳✸✳✸ ❆✉t❧❡r✲❚♦✇♥❡s s♣❧✐tt✐♥❣

❉✉❡ t♦ t❤❡ s✐♠✐❧❛r ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡s ♦❢ t❤❡ q✉❜✐ts✱ t❤❡✐r ♠❡❛s✉r❡❞ r❡s♦♥❛♥❝❡s ❛r❡ ❝❧♦s❡ t♦
❡❛❝❤ ♦t❤❡r✳ ■♥ t❤✐s ❝❛s❡ ✐t ❝❛♥ ❜❡ ❞✐✣❝✉❧t t♦ ✜♥❞ t❤❡ r✐❣❤t r❡s♦♥❛♥❝❡ ❧✐♥❡ ✐♥ t❤❡ P♦✇❡rs✇❡❡♣ ♣❧♦ts
t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s❡❝♦♥❞ tr❛♥s✐t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ tr✐❡❞ t♦ ✜♥❞ t❤❡ |1〉 → |2〉 tr❛♥s✐t✐♦♥s ❜②
✈❛r②✐♥❣ t❤❡ ❞r✐✈❡ ♣♦✇❡r t❤❛t s❛t✉r❛t❡s t❤❡ q✉❜✐t tr❛♥s✐t✐♦♥ |0〉 → |1〉✳ ❲❡ ✇♦✉❧❞ ❡①♣❡❝t t♦ s❡❡ ♦♥❡
r❡s♦♥❛♥❝❡ ❧✐♥❡ ✭t❤❡ ✜rst q✉❜✐t tr❛♥s✐t✐♦♥✮ ❞✐s❛♣♣❡❛r✐♥❣✱ ✇❤✐❧❡ s✐♠✉❧t❛♥❡♦✉s❧② ❛ ♥❡✇ r❡s♦♥❛♥❝❡ ✭t❤❡
s❡❝♦♥❞ q✉❜✐t tr❛♥s✐t✐♦♥✮ ❛♣♣❡❛rs✳ ■♥ ✜❣✳✽✷ ♦✉r ♦❜s❡r✈❛t✐♦♥s ❛r❡ ♣❧♦tt❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ q✉❜✐t
❛t ✻✱✷✷✹ ●❍③✳ ❲❡ ✉♥✐♥t❡♥t✐♦♥❛❧❧② ♠❛♥❛❣❡❞ t♦ ✐♥❞✉❝❡ t❤❡ s♦ ❝❛❧❧❡❞ ❆✉t❧❡r✲❚♦✇♥❡s s♣❧✐tt✐♥❣ ❬✸✹❪✳
▲❡t✬s s❡❡ ❤♦✇ t❤✐s ❝♦✉❧❞ ❤❛♣♣❡♥✳ ■♥ ♦✉r s❡t ✉♣ ✇❡ ❤❛✈❡ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ❛♥ ❛rt✐✜❝✐❛❧ ❛t♦♠✱ t❤❡
❚r❛♥s♠♦♥✱ ✇✐t❤ ✐ts ❡✐❣❡♥st❛t❡s |g〉✱ |e〉✱ ❡t❝✳✱ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ✇❛✈❡❣✉✐❞❡ ✇✐t❤ t❤❡ ❡✐❣❡♥st❛t❡s |n〉✱
✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♠✐❝r♦✇❛✈❡ ♣❤♦t♦♥s ✭s❡❡ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✜❣✳✽✸ ✭❛✮✮✳ ❚❤❡ ✉♥❝♦✉♣❧❡❞
st❛t❡s ♦❢ t❤❡ ❝♦♠❜✐♥❡❞ s②st❡♠ ✬q✉❜✐ts ✰ ✇❛✈❡❣✉✐❞❡✬ ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s♦ ❝❛❧❧❡❞ ❜❛r❡ st❛t❡s |g, n〉✱
|e, n〉✱ |g, n+ 1〉✱ |e, n+ 1〉✱ ❡t❝✳ ✭s❤♦✇♥ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✜❣✳✽✸ ✭❛✮✮✳
❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡t✉♥✐♥❣ ∆ = ωd−ωq ❜❡t✇❡❡♥ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ q✉❜✐t ωq ❛♥❞ t❤❛t
♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ ωd✱ t❤❡ ❧❡✈❡❧s |e, n〉 ❛♥❞ |g, n+ 1〉 ❛r❡ ❡✐t❤❡r ❞❡❣❡♥❡r❛t❡❞ ✭∆ = 0✮ ♦r s❡♣❛r❛t❡❞
❜② t❤❡ ❞❡t✉♥✐♥❣ ∆✳ ■♥ ✜❣✳✽✸ ✭❛✮ t❤❡② ❛r❡ ♥♦t ❞❡❣❡♥❡r❛t❡❞✳
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❋✐❣✉r❡ ✽✷✿ ❚✇♦ t♦♥❡ ♠❡❛s✉r❡♠❡♥t ✇✐t❤ ❛ ♣r♦❜❡ ♣♦✇❡r ♦❢ −60 ❞❇♠ s❝❛♥♥❡❞ ❢r♦♠ ✺✱✾ ●❍③ t♦
✻✱✸ ●❍③ ❢♦r ❡❛❝❤ ❞r✐✈❡ ♣♦✇❡r✳ ❚❤❡ ❞r✐✈❡ ♣♦✇❡r ✐s s❝❛♥♥❡❞ ❢r♦♠ −20 ❞❇♠ t♦ −0 ❞❇♠ ❛t ❛ ✜①❡❞
❢r❡q✉❡♥❝② ♦❢ ✻✱✷✷✹ ●❍③✳ ❲✐t❤ ✐♥❝r❡❛s✐♥❣ ❞r✐✈❡ ♣♦✇❡r ♦♥ t❤❡ ✜rst q✉❜✐t tr❛♥s✐t✐♦♥ ❛t ✻✱✷✷✹ ●❍③
✇❡ ❝❛♥ s❡❡✱ t❤❛t t❤❡ s❡❝♦♥❞ q✉❜✐t tr❛♥s✐t✐♦♥ ❛t ✺✱✾✻✹ ●❍③ s♣❧✐ts ✉♣✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ s♦ ❝❛❧❧❡❞
❆✉t❧❡r ❚♦✇♥❡s s♣❧✐tt✐♥❣✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡ ❝❛♥ s❡❡ t❤❡ r❡s♦♥❛♥❝❡ ❞✐♣s ♦❢ t❤❡ q✉❜✐ts ❛t ✻✱✵✻✽ ●❍③ ❛♥❞
❛t ✺✱✾✷✻ ●❍③ ✇❤✐❝❤ ❞♦ ♥♦t s♣❧✐t ❛s t❤❡② ❛r❡ ♥♦t ❞r✐✈❡♥✳

❇② s❡♥❞✐♥❣ t❤❡ ♠✐❝r♦✇❛✈❡ t♦♥❡ ✇✐t❤ ❢r❡q✉❡♥❝② ωd ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡ ❛ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❜❛r❡
st❛t❡s ✐s t✉r♥❡❞ ♦♥✳ ❉✉❡ t♦ t❤❡ ❝♦✉♣❧✐♥❣ t❤❡ t✇♦ ✉♥❝♦✉♣❧❡❞ st❛t❡s |g, n+ 1〉 ❛♥❞ |e, n〉 r❡♣❡❧ ❡❛❝❤
♦t❤❡r ❛♥❞ ❛r❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ♣❡rt✉r❜❡❞ st❛t❡s✱ t❤❡ s♦ ❝❛❧❧❡❞ ❞r❡ss❡❞ st❛t❡s

|+, n〉 = |e, n〉+ |g, n+ 1〉

|−, n〉 = |e, n〉 − |g, n+ 1〉
✭s❡❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐♥❞❡ ♦❢ ✜❣✳✽✸ ✭❛✮✮✳ ❚❤❡ ❛❜s♦❧✉t❡ ❡♥❡r❣② s❤✐❢t ♦❢ t❤❡ ❞r❡ss❡❞ st❛t❡s ❞❡♣❡♥❞s ♦♥
t❤❡ ❞❡t✉♥✐♥❣ ∆✳ ❚❤❡ ❜✐❣❣❡st ❛❜s♦❧✉t❡ ❡♥❡r❣② s❤✐❢t ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥ r❡s♦♥❛♥❝❡ ωq = ωd✳ ❚❤❡r❡ t❤❡
s♣❧✐tt✐♥❣ ♦❢ t❤❡ ✜rst ❞♦✉❜❧❡t ♦❢ ❞r❡ss❡❞ st❛t❡s ✐s ~Ω✳ Ω ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❘❛❜✐ ❢r❡q✉❡♥❝② ♦❢
t❤❡ ✜❡❧❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ s✐♥❣❧❡ ♣❤♦t♦♥ ✐♥ t❤❡ ✇❛✈❡❣✉✐❞❡✳ ❬✸✹❪
❚❤❡ s♠♦♦t❤ tr❛♥s✐t✐♦♥ ❢r♦♠ −∆ t♦ ∆ = 0 t♦ +∆ ✐s s❦❡t❝❤❡❞ ✐♥ ✜❣✳✽✸ ✭❜✮✳ ■t s❤♦✇s t❤❡ s♣❧✐tt✐♥❣
♦❢ t❤❡ ❞r❡ss❡❞ st❛t❡s ❛t ❛♥❞ ♥❡❛r t❤❡ ❞❡❣❡♥❡r❛❝② ♣♦✐♥t ωd = ωq✱ ✇❤❡r❡ t❤❡ ❜❛r❡ st❛t❡s ✭✐♥❞✐❝❛t❡❞
✇✐t❤ t❤❡ ✈✐♦❧❡t ❞❛s❤❡❞ ❧✐♥❡s✮ ✇♦✉❧❞ ❝r♦ss ❡❛❝❤ ♦t❤❡r✳ ■♥ t❤❡ r❡❣✐♦♥s ✇❤❡r❡ ∆ ≫ Ω t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ❞r❡ss❡❞ st❛t❡ t♦ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❛s②♠♣t♦t❡ ✐♥❞✐❝❛t❡s t❤❡ ❛❝ ❙t❛r❦ s❤✐❢t ♦❢ t❤❡ ❧❡✈❡❧
|g〉 ♦r |e〉 ❞✉❡ t♦ t❤❡ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ♥♦♥r❡s♦♥❛♥t ✜❡❧❞ ωd✳ ❬✸✹❪
❚❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡ s❡❝♦♥❞ q✉❜✐t tr❛♥s✐t✐♦♥ ωf = f12 ✐♥ ✜❣✳✽✷ t❤❡r❡❢♦r❡ ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ✜rst
❞r❡ss❡❞ st❛t❡ ❞♦✉❜❧❡t ❞✉❡ t♦ t❤❡ ❆✉t❧❡r✲❚♦✇♥❡s s♣❧✐tt✐♥❣✳ ❚❤♦s❡ tr❛♥s✐t✐♦♥s ❛r❡ ✐♥❞✐❝❛t❡❞ ✇✐t❤ t❤❡
❜❧✉❡ ❛rr♦✇s ✐♥ ✜❣✳✽✸ ✭❜✮ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐♥ ✭❛✮✳
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❋✐❣✉r❡ ✽✸✿ ✭❛✮ ❖♥ t❤❡ ✈❡r② ❧❡❢t t❤❡ ✜rst t❤r❡❡ q✉❜✐t st❛t❡s ❛♥❞ t❤❡ ✜rst t✇♦ st❛t❡s ♦❢ ❛ q✉❛♥t✐③❡❞
❡①t❡r♥❛❧ ✜❡❧❞ ❛r❡ s❤♦✇♥✳ ❚❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞ ❛♥❞ t❤❡ ✜rst q✉❜✐t tr❛♥s✐t✐♦♥ ❛r❡
❞❡t✉♥❡❞ ❜② ∆ = ωd − ωq✳ ❚❤❡ ❝♦♠❜✐♥❡❞ s②st❡♠ ✬q✉❜✐t ✰ ❡①t❡r♥❛❧ ✜❡❧❞✬ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡
s♦ ❝❛❧❧❡❞ ❜❛r❡ st❛t❡s✳ ■❢ ✇❡ t❛❦❡ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ st❛t❡s ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛r❡
♣❡rt✉r❜❡❞ ❛♥❞ ✐t ❧❡❛❞s t♦ t❤❡ s♦ ❝❛❧❧❡❞ ❞r❡ss❡❞ st❛t❡s✳ ❚❤❡② ❛r❡ s❤♦✇♥ ♦♥ t❤❡ ✈❡r② r✐❣❤t✳ ✭❜✮ ❚❤❡
❡♥❡r❣② s♣❡❝tr✉♠ ♦❢ t❤❡ ❞r❡ss❡❞ st❛t❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❞r✐✈❡ t♦♥❡ ωd✳ ■❢ t❤❡ ❞r✐✈❡
t♦♥❡ ❝♦♠❡s ❝❧♦s❡ t♦ r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡ ✜rst q✉❜✐t tr❛♥s✐t✐♦♥ ωq t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❜❡❣✐♥ t♦ s♣❧✐t
❛♣❛rt ✐♥ ❛ s♦ ❝❛❧❧❡❞ ❛✈♦✐❞❡❞ ❝r♦ss✐♥❣✳ ❚❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞r❡ss❡❞ st❛t❡s ✭❜❧❛❝❦ ❧✐♥❡s✮ ❛♥❞ t❤❡
❜❛r❡ st❛t❡s ✭❞❛s❤❡❞ ✈✐♦❧❡t ❧✐♥❡s✮ ✐♥❞✐❝❛t❡s t❤❡ s❤✐❢t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡t✉♥✐♥❣ ∆✳ ❖♥ r❡s♦♥❛♥❝❡
ωq = ωd t❤❡ ❧❡✈❡❧s s❤✐❢t t❤❡ ♠♦st ❛♥❞ t❤❡ s♣❧✐tt✐♥❣ ✐s ❡①❛❝t❧② ❣✐✈❡♥ ❜② t❤❡ ❘❛❜✐ ❢r❡q✉❡♥❝② Ω✳

✽✼



✑❆ ❝♦♥❝❧✉s✐♦♥ ✐s s✐♠♣❧② t❤❡ ♣❧❛❝❡
✇❤❡r❡ ②♦✉ ❣♦t t✐r❡❞ ♦❢ t❤✐♥❦✐♥❣✳✑

❉❛♥ ❈❤❛♦♥

✶✷ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❖✉t❧♦♦❦

▲❡t✬s s✉♠♠❛r✐③❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ✇❡ ❢♦✉♥❞ ✇✐t❤✐♥ t❤✐s ♠❛st❡r t❤❡s✐s✳ ❋❛❜r✐❝❛t✐♦♥ ✇✐s❡ t❤❡ ✇♦r❦
❞✉r✐♥❣ t❤✐s ♠❛st❡r t❤❡s✐s ✇❛s ❛ ✜rst ❜✐❣ st❡♣ ❢♦r ❛ ❧♦♥❣ ♦♣t✐♠✐③❛t✐♦♥ ❥♦✉r♥❡② t❤❛t ♥♦✇ ❤❛s t♦ ❜❡
✐♥✈❡st✐❣❛t❡❞ ❢✉rt❤❡r✳ ❚❤❡ ✇❤♦❧❡ st♦r② ♦❢ ♦✉r ❢❛❜r✐❝❛t✐♦♥ ♣r♦❣r❡ss ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣t❡r ✶✵ s❤♦✇s✱
t❤❛t ❢❛❜r✐❝❛t✐♦♥ ✐s ♠♦r❡ t❤❛♥ ❥✉st ❢♦❧❧♦✇✐♥❣ ❛ r❡❝✐♣❡✳ ❙t❛rt✐♥❣ ✇✐t❤ ❛ ❜r❛♥❞ ♥❡✇ ❝❧❡❛♥ r♦♦♠ ✇✐t❤
♠❛❝❤✐♥❡s ♥♦❜♦❞② ✇♦r❦❡❞ ✇✐t❤ ❜❡❢♦r❡ ❛♥❞ ❛ r❡❝✐♣❡ ❢r♦♠ ❛♥♦t❤❡r ❣r♦✉♣ t♦ ❞♦ t❤❡ q✉❜✐t ❢❛❜r✐❝❛t✐♦♥✱
❧❡❛❞s ✉s t♦ ♠♦♥t❤s ♦❢ tr✐❛❧ ❛♥❞ ❡rr♦r ❜❡❢♦r❡ ✇❡ ❣♦t t♦ ❦♥♦✇ t❤❡ r✐❣❤t ♣❛r❛♠❡t❡rs ❛♥❞ ❣♦t ✇♦r❦✐♥❣
q✉❜✐ts✳ ❙♦♠❡ t❛❦❡❛✇❛②s ✇❡ ❧❡❛r♥❡❞ ✐♥ t❤✐s t✐♠❡ ❛r❡✱ t❤❛t ✇❡ st✐❧❧ s❤♦✉❧❞ t❛❦❡ ❝❛r❡ ♦❢ r❡♠❛✐♥✐♥❣
❞✉st ❛♥❞ ❞✐rt ❞❡s♣✐t❡ t❤❡ ❛❧r❡❛❞② ❝❧❡❛♥ ❡♥✈✐r♦♥♠❡♥t ✐♥ t❤❡ ❝❧❡❛♥ r♦♦♠✳ ❊✈❡♥ ✐❢ ✐t ✐s ♥♦t ✈✐s✐❜❧❡ ❛t
✜rst✱ ❡♥❧❛r❣❡❞ ✉♥❞❡r t❤❡ ♠✐❝r♦s❝♦♣❡ ✇❡ ❝❛♥ s❡❡ ❛ ❜✐❣ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ r♦✉❣❤♥❡ss ♦❢ t❤❡ q✉❜✐t
s✉r❢❛❝❡s ✇❤❡♥ ✇❡ t❛❦❡ ❝❛r❡ t❤❛t r❡❛❧❧② ♥♦t❤✐♥❣ ✉♥✇❛♥t❡❞ ❝❛♥ s❡tt❧❡ ❞♦✇♥ ♦♥ t❤❡ ✇❛❢❡r✳
❆♥♦t❤❡r ♣♦✐♥t ✐s✱ t❤❛t ❢♦r ❡✈❡r② ♥❡✇ ❞❡s✐❣♥ ❛ ❞♦s❡ t❡st s❤♦✉❧❞ ❜❡ ❞♦♥❡ ❜❡❢♦r❡ ✇r✐t✐♥❣ t❤❡ ✜♥❛❧
str✉❝t✉r❡s✳ ❙♠❛❧❧ ❛❞❞✐t✐♦♥❛❧ ♦r ♠✐ss✐♥❣ ♣❛rts ✐♥ t❤❡ ❞❡s✐❣♥ ❝♦✉❧❞ ❧❡❛❞ t♦ ❛❞❞✐t✐♦♥❛❧ ♦r ♠✐ss✐♥❣ ❞♦s❡s
❛t s♦♠❡ ❢❡❛t✉r❡s✳ ❲✐t❤ t❤❡ ❞♦s❡ t❡st ✇❡ ❝❛♥ ❞✐r❡❝t❧② ❡✈❛❧✉❛t❡ ❛♥❞ ❡❧✐♠✐♥❛t❡ ❡rr♦rs t❤❛t ♦❝❝✉r ❞✉❡
t♦ t❤❡ ♣r♦①✐♠✐t② ❡✛❡❝t✳
❆ ✜rst ❡st✐♠❛t✐♦♥✱ ✐❢ t❤❡ ❢❛❜r✐❝❛t❡❞ q✉❜✐ts ❛r❡ ✇♦r❦✐♥❣✱ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ♠❡❛s✉r✐♥❣ t❤❡ ♥♦r♠❛❧
st❛t❡ r❡s✐st❛♥❝❡ t❤r♦✉❣❤ t❤❡ ❥✉♥❝t✐♦♥✳ ❋r♦♠ t❤✐s ✈❛❧✉❡ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ ❜❛❝❦✱ ✐❢ t❤❡ q✉❜✐t ♣r♦✈✐❞❡
t❤❡ ❡①♣❡❝t❡❞ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t✳ ❲❤❛t ✇❡ ❢♦✉♥❞ ✐s✱ t❤❛t ♦♥❡ ❤❛s t♦ ❜❡ ❛
❜✐t ❝❛r❡❢✉❧ tr✉st✐♥❣ t❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s✳ ❊✈❡♥ ✐❢ ✇❡ ♠❡❛s✉r❡ s✉✐t❛❜❧❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s ✐t ❞♦❡s♥✬t
t❡❧❧ ✉s s♦♠❡t❤✐♥❣ ❛❜♦✉t ❤♦✇ t❤❡ q✉❜✐t✱ ♦r t❤❡ ❥✉♥❝t✐♦♥ ❧♦♦❦ ❧✐❦❡✳ ❚❤❡ r❡s✐st❛♥❝❡ ♠❡❛s✉r❡♠❡♥t ✐s
t❤❡r❡❢♦r❡ ❛ q✉✐❝❦ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t r❡s✐st❛♥❝❡s ❥✉st ❢♦r ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡❞✉r❡s t❤❛t ❛r❡ ❛❧r❡❛❞②
✐♥✈❡st✐❣❛t❡❞ ❛♥❞ ❦♥♦✇♥ ❛s ♣r♦❝❡❞✉r❡s t❤❛t ♣r♦❞✉❝❡ ❣♦♦❞ ❧♦♦❦✐♥❣ q✉❜✐ts✳
❋r♦♠ t❤❡ q✉❜✐ts st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s ✇❡ ❢♦✉♥❞ ❛ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡ Cjunction ♦❢ 22± 2 ❢❋ ❢♦r ❛
✑r❡❛❧✑ ❥✉♥❝t✐♦♥ s✐③❡ ♦❢ 1, 03±0, 04 µ♠×200 ♥♠ ❛♥❞ ❛ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ 32±3 ❢❋ ❢♦r t❤❡ ✑r❡❛❧✑
❥✉♥❝t✐♦♥ s✐③❡ ♦❢ 1, 53 ± 0, 04 µ♠×200 ♥♠✳ ❲✐t❤ t❤✐s ✈❛❧✉❡s ❢♦r t❤❡ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡ ✇❡ ❝❛♥
❝♦rr❡❝t t❤❡ ❝❛♣❛❝✐t❛♥❝❡ r❡s✉❧t✐♥❣ ❢r♦♠ ❛ s✐♠✉❧❛t✐♦♥ Csim t♦ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡ s②st❡♠
CΣ✳
❋r♦♠ t❤❡ ❆♠❜❡❣❛♦❦❛r✲❇❛r❛t♦✛ ❢♦r♠✉❧❛ ✭❡q✉✳ ✶✼✮ ✇❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ❛❧✉♠✐♥✐✉♠ ✇❡ ✇❡r❡ ✉s✐♥❣
❛ ❜❛♥❞❣❛♣ ♦❢ ∆ = 2, 26± 0, 08 · 10−4 ❡❱✳
❲✐t❤ t❤✐s ✈❛❧✉❡ ❢♦r t❤❡ ❜❛♥❞❣❛♣ ✇❡ ❢♦✉♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡ ❛♥❞
t❤❡ ✐♥❞✉❝t❛♥❝❡ Rn[kΩ] = 0, 94± 0, 03[1/s] ·LJ [nH] t♦ q✉✐❝❦❧② ❡st✐♠❛t❡ t❤❡ ♥♦r♠❛❧ st❛t❡ r❡s✐st❛♥❝❡
♦♥❡ ✇❛♥ts t♦ ❣❡t ❛❢t❡r ❢❛❜r✐❝❛t✐♦♥✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝❛♣❛❝✐t❛♥❝❡ ♦❢ t❤❡ ✇❤♦❧❡ s②st❡♠ CΣ ✇❡ ❝❛♥

t❤❛♥ ♣r❡❞✐❝t t❤❡ ✜rst tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ t❤❡ q✉❜✐t ω01 = 1√
LCΣ

− e2

2CΣ

❜❡❢♦r❡ ❝♦♦❧✐♥❣ ❞♦✇♥ t❤❡

q✉❜✐t✳
❚❤❡ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥ ❢r♦♠ ❛❧❧ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✐s✱ t❤❛t ♦✉r tr❛♥s♠♦♥ q✉❜✐ts ❛r❡ ✇♦r❦✐♥❣ q✉✐t❡
✇❡❧❧✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ❞♦♥❡ ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ♣❛r❛♠❡t❡rs✱ ✜t t❤❡ t❤❡♦r②✳ ❚❤❡②
❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s q✉❜✐ts ✇✐t❤ ❛♥ ❛❧✉♠✐♥✐✉♠ ❜❛♥❞ ❣❛♣ t❤❛t ✐s ❛ ❜✐t ❜✐❣❣❡r t❤❛♥ ✐♥ ♦t❤❡r
❣r♦✉♣s ✭s❡❡ ❑■❚✮ ❛♥❞ ❛ q✉✐t❡ ❤✐❣❤ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡✳ ■❢ ✇❡ ❧♦♦❦ ❛t t❤❡ r❡s✐st❛♥❝❡ ✈❛❧✉❡s✱ ✇❡
s❡❡ t❤❛t t❤❡r❡ ✐s st✐❧❧ ♣♦t❡♥t✐❛❧ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥✳ ❖r✐❣✐♥❛❧❧② t❤❡ ❣♦❛❧ ✇❛s t♦ ❢❛❜r✐❝❛t❡ t✇♦ ❞✐✛❡r❡♥t
q✉❜✐t s✐③❡s t♦ ❣❡t t✇♦ ❞✐✛❡r❡♥t r❡s✐st❛♥❝❡ ✈❛❧✉❡s✳ ■♥ r❡❛❧✐t② ✇❡ s❛✇ r❡s✐st❛♥❝❡s ✇✐t❤ ❛ ❞✐✛❡r❡♥❝❡ ✉♣
t♦ ✵✱✺ kΩ✳ ❚❤❡ q✉❜✐ts ❛r❡ t❤❡r❡❢♦r❡ ♦♥❧② r❡♣r♦❞✉❝✐❜❧❡ t♦ ❛ ❧✐♠✐t❡❞ ❡①t❡♥❞✳ ❆❧s♦ t❤❡ s✉r✈✐✈✐♥❣ r❛t❡s
♦❢ t❤❡ q✉❜✐ts ♦♥ ❛ ✇❛❢❡r ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞✳ ■♥ s❡❝✳✶✵✳✼✳✶ ✇❡ ❣♦t ❛ s✉r✈✐✈✐♥❣ r❛t❡ ❜✐❣❣❡r t❤❛♥ ✾✵%
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e-beam               plassys                measured 
 

Sample:   Date: 
_____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ 

Fabroutine: 

Cleaning: 

- 10 min in Aceton 

- Rinse with Aceton, Isoprop, Water 

- Blow dry 

Spincoat:--------------------------------------------------- 

- Copolymer -> (ramp: 1000 rpm/s, speed: 

2000 rpm, time: 100 s), put resist with 

closed lid on the wafer when it is already 

spinning, bake 5 min at 200°C 

- PMMA -> (ramp: 1000 rpm/s, speed: 2000 

rpm, time: 100 s), put resist on it before 

closing the lid till wafer is nearly full with 

resist, bake 10 min at 200°C 

Sputter Gold:--------------------------------------------- 

- Table: at the bottom 

- 170 s 

- 10 mA 

- 0,6 mbar 

E-beam:---------------------------------------------------- 

- Meander mode 

- Z: 26 mm 

- 30 kV 

- 10 mm Working Distance 

- 120 µm aperture 

(1000 µm WF, 130x magnification) 

o Beam current: ~ 5,4 nA 

o Area Step Size: 0,02 µm 

o Area Line Spacing: 0,02 µm 

o Area Dose: 80 µC/cm² 

o In positionlist:  

U,V => +0.45,+0.45 [mm] 

- 10 µm aperture 

(100 µm WF, 1300x magnification) 

o Beam current: ~ 35 pA 

o Area Step Size: 0,002 µm 

o Area Line Spacing: 0,002 µm 

o Area Dose: 80 µC/cm² 

o In positionlist: 

U,V => +0,+0 [mm] 

Remove Gold:-------------------------------------------- 

- Lugol: 

Ration -> 1g I2 : 4g KI : 40ml H2O 

(mix 2g : 8g : 80ml -> 3h, 80rpm in 

orbital shaker) 

- 80 rpm 

- 1 min 

Develop:--------------------------------------------------- 

- In Chiller at 6,7°C 

- 1:45 min in 3 : 1 (IPA : H2O) 

- Stop in water 

Plassys:----------------------------------------------------- 

- Fill cold trap 

- Pump 3h to ~ 2 x 10-7 mBar 

- Descum: 200 V, 10 mA, 5 sccm O2, 10 

sccm Ar, 1min 

- Getter: Ti, 0,2 nm/s, 2 min 

- Evaporation: Al, 25 nm +30 nm,         

+- 30°, 1 nm/s 

- Oxidation: 15min, 30mbar 

Lift Off:----------------------------------------------------- 

- In Aceton for 5 min 

- Sonicate 1 min, 35 kHz, 20 % 

- Left in Aceton for................. 

- Sonicate again + rinse 

 

Changes: 
On:______________ 

 

 

 

 

On:_____________ 

 

 
 

 

 
 

 

On:_______________ 

 

 

 

 

On:_______________ 

Design file:_____________________ 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Lugol used the ___ time. 

(mixed on _________________, 

 used on ___________________) 

 

 

 
 

Developer used the ___ time. 

(mixed on _________________, 

 used on ___________________) 

 

On:______________ 

 

 

 

 

 

 

 

 

Time:________________ 

 

 

 

 

Notes: 
 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 





How to do and what to pay attention on in fabrication of qubits 

 

General rules: 

 Wear mouthguard mask 

 Avoid doing things over your wafer (like lean over it to get a pipette for example, or speak 

ǁithout ŵask oǀeƌ the ǁafeƌ,…Ϳ 
 Only touch your wafer with a tweezer on the waferflat!! 

 The upper side is the oŶe you ĐaŶ’t read the wafer Ŷuŵďer from 

 For every step have in mind that the surface of the wafer should have as little as possible 

contact to liquid surfaces to avoid dirt on your sample!! 

 work with liquids and gases always in the direction to the tweezer and not from the tweezer 

to the wafer! 

 

 

Clean the wafer: 

What you need:  Each a spray bottle of Aceton, Isopropanol, distilled water 

Small Petri dish 

Nitrogen gun 

Tweezer 

Wafer box 

 Put your wafer in a cleaned Petri dish with Aceton for 10 min, the side you want to write on 

facing upwards, slew from time to time so that the Aceton is moving over the wafer 

 When you get the wafer out of the Petri dish, make sure that the surface is still covered with 

Aceton. Then immediately rinse with Aceton, then with Isopropanol and then with destilled 

water.  

 Blow dry with nitrogen -> always towards the tweezer! 

 Put the wafer facing downwards with the side you want to write on (so that you can read the 

wafer number) in a wafer box (or, when already prepared directly on the spin-Đoateƌ…Ϳ 
 

 

Spin-coating the wafer: 

What you need: Cleanroom towels 

   Tweezer 

   Pipettes 

   Your resist (for ex. PMMA, Copolymer EL) 

   Stopwatch 

   Hotplate  

   Spray bottle with Isopropanol 

 Turn on the hotplate 

 Load the full pipette with the resist you want to use  

 Select the program you want to use at the spin-coater 

o Copolymer  -> ramp: 1000 rpm/s, speed: 2000 rpm, time: 100s 

o PMMA  -> ramp: 1000 rpm/s, speed: 2000 rpm, time: 100s 

 center the wafer with the waver holder on the spin-coater chuck 

 turn on the vacuum  



There are two possibilities how you spin-coat your wafer. Either dynamically or statically 

 

 when the program is done, open the lid, take the wafer at the waferflat with a tweezer and 

put it on the hotplate   

 start the stopwatch  

 after the time you want to bake your resist put the wafer on a cleanroom towel for a while or 

blow it with nitrogen to cool down the wafer 

 then put it back in the wafer box or spin-coat another resist layer  

 when you are done, clean the spincoater with the cleanroom towels and Isopropanol! 

 

 

Sputter gold: 

What you need: tweezer 

 for qubit fab it turned out that it is best when the table of the sputter coater is at the very 

bottom 

 put the wafer with the side you want to write on, facing upwards on the table 

 turn on the machine -> it starts to pump the vacuum 

 the sputter coater should be set to 10 mA and around 0,6 mbar (for qubit fab), set the time 

you want to sputter the gold ;ďǇ pƌessiŶg the ͞Pause͟ ďuttoŶ aŶd iŶĐƌease oƌ ƌeduĐe the 
time) 

 ǁait uŶtil the Ŷeedle doesŶ͛t ŵoǀe aŶǇŵoƌe -> then press ͞Flush͟ -> wait a few second -> 

press again 

 ǁait agaiŶ uŶtil the Ŷeedle doesŶ͛t ŵoǀe ;the ǀaĐuuŵ should ďe ďetteƌ ŶoǁͿ -> press ͞Leak͟ 

 ǁait agaiŶ uŶtil the Ŷeedle doesŶ͛t ŵoǀe aŶǇŵoƌe ;should Ŷoǁ go to the set 0,6 ŵďaƌͿ -> 

press ͞“tart͟ (now the current is turned on and you can see the plasma) 

 wait until the time is up 

 just turn off the machine and put out the wafer 

 

 

Electron-beam lithography: 

What you need: Tweezer 

   Nitrogen gun 

ToDo: 

 Design your structures. Set the dose value for each design element! Place the 

design/working area at (U,V) = (0,0). 

dynamically 
 

 close the lid 

 be ready with your pipette to put the resist 

through the hole in the lid on the wafer 

 start the program, and when you are sure it 

runs correctly (speed up to the wanted rpm 

etĐ…Ϳ put the resist on the wafer. To make sure 

to avoid bubbles on the wafer do not put all of 

the resist in the pipette on the wafer.  

 

statically 
 

 put the resist on the wafer so that nearly the 

whole wafer is covered. Do not put so much 

that it reaches the edge or flows over the edge. 

WheŶ it Đƌeeps uŶdeƌ the ǁafeƌ Ǉou ĐaŶ͛t ďe 
sure that the wafer will be plain on the e-beam 

holder etc. 

 again avoid bubbles by not putting all of the 

resist in the pipette on the wafer 

 close the lid  

 start the program 



 Drive z to 26 mm 

 Activate 10 µm aperture: 30 kV, 10 µm, 10 mm WD (working distance) (small aperture) 

 Origin + angle correction 

 Image optimization with 30 kV, 10 µm, 10 mm WD -> save/pipette the new values 

 Activate 120 µm aperture: 30 kV, 120 µm, 10 mm WD (big aperture) 

 Image optimization with 30 kV, 120 µm, 10 mm WD -> save/pipette the new values 

 Writefield Alignment for big aperture 

o 1000 µm WF – Manual ALWF 100 µm marks 

o 1000 µm WF – Manual ALWF 10 µm marks 

 Save! Stay at the same position!!! 

 Activate small aperture 

 Writefield Alignment for the small aperture 

o 100 µm WF – Manual ALWF 25 µm marks 

o 100 µm WF – Manual ALWF 5 µm marks 

o 100 µm WF – Manual ALWF 1 µm marks 

 Save! 

 

 Measure beam current (Faraday Cup on holder; drive back) (with small aperture) 

 Drag and drop the design layers written with the small aperture into the positionlist 

 ͚Pƌopeƌties – PositionButton – CalĐulatoƌ… -> Area Dwell Time (Area Step Size: 0,002 µm; 

Area Dose: 80 µC/cm²; Area Line Spacing: 0,002 µmͿ͛ 
 Drag and drop the design layers written with the big aperture into the positionlist 

o ͚Pƌopeƌties͚ -  NOT PositionButton!, but add by hand +0,45 mm in U- and V-direction  

o Either you measured the beam current for the big aperture before and can write in 

the Area Dwell Time (Area Step Size: 0,02 µm; Area Dose: 80 µC/cm²; Area Line 

Spacing: 0,02 µm) by hand, or you put an extra comment in the positionlist to 

measure the beam current after the lithography with the small aperture and let it 

calculate then. 

  Start   

 

 

Wash off lugol: 

What you need: Tweezer  

Small petri dish 

Lugol solution 

   Orbital shaker 

   Stop watch 

   Spray bottle of distilled water 

Nitrogen gun 

 

 Mix the lugol solution if Ǉou doŶ͛t haǀe oŶe -> 8 g I2 : 80 g KI : 80 ml H2O -> mix 3h at 80 rpm 

on orbital shaker 

 Fill a small petri dish with the solution and put it on an orbital shaker at 80 rpm 

 Take the wafer on the wafer flat and put it, facing the gold upwards, in the solution for 1 min 

 Rinse the wafer ǁith distilled ǁateƌ ;doŶ͛t let the liƋuid tƌǇ oŶ the ǁafeƌ! DoŶ͛t use AĐetoŶ 
or Isopropanol!!) 

 Blow dry with nitrogen 

 

 



Development: 

What you need: Chiller 

   Tweezer 

   Stop watch 

   Isopropanol 

   Glass beaker with distilled water 

   Nitrogen gun 

 

 Fill the chiller with a mixture of IPA and H2O (3 : 1) and cool it down to about 6°C. 

 Take the wafer with the tweezer on the waferflat and put it for 1 min 45 s in the cold 

mixture. Stir a bit. 

 Afterwards put the wafer immediately in the beaker with distilled water (for 30 s) to stop 

the development 

 Blow dry with nitrogen 

 

 

Plassys: 

What you need: Tweezer 

1. Vent (until atmospheric pressure lamp lights up)  

2. Build in your wafer so that the flat is aligned with the bottom line on the holder (at least for 

the bridge free qubits with the 2 angle evap. from opposite sites) 

3. Pump 

4. Fill cold trap (open valve and look at the cold trap. It is full, when liquid nitrogen comes 

out…!Ϳ 
5. Wait 3h (load lock: ~ 10-7 mbar; chamber: ~ 10-8 mbar) 

6. Select your process (maybe change something) 

7. Turn on: voltage, Kaufman source, Telemark (in this order!) 

8. Run process (copy the filename down to the logfilename) 

-> when the plasma breaks down and the beam current drops to zero one can abort the 

pƌoĐess aŶd eitheƌ staƌt it agaiŶ oƌ ĐhaŶge soŵethiŶg iŶ the ƌeĐipe… ;doŶ͛t haǀe to ǁait uŶtil 
the error occurs) when a discharge error HLP26 appears, then one has to reset the 

͚KaufŵaŶsouƌĐe͛/the disĐhaƌge thiŶg ďǇ pushiŶg the left doǁŶ ďuttoŶ aŶd the uppeƌ oŶe 
from the next buttons on the right next to it. 

9. WheŶ it͛s doŶe -> switch it off (first Telemark, then Kaufman source, then voltage) 

10. Vent (until upper light on the right light up) 

 

 

Lift off: 

What you need: Tweezer 

   Big glass beaker with Aceton 

   Sonicator 

 Put the wafer for 5 min in Aceton 

 Sonicate the wafer in the Aceton for 1 min at 35 kHz and 20% power 

 Leave the wafer (in a wafer holder) in Aceton until most of the aluminium is gone (few h – 

over night) 

 Sonicate the wafer again and rinse it with Aceton, Isopropanol and distilled water 

 Blow dry it 

 



Tipps and Tricks (e-beam): 

 The smaller the working distance the better the resolution  

 50 / 30 are good values for Contrast & Brightness  

 A different aperture, working distance and EHT change the stigmatism and the aperture 

alignment!  

 Foƌ FBM“ ;fiǆed ďeaŵ ŵoǀiŶg stageͿ ŵode oŶe has to do aŶ additioŶal ͚ďeaŵ tƌaĐking 

aligŶŵeŶt͛ 
 Make suƌe Ǉou aƌe iŶ the ͚gloďal U-V-sǇsteŵ͛ ďefoƌe Ǉou staƌt the lithogƌaphǇ!  
 ͚MeaŶdeƌ ŵode͛ is fasteƌ thaŶ ͚LiŶe ŵode͛, ďut ͚LiŶe ŵode͛ is ŵoƌe aĐĐuƌate as Ǉou doŶ͛t 

have the Hysteresis-Effect 

 Max. beam speed = 1 mm/s -> recommended = lower than 0.2 mm/s 

 If Ǉou doŶ͛t see aŶǇthiŶg -> tƌǇ to sǁitĐh ďetǁeeŶ ͚patteƌŶiŶg͛ & ͚iŵagiŶg͛ ŵode! 
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